[image: image]

[image: image]

Table of Contents
Title Page
Dedication
Acknowledgments
1 - Prologue—It All Begins with Zero
2 - The God-Given Natural Numbers
BEGINNING “THE WORK”
PRIMES: THE FUNDAMENTAL PATTERN WITHIN THE PATTERN
PRIMES: THE INTEGRAL ATOMS
IN SEARCH OF PRIMES
SPEAKING IN PRIMES
EUCLID’S PROOF OF THE INFINITUDE OF PRIMES
3 - The Shape of the Primes
CARDINALITY: HOW MANY PRIMES ARE THERE?
ASYMPTOTICS: HOW DO THE PRIMES GROW?
SEEING THE FOREST FOR THE TREES
4 - Primal Cartographers
LEGENDRE
GAUSS: PRINCE AMONG MEN
5 - Shoulders to Stand Upon
EULER: A BRIDGE-BUILDER
DIRICHLET: FIRST ONE OVER THE BRIDGE . . .
POSTSCRIPT
6 - Riemann and His “Very Likely” Hypothesis
THE ROAD TO THE RIEMANN HYPOTHESIS
A COMPLEX DISSERTATION
COMPLEXIFYING EULER: THE CREATION OF THE RIEMANN ZETA FUNCTION, A NUMBER THEORIST’S PDA
RIEMANN’S EXPLICIT FORMULA AND THE ZEROS OF THE ZETA FUNCTION
THE RIEMANN HYPOTHESIS
A QUIET ENDING
7 - A Dutch Red Herring
AN INVERTED APPROACH TO THE RIEMANN HYPOTHESIS
A CHANCE THAT STIELTJES IS RIGHT
8 - A Prime Number Theorem, After All . . . and More
WE HAVE A WINNER!
EDGING TOWARD THE RIEMANN HYPOTHESIS
PERIODIC TABLES OF THE PRIMES
FIRST WE ORGANIZE, THEN WE EXAMINE: GAUSSIAN INTEGERS AND GAUSSIAN PRIMES
THE RISING OF THE RIEMANN HYPOTHESIS
9 - Good, but Not Good Enough
TO ERR IS RIEMANN
THE COMING CENTURY
A CALL TO ARMS
AND IN THE EIGHTH POSITION, PLAYING CENTRAL PROBLEM . . .
AN ERROR TERM WORTH THE EFFORT
10 - First Steps
PLAYING THE PERCENTAGES
TWO CAUTIONARY TALES
A GOOD CHANCE THAT THE RIEMANN HYPOTHESIS IS TRUE
EVIDENCE ACCUMULATES
WORLD WAR II AND A RIEMANN HYPOTHESIS THAT IS TRUE
A “ZOO” OF ZETA FUNCTIONS
ANDRÉ WEIL
CLOSE, BUT NO CIGAR
PUSHING FORWARD
GLIMMERS OF THE NEXT GREAT IDEA
11 - A Chance Meeting of Two Minds
“THE INSTITUTE”
MONTGOMERY AND THE PAIR CORRELATION
A RANDOM COLLISION WITH FREEMAN DYSON
MATRICES: THE MATHEMATICIAN’S SPREADSHEETS
THE RANDOM CONNECTION
THE DYSON-ODLYZKO-MONTGOMERY LAW
12 - God Created the Natural Numbers . . . but, in a Billiard Hall?
LIFE AT THE SEMICLASSICAL LIMIT
A KNIGHT OF THE BILLIARD TABLE
QUANTUM CHAOS
BILLIARD TABLES FOR PHYSICISTS
THE BASIC CONJECTURE OF QUANTUM CHAOS
BILLIARDS IN THE POINCARÉ DISK
SELBERG’S TRACE FORMULA
A NEAR HYPERBOLIC HUSTLE
BACK TO THE GAME ROOM
13 - Making Order Out of (Quantum) Chaos
A GRAND MASTER OF THE RIEMANN HYPOTHESIS
IS IT ALL A COINCIDENCE?
IN SEARCH OF A HAMILTONIAN TO SETTLE THE HYPOTHESIS
IF YOU BUILD IT, THEY WILL COME: THE VISION OF A CONNES MAN
AN ENDGAME STRATEGY FOR THE RIEMANN HYPOTHESIS?
14 - God May Not Play Dice, but What about Cards?
A CALIFORNIA COLLABORATION
FROM A GRAND UNIFICATION TO A GRAND UNIVERSALITY
EIGENVALUES ON THE EDGE
A NEW UNIVERSALITY IN TOWN: TRACY-WIDOM DISTRIBUTIONS
EDUCATION OF A MATHEMATICAL MINER
A MYSTICAL CONNECTION
COMING FULL CIRCLE
15 - The Millennium Meeting
EPILOGUE
GLOSSARY
FURTHER READING AND SOURCES
About the Author
Copyright Page

 
 
For Loren Butler Feffer (1962–2003),
scholar, athlete, and dear friend

ACKNOWLEDGMENTS
THE SCIENCE WRITER faces an interesting intellectual challenge. To distill years, even centuries, of scientific investigation for a broad and curious audience, while not raising the hackles of the experts in the field, is something of an intellectual tightrope walk. It is my hope that in this book I haven’t fallen off the wire too many times, and I’m grateful to the family, friends, and colleagues who have either steadied me during this performance, or at least allowed me a soft landing from time to time. I’d like to take a moment to thank some of them.
I have been lucky to have had comfortable circumstances in which to write, and I appreciate the hospitality provided to me by New York University’s Courant Institute, the Institute for Advanced Study, the Santa Fe Institute, and of course my home turf: Dartmouth College’s departments of mathematics and computer science. I would like to give special thanks to the Institute for Advanced Study’s librarian Momota Ganguli for her help in tracking down a few hard-to-find references, as well as Dartmouth College’s librarian Joy Weale for the quick attention she gave to my many requests for materials.
