
   
[image: Cover image: Blueprints: How mathematics shapes creativity by Marcus du Sautoy; The cover depicts a golden spiral in red against a golden background.]




BLUEPRINTS

How mathematics shapes creativity

Marcus du Sautoy

 

 

 

 

 

 

 

 

[image: 4th ESTATE • London]




Copyright
   
4th Estate

An imprint of HarperCollinsPublishers

1 London Bridge Street

London SE1 9GF

www.4thestate.co.uk

HarperCollinsPublishers

Macken House, 39/40 Mayor Street Upper,

Dublin 1, D01 C9W8, Ireland

First published in Great Britain in 2025 by 4th Estate

This 4th Estate paperback published in 2026

Copyright © Marcus du Sautoy 2025

Design by Jo Thomson. Fibonacci sequence © Shutterstock

Marcus du Sautoy asserts the moral right to be identified as the author of this work

A catalogue record for this book is available from the British Library

All rights reserved under International and Pan-American Copyright Conventions. By payment of the required fees, you have been granted the non-exclusive, non-transferable right to access and read the text of this e-book on-screen. No part of this text may be reproduced, transmitted, down-loaded, decompiled, reverse engineered, or stored in or introduced into any information storage and retrieval system, in any form or by any means, whether electronic or mechanical, now known or hereinafter invented, without the express written permission of HarperCollins

Without limiting the author’s and publisher’s exclusive rights, any unauthorised use of this publication to train generative artificial intelligence (AI) technologies is expressly prohibited. HarperCollins also exercise their rights under Article 4(3) of the Digital Single Market Directive 2019/790 and expressly reserve this publication from the text and data mining exception.

Source ISBN: 9780008685034

Ebook Edition © March 2025 ISBN: 9780008685010

Version: 2026-04-15




Praise for Blueprints:
      
‘No one could doubt du Sautoy’s enthusiasm for his subject … In this informed and wide-ranging study, he shows that imagination is not the preserve of the artistically inclined – sometimes the so-called nerds are the cool kids with the brilliant ideas … An invigorating read’

Observer

‘Blueprints is an extraordinary book which shows us how mathematics and art are connected through structures. Du Sautoy shows us how to bridge the divide of science and the humanities and proves that we can only face and solve the big challenges of the twenty-first century if we go beyond the fear of pooling knowledge’

Hans Ulrich Obrist, Artistic Director, Serpentine Galleries

‘One of the many strengths of Blueprints is that it is partly a memoir: an accomplished musician and longtime collaborator with theatrical companies, du Sautoy is exploring the harmonies and convergences within his own passions. The effect is infectious, as is to be expected from one of our most important public intellectuals. A book that will transform your appreciation of mathematics and art’

New European

‘A stunning book – filled with insights and connections that are as dazzling as they are unexpected. A thrilling read’

Peter Frankopan, author of The Silk Roads

‘No one can communicate complex maths to non-mathematicians better than du Sautoy. Here he illuminates the intricate relationships between numbers, nature and the creative arts, running through key mathematical principles that have inspired painters, architects, writers and musicians, consciously or unconsciously’

Financial Times, Books of the Year

‘Blueprints sings as a book about maths that is also grounded in art. Du Sautoy is skilled at bringing numerical concepts to life … I left it better understanding, and enjoying, the problems pondered by mathematicians, helped by the creations of artists like J.S. Bach and Jorge Luis Borges’

New Scientist

‘Absorbing … Constantly surprising’

Mail on Sunday
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This book is dedicated with love to my children:

Tomer, Magaly and Ina
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Dramatis Personae
 (in order of appearance)

Sometimes when you are about to embark on a grand adventure it is useful to have some idea of the people that you might meet on the way. The following list I hope will give the reader a helpful blueprint of the meetings and stories that they will expect to encounter through the book. 

Olivier Messiaen, composer

Magicicada Septendecim, insect

Manfred Schroeder, architect

William Shakespeare, playwright

Radiohead, musicians

Björk, musician

Mark Haddon, writer

Carl Sagan, scientist and writer

Jorge Luis Borges, writer

Ahmes, mathematician

Giotto, artist

Eratosthenes, mathematician

Filippo Brunelleschi, architect

Antoni Gaudí, architect

Étienne-Louis Boullée, architect

Johann Sebastian Bach, composer

Charles Howard Hinton, mathematician

August Möbius, mathematician

Eugène Ionesco, writer

Le Corbusier, architect

Leonardo Pisano, Fibonacci, mathematician

Andrea Palladio, architect

Pythagoras, mathematician

Hippasus, mathematician

Carol Brown, choreographer

Hemachandra, poet and mathematician

Gregory Pincus, poet

Nitin Sawhney, musician

Sarngadeva, musician

Charles Darwin, scientist

Philip Glass, composer

Eleanor Catton, writer

the Nautilus, mollusc

Auguste Bravais, scientist

Luca Pacioli, artist

Leonardo da Vinci, artist and scientist

Béla Bartók, composer

Claude Debussy, composer

Amadeus Mozart, composer

Jackson Pollock, artist

Benoit B. Mandelbrot, mathematician

Helge von Koch, mathematician

Katsushika Hokusai, artist

Shah Jahan, emperor

Loren Carpenter, film-maker

Marvel Cinematic Universe, film-maker

Josquin des Prez, composer

Dmitri Shostakovich, composer

Tom Stoppard, playwright

Michael Frayn, playwright

David Foster Wallace, writer

James Joyce, writer

Rudolf von Laban, choreographer

Plato, philosopher

Archimedes, mathematician

Piero della Francesca, artist

Albrecht Dürer, artist

Johannes Kepler, scientist

Salvador Dalí, artist

Alex Garland, writer

Bernhard Riemann, mathematician

René Descartes, philosopher and mathematician

René Thom, mathematician

Zvi Hecker, architect

Johan-Otto von Spreckelsen, architect

William Hamilton, mathematician

Raymond Queneau, writer

Arnaut Daniel, troubadour

Thomas Mann, writer

Iannis Xenakis, composer and architect

Évariste Galois, mathematician

Richard Rhys, artist

Arnold Schoenberg, composer

Oulipo, writers and mathematicians 

George Perec, writer

Italo Calvino, writer

Zaha Hadid, architect

Anish Kapoor, artist

Carl Friedrich Gauss, mathematician

János Bolyai, mathematician

Nikolai Lobachevsky, mathematician

M. C. Escher, artist

Henri Poincaré, mathematician

Emily Howard, composer

Christine Wertheim, artist

Margaret Wertheim, scientist 

Fyodor Dostoevsky, writer

Jean Arp, artist

William Burroughs, writer

David Bowie, musician

Julio Cortázar, writer

B. S. Johnson, writer

John Cage, composer

Pierre Boulez, composer

Karlheinz Stockhausen, composer

Johann Philipp Kirnberger, composer

Carl Philipp Emanuel Bach, composer

Mark Wallinger, artist

Gerhard Richter, artist

AARON, AI artist





Overture

From the buildings we live in to the music we listen to, from the art we consume to the stories we tell, I am always blown away to discover that the structures that underpin human creation are invariably mathematical in nature. Time and again when I work with artists, creators and writers who are transforming the way we see and interact with our world, the structures they are tapping into for their creations are ones that I recognise as a mathematician. They seem to be drawn to the same ideas that thrill me, even if they have no mathematical background or technical experience in my world. 