Katinka Matson helped me find a home for this book with Random House, where Marty Asher, Edward Kastenmeier, Will Sulkin, and Eric Martinez have worked hard to steer it through the shoals of the editorial and production process. Special thanks to Susan Gamer for a terrific job of copyediting.
I am grateful to the many people who read portions of the book in various stages of completion. In particular, I’d like to thank Percy Deift, Freeman Dyson, Cormac McCarthy, Peter Sarnak, Craig Tracy, Harold Widom, and Peter Woit for their helpful comments and corrections, Eric Heller and Jos Leys for furnishing some key figures, and Andrew Odlyzko for providing easy access to the zeta zero data. Sincere thanks to Peter Doyle for translating the relevant pieces of the Stieltjes-Hermite correspondence, and for keeping local interest alive through his leadership of the always entertaining “Riemann Seminar” at Dartmouth. Peter Kostelec, a terrific scientist and friend, made many of the figures in this book, as well as many more that weren’t used. Bob Drake, resident “folk mathematician,” gave me many good comments on early versions of the manuscript and many more good squash lessons. Thanks to Laurie Snell for his close reading of an early manuscript and for his constant encouragement. Greg Leibon’s careful attention helped me avoid a few bloopers at the end. Of course, I take full responsibility for any errors that made it past the eagle eyes of my vigilant friends and colleagues.
My parents, Ron and Miriam; my brother Adam; my sister-in-law Alicia; and my delightful niece Lucy always have given me the luxury and benefit of a loving and supportive family. If it is true that the apple doesn’t fall too far from the tree, I am lucky to have come from sturdy stock giving generous shade.
Ellen—my wife, love, confidante, and super-editor—and our son, Alex, have brought to my life a light and joy that I had not thought possible. I’m grateful to them every day. Through every stage of this project, my dear and now departed dog Digger was a source of constant comfort and calm. I always appreciated and now miss his nuzzling reminders of the necessity of regular breaks—in good weather and bad. If there is a sonorous sentence or two in this book, it was almost surely rocked loose by the steady footfall of one of our countless but countable walks. I like to think that his playful and gentle spirit lives on in these pages.
Finally, this book is dedicated to the memory of my dear friend Loren Butler Feffer, whose keen mind, boisterous good humor, and fierce loyalty helped me through many a difficult time, both personal and professional. She is ever missed. Loren—I wish you could have been there when we popped open the champagne. This one’s for you.

[image: image]
1
Prologue—It All Begins with Zero
IT’S ONE OF THOSE slate-gray summer days that more properly belong to mid-August than late May, one of those days in New York City when it is barely clear where the city ends and the sky begins. The hard-edged lines and Euclidean-inspired shapes that are building, sidewalk, and pavement all seem to fuse into one huge melted mass that slowly dissolves into the humid, breezeless, torpid air. On mornings like this, even this irrepressible metropolis seems to have slowed a notch, a muffled cacophony more bass than treble, as the city that never sleeps stumbles and shuffles to work.
But here in Greenwich Village, at the corner of Mercer and West Fourth streets, where we find New York University’s Warren Weaver Hall, the hazy torpor is interrupted by a localized high-energy eddy. Here, deep in the heart of the artistic rain forest that is “the Village,” just across the street from the rock ’n’ rolling nightclub the Bottom Line, a stone’s throw from the lofts and galleries that gave birth to Jackson Pollock, Andy Warhol, and the Velvet Underground, is the home of the Courant Institute of Mathematical Sciences, where at this moment there is an excitement worthy of any gallery opening in SoHo, or any new wave, next wave, or crest-of-the-wave musical performance.
The lobby and adjacent plaza are teeming with mathematicians, a polyglot and international group, abuzz with excitement. Listen closely, and amid the multilingual, every-accent mathematical jibberjabber you’ll hear a lot of talk about nothing, or more properly a lot of talk about zero.
Zero is not an uncommon topic of conversation in New York, but more often than not it’s the “placeholder zeros” that are on the tip of the New Yorker’s tongue. These are the zeros that stand in for the orders of magnitude by which we measure the intellectual, cultural, and financial abundance that is New York: one zero to mark the tens of ethnic neighborhoods, two for the hundreds of entertainment options, three for the thousands of restaurants, six for the millions of people, and, of course, the zeros upon zeros that mark the billions or even trillions of dollars that churn through the city every day. These are not the zeros of void, but the zeros of plenty.
But, today, just one week past Memorial Day 2002, it’s a zero of a different flavor which has attracted this eclectic group to downtown New York City. Here some of the world’s greatest mathematicians are meeting to discuss and possibly, just possibly, witness the resolution of the most important unsolved problem in mathematics, a problem that holds the key to understanding the basic mathematical elements that are the prime numbers. The zeros that tip the tongues of these mathematical adventurers are zeta  zeros,1 and the air is electric with the feeling that perhaps this will be the day when we lay to rest the mystery of these zeros, which constitutes the Riemann hypothesis.
For over a century mathematicians have been trying to prove the Riemann hypothesis: that is, to settle once and for all a gently asserted conjecture of Bernhard Riemann (1826–1866), who was a professor of mathematics at the University of Göttingen in Germany. Riemann is perhaps best known as the mathematician responsible for inventing the geometrical ideas upon which Einstein built his theory of general relativity. But in 1859, for one brief moment, Riemann turned his attention to a study of the long-familiar prime numbers. These are numbers like two, three, five, and seven, each divisible only by one and itself, fundamental numerical elements characterized by their irreducibility. Riemann took up the age-old problem of trying to find a rule which would explain the way in which prime numbers are distributed among the whole numbers, indivisible stars scattered without end throughout a boundless numerical universe.
In a terse eight-page “memoir” delivered upon the occasion of his induction into the prestigious Berlin Academy, Riemann would revolutionize the way in which future mathematicians would henceforth study the primes. He did this by connecting a law of the primes to the understanding of a seemingly completely unrelated complex collection of numbers—numbers characterized by their common behavior under a sequence of mathematical transformations that add up to the Riemann zeta function. Like a Rube Goldbergesque piece of mathematical machinery, Riemann’s zeta function takes in a number as raw material and subjects it to a complicated sequence of mathematical operations that results in the production of a new number. The relation of input to output for Riemann’s zeta function is one of the most studied processes in all of mathematics. This attention is largely due to Riemann’s surprising and mysterious discovery that the numbers which seem to hold the key to understanding the primes are precisely the somethings which Riemann’s zeta function turns into nothing, those inputs into Riemann’s number cruncher that cause the production of the number zero. These are the zeta zeros, or more precisely the zeros of Riemann’s zeta function, and they are the zeros that have attracted a stellar cast of mathematicians to New York.
In his memoir, Riemann had included, almost as an aside, that it seemed “highly likely” that the zeta zeros have a particularly beautiful and simple geometric description. This offhand remark, born of genius and supported by experiment, is the Riemann hypothesis. It exchanges the confused jumble of the primes for the clarity of geometry, by proposing that a graphical description of the accumulation of the primes has a beautiful and surprisingly simple and precise shape. The resolution of Riemann’s hypothesis holds a final key to our understanding of the primes.
We’ll never know if Riemann had in mind a proof for this assertion. Soon after his brief moment of public glory, the ravages of tuberculosis began to take their toll on his health, leaving him too weak to work with the intensity necessary to tie up the loose ends of his Berlin memoir. Just eight years later, at the all too young age of thirty-nine, Riemann was dead, cheated of the opportunity to settle his conjecture.
Since then, this puzzling piece of Riemann’s legacy has stumped the greatest mathematical minds, but in recent years frustration has begun to give way to excitement, for the pursuit of the Riemann hypothesis has begun to reveal astounding connections among nuclear physics, chaos, and number theory. This unforeseen confluence of mathematics and physics, as well as certainty and uncertainty, is creating a frenzy of activity that suggests that after almost 150 years, the hunt might be over.
This is the source of the buzz filling the Courant Institute’s entry-way. It is a buzz amplified by the fact that whoever settles the question of the zeta zeros can expect to acquire several new zeros of his or her own, in the form of a reward offered by the Clay Institute of Mathematics, which has included the Riemann hypothesis as one of seven “Millennium Prize Problems,” each worth $1 million. So the jungle of abstractions that is mathematics is now full of hungry hunters. They are out stalking big game—the resolution of the Riemann hypothesis—and it seems to be in their sights.
The Riemann hypothesis stands in relation to modern mathematics as New York City stands to the modern world, a crossroads and nexus for many leading figures and concepts, rich in unexpected and serendipitous conjunctions. The story of the quest to settle the Riemann hypothesis is one of scientific exploration and discovery. It is peopled with starry-eyed dreamers and moody aesthetes, gregarious cheerleaders and solitary hermits, cool calculators and wild-eyed visionaries. It crisscrosses the Western world and includes Nobel laureates and Fields medalists. It has similarities with other great scientific journeys but also has its own singular hallmarks, peculiar to the fascinating world of mathematics, a subject that has intrigued humankind since the beginning of thought.
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The God-Given Natural Numbers
THE GREAT GERMAN mathematician Leopold Kronecker (1823–1891) said that “God created the natural numbers.” And it is true that the natural numbers—one, two, three, four; on and on they go—appear to have been present from the beginning, coming into existence with the birth of the universe, part and parcel of the original material from which was knit the ever-expanding continuum of space-time.
The natural numbers are implicit in the journey of life, which is a nesting of cycles imposed upon cycles, wheels within wheels. One is the instant. Two is the breathing in and out of our lungs, or the beat of our hearts. The moon waxes and wanes; the tides ebb and flow. Day follows night, which in turn is followed once again by day. The cycle of sunrise, noon, and sunset give us three. Four describes the circle of seasons.
These natural numbers help us to make sense of the world by finding order, in this case an order of temporal patterns, that lets us know what to expect and when. We notice the rising and setting of the sun, and that cycle of two is given a more detailed structure as we follow the sun through the sky over the course of a day. We turn the temporal telescope around and also see day as part of the larger cycle of the phases of the moon, whose steady progress is situated within the cycle of the seasons that makes up the year. Patterns within patterns within patterns; numbers within numbers within numbers—all working together to create a celestial symphony of time.
Armed with this new understanding we make tentative, tiny forays out into the Jamesian “booming, buzzing” world and shape a life within and around it. Embedded in the recognition of the cycle is the ability to predict, and thus to prepare, and then to direct the world to our advantage. We coax and bend an unflinching, steady march of time; and in a subtle jujitsu of nature, technologies are born. We learn when to sow and when to reap, when to hunt and when to huddle. We exploit that which we cannot change. We discover the cycle and ride it as an eagle rides an updraft.
In the absence of a natural cycle we may impose one, for in routine we find a sense of control over the unwieldy mess that is life. We relish the comfort of being a regular at a local diner or a familiar face at the coffee cart on the street, and the rhythm of the daily morning dog walk. We dream of options, if only to choose our own routines, our own patterns, our own numbers.
But as befits that which is part and parcel of space-time, number is not only a synecdoche of temporal organization but also the most basic and elementary means of quantifying a spatial organization of the world. Nature gives us few, if any, truly straight lines or perfect circles. But there is one moon; there is one sun; the animals go two by two. We organize, we count, and therefore we are.
In this way, number is presented to us in the world in both time and space, instances upon instances, but this is only the beginning. Kronecker said not only that the natural numbers are God-given, but also that “all else is the work of man.” What first appear as singular phenomena are eventually unified, gathered into a collective that is then recognized as a pattern. Soon, the pattern is itself familiar, and so it becomes less a pattern and more a particular. The game is then repeated, and we find a new superpattern to explain what had once seemed disparate patterns. So on and so on we go, building the discipline that will come to be known as mathematics.