This might be surprising to those for whom mathematics was only ever a torturous exercise in multiplication tables. Art and mathematics. For many this would appear to be synonymous with chalk and cheese. A contradiction in terms. One the domain of emotional expression, passion and aesthetics. The other a world of steely logic, precision and truth. And yet scratch the surface of these stereotypes and one discovers that the two worlds have much more in common than one might expect.

The idea that connects the two domains for me is the concept of structure. Indeed, if I was going to define mathematics then I think ‘the study of structure’ is a good description. It is not the individual numbers but the structures that exist across all numbers that interest the mathematician. But these structures go far beyond just the numerical. Understanding abstract structure is what mathematics is all about. Because structure is an integral part of artistic practice, perhaps it is inevitable that there will be a connection.

In this book I want to explore some of the most fundamental mathematical structures that underpin human creativity. I have called these structures blueprints. They are, I believe, the hidden plans for the art, architecture, music and stories that humanity has created. Some of them are geometric, such as the circle or the Möbius strip, and can easily be understood as providing a model for how to make things. Others are numerical, such as prime numbers or Fibonacci numbers, which act like a code for building the world. But there are more conceptual structures, such as the ideas of randomness or symmetry, which are framing the way we think.

The idea of a blueprint was first introduced by the nineteenth-century polymath John Herschel into engineering and the construction industry. They acted like a negative of the original drawings with white lines mapping out the design on a blue background. The blueprint was a plan of the skeleton structure, which would then be used to create the physical object. The blue came from the photosensitive ferric compound that Herschel used. The idea here is that the mathematical structures explored in this book act as blueprints inspiring a whole range of different artistic constructions. The mathematics provides the plan or framework. The artist provides the flesh that realises the structure in the medium of their choice: words, paint, music or building materials.

One of the striking revelations is that it is not only human creation and innovation that taps into these mathematical blueprints. Nature too is exploiting these structures to achieve the wonders that the universe contains. It’s as if human creativity and mathematical discovery are two languages with which to navigate and understand the physical universe we live in. The fact that we see these mathematical blueprints at work everywhere is powerful evidence for my belief that we live in a physicalised piece of mathematics. This book will explore the connections between these three points on a triangle: art, mathematics and nature.

Pieces of art have a moment in time when they emerge. That moment in history is integral to the work that transpires. The dynamism of the Baroque grows out of a society navigating a world in flux. The absurdity of Dada reflects the breakdown in political structures that led to war at the beginning of the twentieth century. The universe too seems to have had a beginning, which we can date to 14 billion years ago. The things we have discovered in this universe similarly have their own moment of creation: the first stars, the first cells, the first humans. Mathematics I believe has a different quality. I am a strong believer in the idea that the mathematical structures that underpin both art and nature are timeless. That they do not need a moment of creation. They exist outside time and space. The universe we live in is a physicalisation of these abstract structures.

There will be a moment when the human mathematician will see and articulate that structure for the first time in an act that often feels like a feat of creativity, but that moment is always mixed with a sense that this was a structure waiting there to be discovered, whose existence is independent of human involvement. Mathematicians are revealing the pure abstract structures that are the true origin of the things being projected onto the wall of Plato’s cave. The universe we see around is simply a physical manifestation of those abstract forms. And within that universe artists are creating their own works which reinterpret these structures once again.

Artists often talk about this tension between creativity and discovery too. The statue was hidden inside the stone waiting for the sculptor to release it. This sequence of chords was waiting to be heard for the first time. I’ve talked to composers who admit to musical structures being discovered simultaneously by different musicians, much like the three nineteenth-century geometers who simultaneously discovered non-Euclidean geometry.

Although both mathematics and art might be uncovering the universal structures of the Platonic realm, Plato himself was in fact quite dismissive of art, believing it to be a poor copy of a poor copy. Mathematics was the real thing. Nature an approximation of the maths. And art a further degradation of the primary abstract structures from which it all evolved.

Plato has a point when it comes to nature failing in its attempt to physicalise these mathematical blueprints. We know the definition of a circle or a fractal or a prime number. And yet every attempt to identify a circle in the physical universe turns out to be a poor approximation of a true circle. At the atomic level, we see the pixelation that destroys the perfect nature of the circle’s structure. The same for a fractal, where eventually we can no longer physically zoom in any closer without exposing the quantum pixelated nature of reality, while the mathematics carries on revealing ever smaller images of complexity. Prime numbers are infinite in nature and yet our finite universe can only ever represent an infinitely small proportion of these fundamental numbers.

Although Plato is right when it comes to nature’s failure to match the perfection of mathematics, perhaps he is being too harsh when it comes to his view of the artist. In some ways, the artistic representations of these blueprints are succeeding at realising these structures where nature inevitably must fail. Although I am a Platonist at heart, the spirit of the book is to treat maths, art and nature as equal partners in our equilateral triangle of ideas.

Many of the creative artists that we will encounter are quite unaware of the mathematical structures that underpin their work. It is as if their aesthetic sensibilities and desire to experiment with form leads them to rediscover – and sometimes even to arrive first at – these mathematical blueprints. They might be heralded as artists but I want to honour them as secret mathematicians. I hope this book will reveal that we all have a bit of the secret mathematician in us, even if we outwardly might shun the subject. For those readers with a nervous mathematical disposition, I want to surprise you with the revelation that the things you love are often pieces of mathematics in disguise.

If mathematics acts as a powerful set of blueprints for human creativity, I also believe that an artistic mindset is an important blueprint for discovering new mathematics. This is a two-way dialogue, where mathematics and human artistic creativity are fuelling each other to reach ever greater heights. If artists are secret mathematicians, then equally mathematicians are secret artists. The mathematics itself might have an existence outside time, but it needs mathematicians to help the rest of humanity see these structures for the first time. The creation of mathematical structures is, I believe, driven by aesthetic sensibilities that resonate with the soul of the artist.

It’s often forgotten, or never realised, that mathematics is a human activity, created by humans for humans, so it’s designed to appeal to what makes us human. That is why it shares so much in common with the act of creating art. But what is often at the core of both of these activities is our relationship to the physical world around us. Both are creating ways to interpret, understand, navigate our place in the universe. And so it is entirely natural that mathematicians and artists should be excited, moved, intrigued, curious about the same fundamental structures.