BEGINNING “THE WORK” 
Suppose that I walk past a restaurant and catch a glimpse of a perfectly set square table, place settings at each edge, each side of the table providing a resting place for a full complement of plates, glasses, and silverware. As I approach the entrance to the restaurant, a group of women arrive and I imagine them seated at that beautiful table, one at each side, continuing their animated conversation. As I pass by again some time later, I see the women leave the restaurant. They stand outside, say their good-byes, and one by one are whisked away by taxicabs.
What is it that the group of women has in common with the collection of place settings, the chairs at the table, the very sides of the table, and the taxicabs that finally take them away? It is the correspondence that they engender. It is a correspondence that I make mentally and visually as I watch the women, one that you make as you read this story, seeing each woman paired with a chair, a plate, or a taxi. Any other grouping of objects that could be paired with them in this way has this same property, this same basic pattern. This pattern is one of “numerosity.” These groups all share the property of “fourness.”
Each collection, whether it be the chairs, the place settings, or the taxis, is such that its component objects can be put into a one-to-one correspondence with the group of women. We say, as an abbreviation for this property, that the group of women has a size of four, and this is a property shared among each of the sets of objects that may be put into a correspondence with the women. If you had in your possession a collection of hats and I inquired if you had one for each of the women, you might have me list the women, or show you a picture of the group, but even better, you could ask me “how many” women need hats. My answer, “four,” would be enough for you to check to see if you had one hat for each.
The self-contained nature of the correspondence—there is no object left unpaired—is perhaps what underlies the other classification of the number four, or for that matter any natural number, as an integer, and in particular a positive integer. The totality of the integers consists of the natural numbers, their negatives, and zero.
Thus four becomes an agreed-upon name for a pattern that we recognize in the world. At Christmas, four are the calling birds; at Passover, four are the matriarchs, symbols that are simultaneously iconic and generic. We wind our way back through numerical history. Four are the fingers proudly displayed by a protonumerate toddler, a set of scratchings on a Sumerian cuneiform, or the bunch of beads or pebbles lying at the feet of a Greek philosopher. The last of these universal physical numerical proxies, which the Greeks called calculi, gave birth to our words calculus and calculate, and mark the mathematician as both the forefather and the child of the first “bean counters”: the Pythagoreans.
The Pythagoreans, followers of the great Greek mathematician Pythagoras (580–500 B.C.E.), are said to have first abstracted the particular instances of a number to a universal and generic pile of pebbles or arrangements of dots in the sand. For the Pythagoreans, mathematics and the mathematical were ubiquitous. They lived by the motto “Number is all,” and as a consequence numerology was integral to their daily lives. As for Pythagoras, very little is known of his life. He was a mystic and scholar who led a cult whose basic tenet was devotion to the study of knowledge for its own sake. To describe this pursuit, Pythagoras coined the word philosophy. As applied to the specific study of number and geometry, this sort of investigative approach led him to create another discipline, which he named mathematics, meaning “that which is learned.”
Before the Pythagoreans, mathematical studies were by and large contextualized through their particular applications. Records are sketchy, but certainly the Egyptians and Babylonians developed a great deal of basic mathematical (or, perhaps more accurately, “calculational”) procedures for dealing with the everyday problems of their agricultural, architectural, or commercial activities. The mathematical investigations of the Pythagoreans appear to mark the origins of a pure study of number, as opposed to a study of number in the context of its potential or actual applications. So Pythagoras, the “father of mathematics,” gave birth to a poetry or art of pattern, an intellectual discipline in which numbers themselves were studied as arrangements of beautiful, regular, rhythmic shapes. Herein lies the origin of a study of the laws that govern patterns within the patterns or the behavior of numbers. This is number theory, and the Pythagoreans are history’s first number theorists.
The simplest patterns to be found were those of the geometric shapes in which only certain numbers of pebbles could be arranged. There were  square numbers, such as one, four, nine, and sixteen,
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and triangular numbers such as one, three, and six,
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and even hexagonal numbers like one and six,
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each providing an infinite family of dimpled patterns ready for categorization and study. These few examples represent but a shallow draw from a potentially infinite well of possibilities. Any of your favorite two-dimensional shapes could yield other classes of figurate numbers, and many others were studied.

PRIMES: THE FUNDAMENTAL PATTERN WITHIN THE PATTERN
The Pythagoreans plumbed the piles of pebbles in search of structure and regularity, and so might I also look for patterns as I pass by my little imagined restaurant. One evening I peer though the window and notice that the room is full. How many diners are there on this busy evening? I could count them all one by one if I stood there long enough, but I find that I can’t help trying to take a shortcut. The tables organize the diners into groups of four, and so I know that the number of diners will simply be four times the number of tables. The tables are arranged tastefully and delicately about the softly lit room, and again my eye looks for patterns. I first cluster the tables in pairs and notice that this leaves one table by itself. Groupings of three leave two tables adrift. Groupings of four again leave a lone solitary dinner party, and so on. My search for an even regularity in the arrangement of tables proves fruitless, and finally I surrender, forced to enumerate them. Seventeen tables, making seventeen parties of four, and thus, sixty-eight diners in all.
Seventeen. A curious number. No matter how I try to organize the tables into a pattern of similar patterns, into clusters of equinumerous clusters, I am foiled. One more or one less, and the reduction is possible. Sixteen tables could yield four groupings of four tables, or two groupings of eight tables. Eighteen tables would give three groupings of six, or two groupings of nine. Thus sixteen and eighteen are a composition of other, smaller numbers: composite, we might say. Seventeen, however, is not a number of numbers, it is not a pattern of patterns. It is a first-order pattern, a primal pattern, a prime pattern.
Primes and composites. It appears that the Greeks were the first to be aware of this distinction of the natural numbers. Perhaps it was a thoughtful shepherd clustering his sheep, or an acquisitive merchant counting out bolts of cloth, sheaves of wheat, or jugs of wine, who first discovered this distinction. The mystical mathematical musings of the Pythagoreans included a taxonomy of number dependent upon the concept of divisibility, whereby a given number can be obtained as some multiple of a specific number. Twelve is divisible by three, but not by five. The Pythagoreans called a number  perfect, abundant (in the sense of having many divisors), or deficient according to its property of being (respectively) equal to, less than, or greater than the sum of its divisors. For example, twenty-eight is perfect because it is the sum of its divisors: one, two, four, seven, and fourteen. The number twelve falls short of the sum of one, two, three, four, and six, and is thus said to be abundant, and eight, which exceeds the sum of one, two, and four, is deficient. Amicable numbers are two numbers defined by the property that the sum of divisors of the one is equal to the other. An example of such a pair is 220 and 284. Although the Pythagoreans were intrigued by the concept of divisibility, the first written record of classification into primes and composites dates from about 200 years after the death of Pythagoras and is found in the mother of all mathematical textbooks, Euclid’s Elements.
As with Pythagoras, the exact origins of Euclid (c. 330–275 B.C.E.) remain a mystery, but it is presumed that he was a student of Plato, or at least attended Plato’s Academy, a scholarly retreat whose gateway bore the famous inscription “Let no man ignorant of geometry enter here.” He then seems to have been called to Alexandria to teach mathematics at “the Museum,” an institution of higher learning set up by Ptolemy I. Euclid was the author of several texts, but he is surely most famous for the  Elements, which comprises thirteen books and is today thought of as primarily a textbook in geometry. It follows a largely axiomatic, or synthetic, approach to geometry in which “self-evident” geometric truths are laid down as axioms from which all of Euclidean geometry is derived through the application of Aristotlean logic. It is striking how much of Elements could today still be read and understood by any attentive schoolchild, and indeed, this axiomatic approach continues to be taught in many schools.
Elements takes a geometric approach to number, whose study is mainly concentrated in Books 7 through 9. The Pythagoreans believed that number is all, but for Euclid and his followers, geometry ruled the universe and only those mathematical ideas that had geometric realizations in terms of the perfection of ideal straight lines and circles (constructions capable of being realized with only the most basic tools of the working geometer: pencil, straightedge, and compass) were of interest or even acknowledged.
In such a mathematics, all investigations begin with a unit length that serves as the basic measuring stick against which all other lengths are compared or measured. These lengths are the geometric realization of numbers. Addition of whole numbers corresponds to joining known lengths end to end. Multiplication of whole numbers is then achieved by repeated addition. It soon becomes evident that not all lengths (whole numbers) can be obtained by multiplying together two smaller numbers: that is, not all numbers are divisible. In this geometric setting, divisibility is expressed as the possibility that one number might be “measured” in terms of another (i.e., that a given length could be “measured” as some number of copies of a given length). Thus, one number divides another if the corresponding length of the one “measures” the other.
Among all lengths (numbers) those that are measured by no others are distinguished as the primes.

PRIMES: THE INTEGRAL ATOMS 
So here we have the fundamental dichotomy within the natural numbers: either a natural number is measured by another or it is not; either it is composite or it is prime. Herein lies the atomic nature of the primes, for if a natural number is composite, then we split it, recognizing it as the product of two necessarily smaller natural numbers. We continue the splitting, ultimately arriving at those prime (indeed, primal) pieces incapable of any further division.
To give one simple example, the number 2,695 is split into the product 49 × 55, the former of which can in turn be split into the product 7 × 7, while the latter is the product 5 × 11. The numbers 5, 7, and 11 cannot be split any further.
Thus, given any natural number, by an analogous successive iteration of splittings, continued so long as is possible, a collection of prime numbers is revealed, which if recombined by multiplication will yield the original number. In our example, 2,695 is the product of the primes 5 and 11, and two copies of the prime 7. This is called its prime factorization. 
Just as any chemical compound is composed of integral amounts of its constituent elements (exactly two atoms of hydrogen and one of oxygen make water; one sodium atom and one chlorine atom combine to give us a molecule of table salt), so any number is produced as a product of particular primes, thereby yielding an arithmetic molecule. However, whereas it is possible for two chemically distinct molecules to have the same molecular formula (such substances are called molecular isomers), a number’s prime factorization is unique. This property of unique factorization is so basic to numbers that it is often called the fundamental theorem of arithmetic. 
To uncover a fundamental element, the chemist takes a sample and subjects it to all sorts of tests: dabbing it with acid, holding it to a flame, boiling it in water. Physicists go a step further, looking for constituents that are even more fundamental, by bombarding materials with high-energy particles. What then of mathematics and the search for the primes? How to find these numbers that are measured by no others? How to mine the mountains of number for the irreducible, prime nuggets? It turns out that we need nothing as dramatic as a supercollider. All we need is a simple sieve, the sieve of the Greek mathematician and philosopher Eratosthenes.

IN SEARCH OF PRIMES 
Eratosthenes (c. 276–194 B.C.E.) was a native of Cyrene. Like Euclid, he was called to Alexandria, where he ran the library at the university and also served as tutor of the son of Ptolemy III. Eratosthenes is well-known for his early estimate of the circumference of the earth, assuming it to be a perfect sphere. Using only basic geometry and observations of the position of the sun, Eratosthenes arrived at a measurement of about 24,660 miles, a pretty close approximation to the true value (a bit more than 24,901 miles).
The “sieve of Eratosthenes” provides an orderly procedure for culling the primes from the natural numbers. The indivisible nature of the primes implies that once a prime is identified, none of its multiples can be a prime. Since two is a prime, we can remove from consideration all of its multiples—that is, all the even numbers—effectively “sieving” them from the body of natural numbers subject to our search for primes. We then look for our next prime among the first number not removed as a multiple of two, and it is three. Once again, we sift the remaining numbers for multiples of three, none of which are possible primes. Excluding the primes two and three, we now are left with only numbers that are multiples of neither two nor three, the smallest of which must again be prime—and lo and behold, it is: the number five.