The two cultures

One of the great tragedies of our modern age is that it regards art and science as worlds apart. Our education system often demands that we make a choice. Is it Rubens or relativity? Debussy or DNA? Shakespeare or the second law of thermodynamics? I found this insistence on compartmentalising my interests deeply frustrating. At school I fell in love with the power of science to help us navigate the world around us, to tell us where we’ve come from and, more excitingly, to look into the future and see what might happen next. But I also fell under the spell of the creative arts. Playing the trumpet in my local youth orchestra introduced me to the vast universe of music from Bach to Bartók, my local community theatre exposed me to the magical narratives of Shakespeare and Beckett, and despite never being able to express myself with a paintbrush I always enjoyed being transported by the artworks in the galleries we would explore on summer holidays in Italy or France.

I was rescued at school from this demand to pick a side when my mathematics teacher recommended a book about what it means to be a mathematician:

A mathematician, like a painter or a poet, is a maker of patterns. If his patterns are more permanent than theirs, it is because they are made with ideas … The mathematician’s patterns, like the painter’s or the poet’s, must be beautiful; the ideas, like the colours or the words, must fit together in a harmonious way. Beauty is the first test: there is no permanent place in this world for ugly mathematics … I am interested in mathematics only as a creative art.

The book was called A Mathematician’s Apology, and it was written by the Cambridge mathematician G. H. Hardy. Reading Hardy’s account of his life as a mathematician was a revelation for my 13-year-old self. The book provided a bridge between the two worlds of art and science that I had begun to fall in love with. On the one side I could see that mathematics was the language that science often resorted to in order to explain its ideas. On the other here was Hardy telling me that mathematics was a creative art comparable to poetry or painting. Indeed, Hardy seemed to be very dismissive of the parts of mathematics that were used in the sciences:

These parts of mathematics are, on the whole, rather dull; they are just the parts which have least aesthetic value. The ‘real’ mathematics of the ‘real’ mathematicians, the mathematics of Fermat and Euler and Gauss and Abel and Riemann, is almost wholly ‘useless’ … It is not possible to justify the life of any genuine professional mathematician on the ground of the ‘utility’ of his work.

Most people’s impression of mathematics is that it is a useful tool for solving scientific problems or building new technology, and that the principal motivation for discovering new mathematics is related to solving some practical problem. But if you ask most mathematicians about their research, you get a very different picture. The problems they are working on are very rarely motivated principally by utilitarian goals. That’s not to say that ultimately the discoveries might not have useful applications, but that is not the motivation for the time spent crafting these ideas. It turns out that aesthetic considerations very similar to those of the artists we shall encounter are the principal guiding lights which illuminate the direction that mathematicians choose to pursue.

Graham Greene wrote of G. H. Hardy’s book ‘I know no writing – except perhaps Henry James’s introductory essays – which conveys so clearly and with such an absence of fuss the excitement of the creative artist’. It was a revelation for me to think of mathematics as something creative. But as I have spent more time in this world, I have begun to understand how much of a connection there is between creating art and creating mathematics.

It was G. H. Hardy’s book that first opened my eyes to the creative side of mathematics. As well as the beautiful description that Hardy gave of being a mathematician, my copy of A Mathematician’s Apology also included a fascinating foreword by his friend and colleague C. P. Snow. In it Snow recounted something of Hardy’s life story and in particular his collaboration with the great Indian mathematician Srinivasa Ramanujan. This collaboration captured the importance of combining mathematical imagination and intuition, as embodied in how Ramanujan approached mathematical discovery, with the rigorous power of proof, which Hardy applied to confirm the truth of Ramanujan’s insights. I enjoyed this part of the book as much as I did Hardy’s Apology because Snow humanised what it means to be a mathematician by putting it in a historical context.

But C. P. Snow is perhaps best remembered for his 1959 essay The Two Cultures, in which he lamented the intellectual separation between the arts and humanities on one side and science and the natural world on the other. This divide, he believed, was a great handicap to the progress of human knowledge, but what Hardy’s treatise impressed on me as a young teenager was how my own subject offered a bridge to span this divide. It is the eternal blueprints of mathematics that are at the heart of the way nature is constructed and which also frame our human responses to the natural world through our art.

Emotion

One of the unexpected bonds between the two is the role that emotion plays in guiding practitioners in both. For many people, art is the realm of emotion, mathematics the realm of logic. Art might have elements of mathematical structure embedded inside, but the principal attraction is its emotional content. Surely mathematics is guided by cold, clinical, logical argument? Emotion isn’t part of proof.

What is perhaps a surprise for many non-mathematicians is that emotion is actually a strong guide for the mathematics we create. The choice of what we elevate to the mathematical canon and deem worthy of being published in our journals is a product of our emotional engagement with the ideas. Many people are under the impression that the goal of mathematics is to prove every true statement about numbers and geometry, as if we were trying to write all the books that it is possible to write or compose all possible pieces of music, creating a mathematical version of Borges’s ‘The Library of Babel’. What I’ve discovered is that mathematics is very different from simply a list of all the true statements we can discover about numbers. Mathematicians are storytellers. Our characters are numbers and geometries. Our narratives are the proofs we create about these characters. Not every story that it’s possible to tell is worth telling.

One of my mathematical heroes, Henri Poincaré, said: ‘To create consists precisely in not making useless combinations. Creation is discernment, choice … The sterile combinations do not even present themselves to the mind of the creator.’ Mathematics, just like literature or music or art, is about making choices. And often those choices are made for similar aesthetic reasons to those that steer artists to choose what they create.

For Hardy, beauty was the first test for good mathematics. His talk of beauty in mathematics is commonplace among those who practise this art. But I think to just focus on aesthetics is to limit the impact of mathematics on the humans who engage with it. We want to be surprised by a moment of jeopardy, by a shift in the direction of the proof, to be provoked by an outrageous claim that is then resolved in a moment of revelation and acceptance of an arrival at a place where the world looks different. I always remember the moment Andrew Wiles breaks down in tears on camera at his recollections of the moment he understood how to prove Fermat’s Last Theorem. Mathematicians experience a sense of awe and wonder at the revelations that emerge from spending time in this world. The structures that we create, inhabit, manipulate, explore are full of such surprises, moments of sheer excitement, of wonderment. The reaction to reading about these ideas for the first time is not far removed from hearing Bach’s St Matthew Passion for the first time or feasting your eyes on a Leonardo painting or reading a Shakespeare sonnet.

The mathematics may have an abstract quality that means it seems far removed from our human experience. And yet the fact that the structures are at the heart of the way the universe works gives them an added sense of potency that is hard to ignore. This isn’t just a satisfying sudoku that you’ve filled in which gives you a quick buzz of satisfaction. This is an insight into the structures that make the universe tick. Structures that might be the key to alternative universes. Or help you to see our own universe in a new way. Isn’t this exactly what an artist is trying to do with their creative output?

When comparisons are made between mathematics and music, emotion is often used as an important distinguishing feature. As Leo Tolstoy is often credited as saying, ‘music is the shorthand of emotion’, and certainly there seems to be some sort of dictionary between musical and emotional expression. Shorthand is probably a good way of thinking about it because music is a lower dimensional structure when compared to the encoding of emotions in the brain. But what I feel gets missed in the tension between the emotional world of art and the logical world of mathematics is that very few artists talk about putting emotion into their work. Many composers would disagree that they are trying to describe their emotional worlds through this musical shorthand that Tolstoy talks about. The music is primary, the emotions are secondary. For composers, emotion emerges as a consequence of the structures they have made. Our brain is reacting to the recognition of structure. The fascinating thing is how different structures elicit different emotional reactions. How that works in non-verbal domains like music is something of a mystery.

Stravinsky wrote about the fact that you don’t write music to say something:

For I consider that music is, by its very nature, essentially powerless to express anything at all, whether a feeling, an attitude of mind, a psychological mood, a phenomenon of nature, etc. Expression has never been an inherent property of music. That is by no means the purpose of its existence. If, as is nearly always the case, music appears to express something, this is only an illusion and not a reality. It is simply an additional attribute which, by tacit and inveterate agreement, we have lent it, thrust upon it, as a label, a convention – in short, an aspect which, unconsciously or by force of habit, we have come to confuse with its essential being.

Philip Glass says that he never deliberately programs any emotional content in his work. He believes it’s generated spontaneously as a result of all the processes that he employs. ‘I find that the music almost always has some emotional quality in it; it seems independent of my intentions.’

Very often in musical composition the structure comes first and the emotion emerges from that structure. And often that structure is innately mathematical in nature. As Stravinsky once said: ‘The musician should find in mathematics a study as useful to him as the learning of another language is to a poet. Mathematics swims seductively just below the surface.’

It’s certainly the case that people listening to music can have a very emotional response without any training in musical theory. But music is just a choice of notes of certain frequencies, with certain patterns that connect the notes across time. It is crystallised in black inked patterns on a white page. The point is that we have settled on patterns of notes that seem to correlate strongly with our emotional world. So these patterns, these structures that the composer creates, are perhaps an alternative encoding for the way our brains encode emotions in our neuronal and synaptic activity. 

But if emotions are triggered by frequencies, and by patterns within these frequencies, might not the brain also be triggered by a more abstract recognition of the same patterns? Perhaps emotional reaction to art is precisely a response to the structures that resonate with the brain in a moment of recognition of something important and fundamental. Evolutionary pressures have very likely selected brains that become excited by the recognition of those structures which are the blueprints for the natural world, because it will give them an edge in navigating the universe around them.

Researchers at University College London using functional magnetic resonance imaging have found that, when mathematicians are exposed to mathematics they judge to be aesthetically pleasing, the same part of their brain lights up as that activated when people appreciate art or music. Professor Semir Zeki, who led the research, was interested in how often mathematicians talk about beauty in their work:

To many of us mathematical formulae appear dry and inaccessible but to a mathematician an equation can embody the quintessence of beauty. The beauty of a formula may result from simplicity, symmetry, elegance or the expression of an immutable truth. For Plato, the abstract quality of mathematics expressed the ultimate pinnacle of beauty.

As Einstein put it: ‘Pure mathematics is, in its way, the poetry of logical ideas.’ The German mathematician Karl Weierstrass concurred: ‘A mathematician who is not at the same time something of a poet will never be a full mathematician.’

Proof and truth

Part of the work I do as a mathematician is to try to create new structures. But another part is to tell the story of how and why the structures I have chosen to explore have an emotional resonance which makes them worthy of investigation. These stories are the proofs that we create. And this is often where the poetry of mathematics emerges.

G. H. Hardy, as part of his Apology, tells two such mathematical stories which gave me my first glimpse of the poetry that Einstein and Weierstrass were talking about. They are proofs discovered by the ancient Greeks and illustrate the drama and thrill of a good mathematical story. They certainly captured the imagination of my 13-year-old self. One was the proof that there are infinitely many prime numbers, which I will retell in my first blueprint. I remember how thrilling it was to read how the finite human mind can navigate the infinite through the finite manipulation of logical ideas.

The second proof was the revelation that there is no fraction whose square is 2. In other words, the square root of 2 is not a number you can write as a fraction. This was an extraordinary revelation at the time the discovery was made and still has implications today for the difference between the abstract world of mathematics and the physical universe we live in. This difference is a story that will crop up a number of times in our journey through the blueprints we will explore.

But there is an important role that proof plays in mathematics which perhaps marks it out as distinct from the act of artistic creativity. That’s the power of proof to determine eternal truths. This ability to access truth is an important part of being a mathematician.

I still find it extraordinary that those 2,000-year-old proofs by the ancient Greeks which I read in Hardy’s book are as true now as when they were first proved and still have such resonance today. Reading those proofs as an insecure teenager, that certainty was very appealing. No other discipline seems to have this sense of permanence. As Hardy himself wrote: ‘Archimedes will be remembered when Aeschylus is forgotten, because languages die and mathematical ideas do not. “Immortality” may be a silly word, but probably a mathematician has the best chance of whatever it may mean.’

That desire for certainty is in stark contrast to the motivation that drives the artist. Ambiguity is a crucial characteristic of the creative arts that is anathema to those doing mathematics. Multiple interpretations, space to bring your own self to bear, your own act of creativity initiated by a work – all are totally valid and important aspects of the arts. Although mathematical creativity is meant to inspire new ways of looking at structure, and perhaps to initiate new discoveries in their turn by those who engage with your proof, ambiguity is not something that is encouraged in creating mathematics. You really want your readers to end up at the same destination as you by the end of the proof.

Although I chose to become a mathematician, a profession that many would regard as definitely on the scientific side of the ‘two cultures’ divide, the discovery that artists are drawn to very similar sorts of structures to those that excite me in my mathematical work has made me realise that we have much more in common than many appreciate. I’ve spent a lot of my time as a mathematician in dialogue with artists, discovering that what excites them is a mathematical structure that I recognise, just dressed up in a musical or linguistic guise. And, in turn, I’ve enjoyed sharing structures from my mathematical world that might inspire new artistic directions. These dialogues have very much informed the stories I want to share with you in this book. Mathematics, I’ve discovered, is a true bridge connecting the two sides of this cultural divide.