We continue in this fashion, repeatedly sifting the integers with sieves of a size that grows as the primes grow. Implicit in Eratosthenes’ sieve is one of the first primality tests: in order to determine whether a given number is prime, see if at any point in the sifting process it is removed from consideration. For the smaller natural numbers this test is useful; but for larger ones, those on the order of hundreds of digits, such a simple-minded test is impossible to conduct. Potentially, even the fastest computers of our day would require more time than the age of the universe to work on such a problem.
Eratosthenes was simply interested in beginning to map the primes, and took a first stab at identifying the primal archipelago dotting the integer sea. Today, our interest in the primes is at least as intense, although perhaps more prosaic, for the primes provide the alphabet as well as the language that both enables and secures digital communication.

SPEAKING IN PRIMES 
In any single computer—or over the vast, highly distributed, interconnected network of computers that forms the Internet—resides a self-contained, logical world, whose language and phenomena find a common expression in number. This is the digital world, a silent world of a forever flowing stream of zeros and ones, strings of electronic fingers and toes, either bent at the knuckle or extended. These binary sequences are both its form and its function, providing instruction and carrying information. Zeros and ones make up the alphabet for the language used to describe, as well as to direct, events, providing a means of expression for the multiline program poems of executive orders. They are responsible for communicating our ideas, thoughts, conversations, and business transactions.
The rules for manipulating the bits (binary digits) which are these zeros and ones are based on the smallest of prime cycles, the cycle of length two. Reasoning is distilled to a logic which becomes arithmetic, capable of translation into complicated circuitry etched onto silicate wafers which serve to mediate the communion of thought and machine. These rules embody the distillation of debate and dialectic. In this stripped-down logic by which our machines live, we see mirrored the basic rhythms of life: breathe in, breathe out; yes, no; true, false; on, off. They are the distillation of us, simplified and pristine.
Although the simplest of primes gives voice to the Internet revolution, it is the larger primes that enable an intelligible and credible discussion. The streams of information that course through the wires and airwaves are processed in huge chunks, whose sizes are determined by their prime factors. In this way the prime decomposition of a number is crucial to the efficient communication and analysis of the images, music, financial information, etc., which reside in our home computers and are sent across the Internet.
Prime numbers are also fundamental to many of the processes that enable the reliable (i.e., error-free) transmission of digitized information. These are primes used in the service of error correction. The simplest form of error correction appends a single bit to a binary message, setting it equal to zero if the message contains an even number of ones, and equal to one if the message contains an odd number of ones. That is, a single bit records the remainder obtained upon dividing the total number of ones in the binary message by the prime two. That remainder is called the parity of the number of ones. The message is now sent to the receiver, along with the parity bit. If during transmission a single bit of the message is changed, then the parity of the received message will differ from the received parity bit, indicating the message has been corrupted. More elaborate error-correction schemes use arithmetic properties of other primes.
The biggest use of primes is found in the technology of digital cryptography. This is the body of techniques used to ensure that information is sent securely over the Internet. In this application, primes of tremendous magnitudes, on the order of hundreds of digits long, are used to encrypt messages in such a way that no present (or even foreseeable) technology would have a chance of deciphering them should they be intercepted.
These cryptographic schemes start by interpreting the digital messages as numbers. One way in which this is possible is through the interpretation admitted by any finite list (string) of zeros and ones as a number’s  binary expansion. Reading right to left, any binary string represents an accumulation of successive powers of two in which a power is included only if the symbol in the corresponding position is a one. For example, the string 10011 would be interpreted as the sum of one zeroth power of two (which is one), one first power of two, no second or third powers of two, and one fourth power of two. In short:
[image: image]
which is the sum of sixteen, two, and one, and gives nineteen. This is akin to our familiar decimal expansion, in which numbers read right to left are shorthand for an accumulation of powers of ten. For example, 219 is shorthand for nine zeroth powers of ten added to one first power of ten and two second powers of ten.
Once a message is interpreted as a number, it can be scrambled by applying any of a variety of mathematical operations. The procedures that ensure the security of most Internet credit card transactions first repeatedly square a number (i.e., computing some very high power of the message-bearing number) and then divide this very high power by a previously specified number and record the remainder. This is done for various powers, and the final encryption of the original message is the number obtained by then multiplying together these numbers and taking one last remainder. The number of times this basic step occurs, as well as the number by which we divide, depends on some previously specified pair of huge prime numbers.
In this way, the primes underlie all of modern digital technology, as the means by which information is made palatable to the computer. They are like the air we breathe—necessary, but superficially invisible, the ghost in the digital machine.
Central to the cryptographic uses of primes is the underlying assumption that they are sufficiently plentiful. Quantification of their plenitude is precisely what the Riemann hypothesis is all about. So, as a first step toward its statement, let’s start by trying to count the primes.

EUCLID’S PROOF OF THE INFINITUDE OF PRIMES
We know that there is no largest natural number. Posit such a quantity, and this conjectured supremum is defeated by the number obtained by adding one. That’s what we mean by infinity. Like two children shouting in turn,
“I dare you!”
“I double-dare you!”
“I triple-dare you!” the count could go on and on forever. But what of the numerosity of the primes? The totality of natural numbers is infinite, but do the primes need go on and on as well? After all, four simple molecules suffice to create the seemingly infinite diversity of life cast within DNA. Astrophysicists believe that a finite number of basic particles are responsible for our presumably unbounded universe. Could it be that the primes too are finite? Euclid was the first person to demonstrate that the answer to this question is no.
Euclid proved to the world that the primes are infinite by a clever argument which we might recast as a Socratic dialogue:
Euclid: Dan, I would like to impress upon you that, should we travel down the road of the number line, we might always find a  prime number ahead.