Most people recognise that mathematics is the language of science, that its equations and formulas have allowed us to understand and transform our environment. But what I want to do in this book is reveal that mathematics is at the heart of many artistic practices as well. That many artists, either consciously or often quite unknowingly, are tapping into structures that are part of the mathematician’s cabinet of wonders. Mathematics is the science of structure. Music, literature, architecture and painting are the art of structure. Nature and science are the physicalisation of structure. These three realms – mathematics, art and nature – are united by their connection to these eternal blueprints.

Each chapter of this book is dedicated to a different mathematical blueprint. Primes. The circle. Fibonacci numbers. The golden ratio. Fractals. The Platonic solids. Symmetry. Hyperbolic geometry. Randomness. And every blueprint is a launchpad to exploring how the structure and its variations are used by a whole range of different artistic disciplines, as well as illustrating how nature too is underpinned by them. For those encountering a blueprint for the first time, I hope that engaging the structure through the prism of the arts might provide a way to connect with mathematical ideas that is less intimidating than meeting them straight on. But I will also use each blueprint to give a hint of the poetic and aesthetic side of mathematics.

In the end, what I have realised is that human culture is not divided into two camps, as our education system would have us believe: art on one side, science and nature on the other. It’s really just one culture, with lots of different ways of looking at the world and languages for expressing it. The languages might be different, but the blueprints are the same. Whether we choose to become a mathematician, an artist, a musician or a writer, it is just about finding the right voice and language to express the story or idea that is burning inside us, bursting to get out.

One of the striking discoveries I’ve made in writing this book is how different artistic disciplines respond to the same structures. At first sight it might appear that some practices are more attuned to certain types of structure. Music and numbers. Architecture and geometry. Painting and proportion. But these structures resonate with whatever medium we create within. We see primes appearing in the literature of Shakespeare, dodecahedrons guiding dancers, Fibonacci numbers determining the proportions of buildings, music navigating the contours of negatively curved space. These structures are sufficiently abstract that they can be physicalised as sound, paint, music or dance.

It is with prime numbers that we begin our exploration of the blueprints that shape and create the world around us. The primes are in some sense a blueprint for everything: from primes we get numbers, from numbers we get mathematics, from mathematics we get the universe. So prime numbers are the beginning of it all.





Blueprint One

The Primes

On the evening of 15 January 1941, four prisoners carrying musical instruments emerged onto the stage in the barracks of Stalag VIII A. The temperature was −20 degrees Celsius outside. There was 50 centimetres of snow lying on the ground and all the windows were frosted over. The only heat came from the packed audience of prisoners and guards that had come to hear the concert. Word had got around that this was going to be the premiere of a composition by one of the famous inmates in the camp, the renowned French composer Olivier Messiaen.

Dressed in a tattered bottle-green uniform of a Czech soldier, which he’d been given after being stripped of his civilian clothes, and wooden clogs, Messiaen made his way to the piano that had been commandeered for the performance:

… my God, what a piano! It was an upright piano with keys that stuck. So, when I played a trill it would stop and I had to pull the keys back up again in order to be able to go on. The violin was more or less standard, but the cello, alas, had only three strings. And the clarinet. Another catastrophe. One of the keys had been put near a heating-stove and had melted.

Messiaen apparently liked to exaggerate the state of the instruments that the quartet of musicians played on. The cellist later insisted that the cello did in fact have all four strings. ‘You couldn’t play the piece on three strings!’ But Messiaen remembered the concert as a triumph against adversity.

The first challenge was to get the audience to be quiet. The 400-strong crowd were used to comedies and variety shows being performed, not delicate chamber music. Messiaen stood before them to say something about the composition they were about to hear. The piece was called the Quartet for the End of Time. This was not meant to be a play on words referring to the length of captivity, but to the end of past and future, marking the beginning of eternity. It was based on the text from the Book of Revelation in which St John describes an angel descending and declaring ‘there will be no more time’.

In such apocalyptic times as Europe was witnessing in 1941, the sentiment resonated with prisoners waiting to hear the piece. As the musicians began to play, the clarinet and violin exchanged bird themes, one of Messiaen’s big obsessions, and then Messiaen joined in with a sequence of chords on the piano.

I remember when I first listened to the opening movement, called the ‘Liturgie de cristal’, I had a strong sense of a pattern emerging in the piano part, but it was hard to pin down. The rhythm was a beautifully syncopated beat that repeated itself over and over. This was overlaid with a scrunchy sequence of what Messiaen called ‘colour’ chords, because his synaesthesia meant he saw colour whenever he heard certain combinations of notes. But when I focused on these chords rather than the rhythm, another pattern surfaced. They too seemed to be repeating after having run through a set sequence of notes.

Despite these patterns, the music never actually repeated itself, because the rhythm and the chord sequence always seemed to be out of step with each other. It was very difficult to hear what was going on. How was Messiaen creating this strange effect? Time is marked by seeing something repeat. The sun rising. The moon becoming full. The seasons coming round each year. But here was music where nothing quite repeated; almost, but not quite. Time was being held at bay, frozen, suspended.

In subsequent interviews with Messiaen and the other performers they recalled how the audience listened transfixed. Farmers and factory workers, doctors and priests, some who had never heard chamber music before, all were witnessing the beginning of a new sort of music. The rowdy rabble that had settled to hear the music now sat in silence for the hour of the performance. All trembled with the emotion coursing through the piece. It was as if the music was setting them free for that short hour. A moment frozen in time.

As the final notes faded away there was an awkward silence. Had they just witnessed a religious experience? Was it appropriate to clap? But then the applause burst out. ‘Never before have I been listened to with such attention and understanding,’ Messiaen later recalled. Everyone was aware that they had been part of something unique. The performance has gone down in the history of music as the most famous premiere of the twentieth century.

I remember being transfixed myself when I first heard the piece. I’d fallen in love with Messiaen’s music in my late teenage years, after my youth orchestra spent a weekend playing through his explosive Turangalîla-Symphony. I think that weekend was the peak of my trumpet playing. It had to be. The trumpet part was crazily difficult. The whole piece was fiendish. Strange time signatures defied the usual three or four beats we were used to. But I remember being just blown away by the sheer ecstasy that Messiaen captured in the music.

That weekend spent inside Messiaen’s sound world reshaped my musical landscape. It wasn’t too long before I started exploring beyond that monumental piece and Messiaen quickly became my favourite composer for many years. It was during that period that I listened for the first time to the Quartet for the End of Time on a CD I borrowed from our local library. The delicate chamber work was of a different order of magnitude to the symphony we’d played, but I was equally transfixed.

For years I wasn’t able to articulate the strange structure that I heard at work in that opening movement. How was Messiaen able to achieve this curious effect in the piano part where rhythm and harmony each individually repeated themselves in a regular pattern and yet, when they were put together, the pattern vanished. What was Messiaen’s secret? It was only when I finally got a score that I was able to understand the blueprint Messiaen was exploiting. The answer turned out to be connected to one of my other teenage passions: prime numbers.