Dan: Indeed, wise Euclid, could this be so? How to be sure that no matter how far we travel there is always a prime number ahead? 
Euclid: My dear Dan, as I travel along the number line I acquire prime numbers. At any point, I might stop to rest and wonder if  indeed I now have them all. I might care to create a new number from the finite collection in hand by multiplying together all of the  primes in my possession, and then increasing this already large number by one.
Dan: Yes, Euclid, you certainly could create that number if you like.
Euclid: Now Dan, this large number is, no matter how large, still  a number, and as such it must have an elemental factorization in  terms of prime numbers. Isn’t that so?
Dan: Yes, that is most certainly so.
Euclid: Do we agree that any prime number which is part of the factorization of my large number must divide that number exactly, so that there is no remainder?
Dan: Absolutely, for that is what it means to be a factor.
Euclid: Aha! Here lies the problem. Should I divide my newly constructed number by any of the primes in my possession, we see that we get a remainder not of zero, but of one! So, it cannot be that any of the primes currently in my possession divides our new number. 
Dan: Yes, that must be true.
Euclid: Thus, there must be a new prime number out there on the number line, either that number out in the distance that I have  just constructed, or another that lies somewhere in between here  and there.
Dan: Yes, that must be true.
Let’s illustrate Euclid’s argument with an example. Suppose we stop our little stroll along the number line at the number thirteen, having identified the primes up to that point: 2, 3, 5, 7, 11, and 13. Euclid suggests that we take a look at the number (2 × 3 × 5 × 7 × 11 × 13) + 1. A quick calculation reveals that the result is the number 30,031.
The number 30,031 cannot be divisible by any of the primes 2, 3, 5, 7, 11, or 13, because any one of these gives a remainder of one when we attempt to perform the division. For example if we try to divide 7 into (2 × 3 × 5 × 7 × 11 × 13) + 1 we see that it goes into this number (2 × 3 × 5 × 11 × 13) times, with a remainder of 1. Nevertheless, as any natural number is either itself prime, or composed of a product of smaller prime factors, it must then be that the number 30,031, while not necessarily prime, is at least made up of primes other than 2, 3, 5, 7, 11, and 13.
Euclid has discovered a procedure that takes in a collection of prime numbers and outputs a new number which is composed of prime numbers that are not among our original collection. Through a sort of alchemy of arithmetic, the prime numbers 2, 3, 5, 7, 11, and 13 are mixed together by multiplication, and the result is incremented by one in order to produce the number 30,031. When this number is subjected to the fires of factorization, two new primes are revealed: we write 30,031 = 59 × 509, and note that each prime factor is greater than any of the original prime ingredients. In this way, old primes are ground by arithmetic mortar and pestle to create new primes. It is a form of mathematical magic, perpetually producing primes.
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3
The Shape of the Primes
EUCLID’S INVESTIGATIONS uncovered the fact that there are an infinity of primes. But this simple description sweeps much under the rug. Legend has it that the Inuit have a virtual avalanche of words to describe snow; similarly, mathematicians’ familiarity and fascination with infinity have led to an appreciation of infinity as a highly textured and nuanced notion.
To say simply that the primes are infinite is, to a mathematician, not the end of a discussion but a beginning. “How infinite is it?” is a sensible mathematical question, and the way in which mathematics tackles the infinite is among the most distinguishing features of this science.
Once again, we can use the analogy of the study of the universe. We assume it is infinite, but to what extent? Some say the universe is ever-expanding; others say that expansion will eventually give way to a great compression, the Big Bang folding back into the Big Crunch. These and other astrophysical theories depend upon the way in which matter and energy are strewn about the cosmos—the light and the dark, that which we can see and that which we can’t. Are matter and energy spread about in such a way that eventually the expansion will halt? Or is there so little of each, so widely scattered, that the universe will grow forever? Where do matter and energy lurk and from where do they arise? Questions of form and questions of extent confront us.
Similarly, we ask questions about the way in which the primes are distributed among the natural numbers. Are they speeding away, ever farther apart, or are they clustered together in recognizable constellations? In what sense are the primes infinite? Implicitly, these are questions of both quantity and quality, or more precisely, of cardinality and asymptotics. We’ll look at these ideas now.
CARDINALITY: HOW MANY PRIMES ARE THERE? 
On the surface, the declaration that the primes are infinite simply means that a list of the primes would go on forever. A first prime of two, a second prime of three, a third prime of five, a fourth prime that is seven, and so on and so on. Both explicit and implicit is the correspondence that we create in our listing of the primes—a correspondence attaching to any prime number that natural number which indicates its position as we list the primes in increasing order.
Any collection of objects (or numbers) that can be put in such a correspondence is said to be countable, or denumerable. The act of constructing such a correspondence is the act of counting, or determining “how many” things are in the collection. The answer, a number, is called the cardinality of the collection, and the number representing this amount is a cardinal number.
For example, our familiar positive integers are cardinal numbers, albeit finite ones. Three is the count of one, two, three, an intrinsic listing that exhausts any threesome. However, as Euclid first showed, our listing of the primes is never-ending and ever-reaching. Each prime patiently awaits its turn, so that a first description of the countable infinity of the primes is thus represented by a cardinal number different from any finite number. This cardinal number is usually written as א 0, read “aleph zero.” The iconography mixes the beginning of the Hebrew alphabet with the beginning of number to create a symbol for the cardinality of any infinite but countable collection. It is “beyond finite,” and thus called a transfinite number.