Prime numbers

2, 3, 5, 7, 11, 13, 17, … and off to infinity. These are the prime numbers. The indivisible numbers that cannot be written as two smaller numbers multiplied together. I first encountered these enigmatic numbers when I read G. H. Hardy’s A Mathematician’s Apology. Hardy himself had spent a lifetime obsessed with trying to unlock the secrets of these numbers and his book about being a mathematician uses their story as a way to access the passion for patterns that is at the heart of being a mathematician. Reading about these numbers quickly had me hooked too, as they have gripped generations of mathematicians before me.

First identified by the ancient Greeks, the prime numbers are the most important numbers in the whole of mathematics because all other numbers are made from these building blocks. Euclid’s Elements gives the following argument to explain how every number is built by multiplying prime numbers together.

If a number isn’t prime then that means it can be written as the product of two smaller numbers. But these numbers in turn are either prime or can themselves be divided again. Eventually you will hit a set of numbers that can no longer be divided. These are the primes that built the original number. Take, for example, the number 105. It is not prime, as it’s divisible by 5: 105=5×21. The 5 is indivisible, a prime, but the 21 can be divided further: 21=3×7. But now we’ve got down to three indivisible numbers: 105=3×5×7.

For a mathematician these numbers are like the atoms of arithmetic. The hydrogen and oxygen of the universe of numbers. Just as every molecule is made up of atoms from the periodic table, so every number is built by multiplying prime numbers together. Probably the most important discovery of chemistry was the patterns that Mendeleev uncovered that led to the creation of the periodic table. Every chemistry classroom and laboratory probably has an image of the periodic table on its wall, it is so fundamental to the subject. The ‘period’ in ‘periodic’ refers to the fact that atoms appear with similar properties at regular intervals in the periodic table. For example, a metal will often be followed by another metal after eight atoms in the table.

But despite 2,000 years of investigation, mathematicians have failed to reveal any pattern in the primes that might help us to understand when the next one will appear. Not only that, it turns out we can’t even get away with writing the primes in a great big list that we can put up on the wall of the mathematician’s lab. Because in one of the beautiful proofs created by the ancient Greeks, they revealed that the prime numbers go on for ever. There are infinitely many of the mathematician’s atoms. There isn’t a biggest indivisible number.

This might seem surprising, because at some point you might expect the numbers to get so big that they have to be divisible by something smaller. How can you be sure that beyond some point the numbers don’t all become divisible? I am going to share this proof with you. It is one of the proofs which Hardy reproduced in his Apology that helped me fall in love with the beauty of mathematics. It doesn’t involve any sophisticated mathematics beyond simple multiplication and division. 

But the proof also reflects another important quality that I want to stress. That mathematical proofs have a narrative quality to them. Hardy chose this proof as a perfect illustration of the creative side of being a mathematician. These proofs are the mathematicians’ musical scores, our poetry, our creations. Mathematics isn’t simply a mind-numbing list of calculations and true statements about numbers. It involves choosing the things that are worthy of their place in the mathematical library. Mathematicians are storytellers. It’s just our stories are about numbers and geometry. But those stories rely on tension and jeopardy, surprising twists and turns, and on emotional engagement by the reader as they are taken on the logical journey.

Reading a proof for the first time even for me as a mathematician is sometimes rather overwhelming, and I certainly don’t always get it straight away, so don’t feel disheartened if you don’t understand everything. Give yourself up to the mathematical experience, just as those prisoners did when they listened to the very new music that Messiaen was writing. None of them would probably have chosen to attend a contemporary classical music event, and yet they were transfixed by what they heard even if they didn’t understand every note. Reading this proof as a teenager did the same thing for me.

So here is the proof that there isn’t a biggest prime number beyond which all other numbers become divisible. The story starts by making a classic move in the mathematician’s playbook. Suppose the opposite. Suppose there does exist a biggest prime number. Let’s give it a name: P. Now make a list of all the prime numbers from 2, 3, 5, all the way up to P. How do we show that actually there is a number bigger than P which is indivisible?

For me, this is like the moment Poirot reveals the identity of the murderer in one of Agatha Christie’s stories and then explains why the culprit is responsible. The prime number culprit in our story? We multiply all the primes together from 2 up to P and then we add 1 to this to make a new number we shall call N:

N=2×3×5× … ×P+1.

If our list of primes 2, 3, 5, …, P were all the primes, then at least one of these primes has to divide the number N. Why? Because all numbers are either prime numbers or divisible by prime numbers as I explained previously. So which prime divides N?

The clever trick we’ve played, though, is to build a number that always leaves remainder 1 when we divide by any prime in our list 2, 3, 5, …, P. So it’s not divisible by any of the primes! Does that mean N is a new prime number? If that were true it would be great, because it would give us a way to make new prime numbers. But this story is slightly subtler than that. What we have proved is that this number N is either prime or it is divisible by some primes that are not on our list. Whichever way, this means there are primes that are missing from the list. So P can’t be the biggest prime number. There are more primes beyond P which divide this number N.

Even if you tried to claim that one of these missing primes is actually the biggest prime number, I can play the same trick again and produce yet another prime suspect. The prime numbers … they never run out.

The challenge now is to understand if there is any pattern or formula that can help to generate the prime numbers. There was a small moment when it looked like multiplying primes together and adding one to this number might be a formula for making primes. But this turns out to fail. For example, if you thought 13 was the biggest prime number and calculate 2×3×5×7×11×13+1 you get 30031. But 30031 is not prime because 30031=59×509. Building the number 30031 doesn’t give you a new prime number but just reveals that we are missing the primes 59 and 509 from the list of primes up to 13. Our story only guarantees that there will always be primes missing from any finite list of primes we might write down.

For 2,000 years we’ve been trying to find a formula or some pattern to make sense of these wild numbers. But as you look through the list there just seems to be disorder and randomness. Don Zagier, a mathematician who has dedicated his life to uncovering the secrets of the primes, has had to admit:

despite their simple definition and role as the building blocks of the natural numbers, the prime numbers … grow like weeds among the natural numbers, seeming to obey no other law than that of chance, and nobody can predict where the next one will sprout.

Prime numbers are the most enigmatic of characters and their story still remains unfinished. But what was their role in the performance that took place in Stalag VIII A on that freezing evening in 1941?

Prime number cogs

In the first movement of his piece, Messiaen wanted to create the strange sense of time ending. He achieved this in the most stunning manner. Time depends on things repeating, so he needed to produce a structure where you never truly hear the moment of repetition. While the clarinet imitates a blackbird and the violin a nightingale, the piano part plays a 17-note syncopated rhythm that just repeats itself over and over. But the chord sequence that the pianist plays set to this rhythm sequence consists of 29 chords, which are again repeated over and over. Such repeating patterns might lead to boredom and predictability, but not in this case. Because Messiaen’s choice of numbers – 17 and 29 – means that something rather magical … or mathematical occurs. The numbers he chose are prime numbers and their mutual indivisibility means that the rhythm and harmony that Messiaen has set up never get back in synch once the piece is in motion.

The two musical ideas set off at the beginning of the piece, but as the 17-note rhythm sequences begins its second cycle, the harmonic sequence is still working its way through its 29 chords. It’s only about 3/5ths through its sequence. Or, to be precise, 17/29ths of the way through. But once the harmonic sequence begins its second cycle, we are still five notes from finishing the second cycle of rhythm. The two musical ideas are kept out of synch. The choice of two prime numbers means that they don’t get back in step until you have heard 17×29=493 chords, by which time the piece has already finished. You never actually get a moment of true repetition.

It’s like two cogs, one with 17 teeth and the other with 29 teeth. As the interlocked cogs turn, they will have to go through 493 clicks before they simultaneously return to their original starting positions. Indeed, cogs in machines often are manufactured with a prime number of teeth precisely so that, as they turn, they will encounter different teeth on the cog they are engaging with, which evens out the wear of the teeth.

If you make different choices, for example an 18-note rhythm sequence against 30 chords, then after 90 chords you are back in synch because 90 is the smallest number divisible by 30 and 18. The different primes 17 and 29 keep the two out of synch so that the piece finishes before you ever hear the music repeat itself. This continually shifting and changing music creates for Messiaen the sense of timelessness that he was keen to establish. Although the music is moving forward, the fact that there is no true repetition makes the time strangely stand still.

Messiaen even adds another cog to this effect by having the cello repeat a 15-harmonic sequence against what the piano is doing. It has been calculated that it would take two hours for the three cogs to work their way through every position. The actual movement is over in under three minutes.

The idea of these cogs ticking as the piece progresses was the inspiration for an animation that I made with artist Simon Russell to explore the mathematics hiding inside the first movement of the Quartet for the End of Time. The animation begins inside a mathematical garden, but as the animation pans out as the piece progresses, you discover that this garden is in a fact a prison, alluding to the venue for its first performance. At the animation’s heart, though, is this piece of clockwork with prime number cogs controlling the harmonic and rhythmic structure of the piece. I have performed the animation with live music and have always been blown away by how the musicians can perfectly keep in synch with the clockwork despite having their eyes glued to their musical scores.

Was Messiaen aware of the mathematical significance of these numbers? I asked composer George Benjamin, who worked with Messiaen in his later years, what mathematical training the composer had received. Benjamin thought he had essentially rediscovered the primes for himself. Playing around with numbers in his music had intuitively led him to this property that primes can keep things out of step.

It may be that Messiaen’s interest in Indian music could actually have been the key to his attraction to prime numbers. Messiaen never visited India but instead stumbled upon techniques of Indian classical music while reading an entry on India in an encyclopedia. He was particularly taken by the extraordinary complexity of Indian rhythms, something I will return to in the blueprint devoted to Fibonacci numbers. As he explored these new structures, he realised that indivisibility was key to many of the interesting effects these rhythms produced:

The indivisibility [Messiaen wrote] confers on them a sort of power that is very effective in the domain of rhythm. Among the Hindus, there are rhythms based on the number five (the number of fingers on each hand), the number seven, the number 11, all prime numbers.

Digging deeper into this world of Indian rhythms, he found even larger primes. A rhythm the Indians called the lakskmica was made up of 17 beats divided into 2+3+4+8. The ragavardhana rhythm was a 19-beat pattern made up of notes of length 2+3+2+12. He even found a rhythm called the laya, made up of 4+2+6+6+6+4+6+3 making a 37-beat pattern. The first two rhythms would form part of the ingredients for his Quartet.

As Messiaen played around with these rhythms, he understood how the primality meant that these structures just didn’t fit neatly into conventional Western modes of music. But the tension they created was perfect for the music he wanted to conjure up. It seems to me he was aware that mathematics was the key to what he was doing. He would talk about the charm of impossibilities. ‘This charm, at once voluptuous and contemplative, resides particularly in certain mathematical impossibilities in the modal and rhythmic domains.’ The primes became Messiaen’s blueprint for this charm of impossibilities.

Prime number cicadas

When there is a structure that emerges from both a mathematical perspective and an artistic one, invariably that structure has its origins in something that we will find in nature. Both mathematics and the arts emerge out of our encounters with the world around us. They are languages that we have developed to make sense of our environment.

But prime numbers are quite a sophisticated concept. At first sight they don’t seem to be natural at all, and it is true that one does not see them all over the natural world as one does the Fibonacci numbers, for example. But there is a curious example of nature exploiting the property of primes which relates directly to the way Messiaen used them in the Quartet for the End of Time.

A few years ago, I took a trip to Nashville, Tennessee. Not for the country music but for a rather different sort of sound. A few days after my arrival, the normal hubbub of the city began to be drowned out by a high-pitched buzzing. The sound of summer in many countries around the world. Cicadas. Except in Nashville the sound was beginning to hit unpleasant levels. Trillions of cicadas had emerged en masse from the ground to fill the surrounding countryside. Half of them, the males, were singing their hearts out to court the females. The levels that have been recorded exceed 100 decibels, about the same volume as a passing ambulance. Bob Dylan’s receipt of an honorary degree at Princeton University in 1970 was drowned out by the sound of a similar emergence of cicadas and is said to have inspired his song ‘Day of the Locusts’.

Residents find the continual racket so unbearable that they often move out of town during the cicadas’ emergence. The sole upside to the whole story is that they have to do this only once every 13 years, because this species of cicada has developed a very curious life cycle. They stay in the ground in the form of nymphs for 13 years, doing absolutely nothing except soaking up the sap from the trees. And then on this 13th year, they all emerge from the ground, almost all on the same day. That’s when they take to the trees and start their party. They mate, they lay eggs and then after six weeks they all die and the forest goes quiet again for another 13 years before the next brood of cicadas emerges.

I talked to many residents in Nashville who could remember the last time the cicadas emerged. Some were still at school then but now were serving at the local Cracker Barrel where I was having breakfast. They described how the cicadas are completely harmless but that there is a dangerous moment when they all die. There are so many dead cicada carcasses strewn on the road that cars have to be careful not to start skidding on the river of insect bodies. One waitress told me of a website that couples who are planning a wedding can check to make sure that they aren’t choosing a date when their vows will be drowned out by the singing cicadas.