The theory of transfinite numbers was laid out by the German mathematician Georg Cantor (1845–1918). He was the first to investigate arithmetic in the transfinite realm, showing that the countable infinity represented by א0 was the smallest member of a new and mysterious transfinite number system. Since both the natural numbers and the prime numbers are countably infinite in extent, we see that transfinite accounting allows for the part to be equinumerous with the whole. Moreover, even the collection of all nonnegative fractions, represented by all pairs of natural numbers, and hence seemingly much larger than the natural numbers alone, is still countable, a fact demonstrated by a listing of the fractions according to the size of the numerator and denominator.2 It is not until we consider collections such as the set of all possible numbers between zero and one that we begin to find transfinite numbers which exceed a countable infinity. This fact is demonstrated by the consideration of any putative listing of the decimal expansions of all such numbers. Such a list cannot include that number which differs from the first number in the list in the first decimal place, or from the second number in the second decimal place, and so on and so on.

ASYMPTOTICS: HOW DO THE PRIMES GROW? 
The characterization of the primes as possessing a countable infinitude gives a quantitative description of their infinity, but what of the quality?
For example, how does the countable infinity of the primes differ from that of the odd numbers, which also can be listed one by one? The odd numbers go marching on, regularly spaced at every other positive integer, but the primes seem to have no such simple rhythm. Twenty-three is prime; the next prime does not appear until six steps later, at twenty-nine; but after that the next prime is at thirty-one, only two steps farther. The primes twenty-nine and thirty-one are an instance of twin primes, prime pairs that are but two steps apart. Another such pair are the primes 227 and 229. Twin primes have been found way out in the numerical stratosphere, with the current largest pair having more than 24,000 digits. That is to say, these two numbers would require more than ten pages of this book to write down, both are prime, and they differ only in the last place. Numerical experimentation supports the widely held but still unproved belief that there are an infinity of twin primes among the natural numbers. Such brief paroxysms of primality are but one reflection of the irregular appearance of the primes. The rhythm of the primes is more a jazzy syncopation than the steady beat which describes the odd numbers. Edgar Allan Poe once wrote that “there is no exquisite beauty without some strangeness in proportion.” The uneven footfall is at the heart of the allure of the primes.
Thus, while both the odd numbers and the primes are countably infinite collections of numbers, the way in which they are distributed among all natural numbers differs. So now we ask a new question: Is there a way to describe the rate at which the primes occur? Can we give a law that predicts the appearance of the primes?
Imagine the number line as an east-west sidewalk bordering a highway that extends from horizon to horizon, an infinite path marked evenly by integers, signposts spaced one yard apart. Euclid tells us that as we walk step by step, forward along the number line, no matter how far we walk we are always certain to come upon another prime. But when? Is there a roadside billboard claiming “Next prime, two integers ahead” or “Next prime, 2,000 integers ahead”?
Prospecting for primes, we march forth with a basket in hand, examining each roadside integer, leaving in place those beautiful numerical hybrids that are the composites, looking only to pick the primes—which, in the words of the number theorist Don Zagier, “grow wild like weeds.” As we advance, our basket grows heavy with primes, but the farther we go, the less frequently we appear to add to our collection. This is predicted by Eratosthenes’ sieve, for as we stroll along the number line, each prime we encounter foreshadows an infinity of places ahead that cannot be prime. We reach two and toss it into our basket, knowing that of the numbers ahead, every other now is ruled out: four, then six, then eight, then ten, and so on. As we march forward from two, the first nonmultiple of two we reach is just ahead at three. As three is not a multiple of any of the primes currently in our basket, three must be prime, so it is added to our collection. As before, we look forward and anticipate the successive encounters every three steps ahead of multiples of three, another evenly spaced infinity of composite numbers. Thus does each encounter with a prime initiate a perfect wave washing away the regularly spaced composites ahead.
We keep a tally of the contents of our basket and track the accumulation of the primes. One prime in the basket as we pass two, then two primes in the basket as we pass three. The count remains at two until we pass the number five, whereupon we now have three primes in the basket. The contents of the basket increase to four as we pass the number seven. Then it is not until we go another four steps and reach eleven that we’ll find another prime and thereby bring our tally to five, indicative of the five prime numbers that are at most eleven.
If we knew the rate at which the primes appear, then we could also deduce the rate at which the size of the primes grows. For example, if we are told that there are ten primes that are less than thirty, but eleven primes no greater than thirty-one, then we know that the eleventh prime is equal to thirty-one.
The irregular appearance of the primes reflects the varying intervals of time over which the contents of our basket do not change. We sense a rate of accumulation that generally appears to be progressively slower and slower, although intermittently interrupted by seemingly random hiccups of surprisingly short increments. How to quantify the pace of the primes?
A simple listing of numbers gives one picture of the accumulation of primes but still comes up short as a means of revealing any structure in their growth. Such a list is like a diary that purports to record the progress of a newborn baby through only a daily measurement of height and weight; better would be a picture book, allowing us to see and compare the day-by-day changes. Similarly, even better than our list of numbers is a picture. It is better to replace our description of the primes with a picture that might help reveal the pattern of accumulation. A picture is worth a thousand words, and a good one here may be worth a thousand primes. So we make a mathematician’s picture. We make a graph.
An east-west axis crossed by another axis running north-south creates the setting for a picture that will tell the tale of the growth of the primes.
Our number line heads off to the east, notched with the regularly spaced whole numbers. Measurements in the northerly direction serve to mark the number of primes in hand as we pass each natural number. So as we move eastward, the irregular appearance of the primes gives a running count that builds a hip-hop staircase over the floor, the east-west number line. The height of the staircase at any position on the number line measures the number of primes found up to that instant. Primeless intervals, such as the short path from thirteen up to (but not including) seventeen are reflected as a plateau between these points. Here we will find a step, four units long. It rests at a height of six units, which reflects the six primes less than seventeen. But upon coming to seventeen, we find a new prime, so that our number of primes increases to seven, and so we add a new step to our staircase.
[image: image]
Figure 1. Punctuated accumulation of primes as we move along the number  line from 1 to 137. Above any position on the east-west axis (also called the x-axis), the graph will be at a height equal to the number of primes that have been encountered up to that point.
Racing up this Dr. Seuss–like staircase
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