But for me the excitement was about the number 13. A prime number. Was this just a coincidence? It seems not. In addition to 13 there are other broods across America that have a 17-year life cycle. The cicadas that accompanied Dylan’s appearance in Princeton were examples of cicadas that only appear every 17 years. Across America you only find broods with these two prime number cycles: 13 and 17. There are no cicadas with a 12-, 14-, 15-, 16- or 18-year life cycle. It’s curious, too, that you don’t find these periodic cicadas anywhere outside North America.

One of the most striking facets of this story is how the cicadas manage to count up to 13 and 17. Nothing in nature’s cycles mimics this periodic behaviour. The closest thing is sunspots, which repeat in a cycle of 11 years, but these would have no recognisable impact on a nymph in the ground.

One theory suggests that a cicada nymph is like a little bucket that, with each cycle of the seasons, is gradually filled by feeding on the sap of the trees. Once the bucket is full, this triggers the next stage in its life cycle and it appears out of the ground. Research at the University of California tested this hypothesis by altering the seasonal cycles of trees supporting cicada nymphs and did indeed induce premature metamorphosis of the associated cicadas. Cicadas that were in their 15th year were moved to peach trees that experienced two flowerings in a single year. Each flowering produces more sap to add to the cicada’s bucket, so two flowerings in one year can trick the cicada into emerging a year early thinking that two years have passed.

But for me the real enigma is why they have evolved to have life cycles specifically with a prime number of years. The answer appears to be connected to the way Messiaen used the prime numbers in his Quartet for the End of Time. Primes are very good at keeping things out of synch. For Messiaen, it was rhythm and harmony. For the cicadas, there is a conjecture that the primes help them to avoid coinciding with a predator which also used to appear periodically in the forest, a predator that perhaps is not present in regions where the cicadas appear annually.

To illustrate this, imagine a predator which appears every six years in the forest. If the cicadas appear every nine years, not a prime number, then they will meet the predator after two cycles because 18 is divisible by 9, the cicada’s cycle, and 6, the predator’s cycle. Cicadas have no natural defences against predators bar safety in numbers. So they will not have had enough time to build up the size of their population, and they will end up getting wiped out. If, however, the cicadas appear every seven years, a prime number, then they can keep out of synch of the predator for longer. It takes 42 years for the two to coincide. 42 is the first number divisible by both 6 and 7. So although the seven-year cicadas are appearing more often in the forest than the nine-year cicadas, the indivisibility of 7 means they survive longer and can build up numbers to survive the attack of the predators that happens in the 42nd year.

It seems that in the forests of North America a real competition emerged between predator and cicada. Perhaps the predator changed its life cycle to try to get in synch with the cicadas. The cicadas would then have been forced to adapt and find a new prime number cycle. In the Nashville region it seems that 13 was effective enough to beat the competition, but in the forests around Princeton the cicadas had to extend as far as the next prime number, 17. It’s not clear what this periodic predator was because its inability to find the primes probably led to its demise. Was it a poisonous wasp or even some deadly fungus? No one knows. The message is that if you know your maths, you survive in this world.

The cicadas still have predators, but the safety in numbers means that, as a species, they can cope. Today, when the cicadas emerge, the local bird population gorges on the huge supply of free food. Indeed, research has revealed that the caterpillars that the birds usually eat during non-cicada years get a free pass and themselves end up gorging on the leaves of the oak trees. But because the cicadas appear in such huge numbers, the birds fail to make a major impact on the population. If the cicadas spread their emergence over the intervening years, then there is a chance that they would get wiped out each season if their numbers were too low. They need to emerge en masse in this synchronised manner to survive.

It is striking to see the property of prime numbers emerging in such disparate contexts. One in a forest in Nashville, the other in a concert in a prisoner of war camp. The cicadas are to the predators as Messiaen’s rhythm is to the harmony. Despite the very different scenarios, the primes are serving a common purpose: keeping things out of synch. The manifestations are poles apart, but the blueprint is the same.

Primes, though, are key not just to composing music and building up populations of cicadas. They also find a role in constructing the buildings we inhabit.

Acoustics

Architecture and prime numbers don’t have an obvious resonance. The rather unnatural and awkward nature of primes doesn’t make them the most obvious numbers to go to if you are designing spaces to live and work in. Other mathematical structures that we will encounter form much more natural blueprints for the buildings we’ve erected.

But there is one venue where prime numbers have played a crucial role in creating an architectural space that serves its function: the concert hall. If you’re sitting listening to a performance of the Quartet for the End of Time, then it’s important that your appreciation of the piece is not disrupted by the acoustics of the building. Too many flat surfaces and you start to get strange echoes. Too much soft furnishing and the sound just gets swallowed up. You also don’t want your position in the hall to affect the balance of the music. If you’re on the side that is located near to the piano, you still want to be able to hear the cello clearly.

I’m a massive Wagner fan and recently achieved one of the things I’ve had on my bucket list for some time: to hear the Ring cycle in the special theatre that Wagner built to stage his operas in Bayreuth. It is quite a remarkable space. For example, instead of the orchestra sitting in an open pit in front of the stage as in a conventional opera house, its players are hidden underneath the stage, out of sight. Traditionally, an opera singer has to belt out their arias in order to ensure they come through the wall of sound that the orchestra is making between them and the audience. But the effect of placing the orchestra underneath the singers meant that, in the performances I attended, the singer could be much more subtle in their delivery than I had ever experienced in any other opera house. I sat next to an old man for the four nights that I spent listening to the Ring cycle and it transpired that he had been a cellist in the orchestra for many years. ‘You cannot believe how loud the orchestra sounds in that box beneath the stage,’ he said. But the sound that we received was quite subdued.

The other innovation that Wagner initiated was the seats we sat on. He recognised that nice soft cushions were a disaster for the acoustics. They just swallowed all the sound. So comfort is out and hard benches are in. Given that Wagner operas start at 4 p.m. and end at 10 p.m., you need to be a pretty dedicated fan to endure the pain from the acoustically perfect but inordinately uncomfortable benches that Wagner had installed.

Actually, the Festspielhaus in Bayreuth isn’t regarded as having the world’s best acoustics. But Bayreuth does have another opera house in which Wagner considered staging his operas that does have wonderful acoustics. Completed in 1750, the Margravial Opera House is one of the few original Baroque theatres left standing in Europe. The Baroque style is all about ornamentation, and it turns out that all those Baroque frills act as rather good sound dispersers. For Wagner, however, it was just too small to accommodate the vast vision he had for his operas, especially given the size of the orchestras he employed.

The Grosser Musikvereinssaal, home to the Vienna Philharmonic and the venue for the traditional New Year’s Day Concert from Vienna, is also celebrated for its acoustics. It was built in the late nineteenth century, and the ornamentation that was the style of the period is credited with diffusing the sound without absorbing it. The acoustics of the Grosser Musikvereinssaal and the Margravial Opera House were certainly achieved by chance rather than design. But they give some hints as to the key to good acoustics.

Three modern concert halls that
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