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Part I – Introduction and Background
1. Introduction
The numerical simulation of compressible flow with shocks remains one of the most demanding challenges in computational fluid dynamics (CFD). Classical analytical approaches—such as those based on the Rankine–Hugoniot relations—provide valuable theoretical insight into discontinuities but are insufficient to resolve multidimensional flow features numerically. Since the advent of digital computation, a central objective in CFD has been to design numerical schemes that can accurately capture strong gradients and discontinuities without introducing non-physical oscillations. The pioneering work of MacCormack (1969) introduced an explicit, second-order predictor–corrector algorithm that became the foundation of many subsequent shock-capturing schemes. However, the MacCormack scheme, while accurate in smooth regions, exhibits dispersive oscillations near shocks due to its central-difference nature. Subsequent developments by Godunov (1959) and later Harten, Lax, and van Leer (1983) established the concept of upwind-based Riemann solvers, leading to more physically consistent flux evaluation. The Rusanov (1961) or local Lax–Friedrichs scheme represents a robust approximate Riemann solver that achieves strong numerical stability by incorporating local wave speeds to control dissipation. In contrast, the HLLC (Harten–Lax–van Leer–Contact) scheme introduced by Toro (1994) improves upon Rusanov by restoring the contact and shear waves omitted in the original HLL formulation, thereby preserving key discontinuities and enhancing accuracy for mixed subsonic–supersonic interactions.
2. Governing Equations for Inviscid Compressible Flow
The governing equations for two-dimensional inviscid compressible flow are the Euler equations in conservative form:

∂U/∂t + ∂F/∂x + ∂G/∂y = 0

where U = [ρ, ρu, ρv, E]^T, F and G are the flux vectors in the x and y directions respectively. Here, ρ denotes density, (u, v) are velocity components, p is pressure, and E is total energy per unit volume:

E = p/(γ - 1) + ½ρ(u² + v²)

The perfect gas law p = (γ - 1)[E - ½ρ(u² + v²)] closes the system, with γ = 1.4 for air. 
3. Transformation to Body-Fitted Coordinates
In compressible flow simulations around complex geometries—such as ramps, wedges, and nozzles—it is convenient to employ body-fitted curvilinear coordinates (ξ, η) that align with physical boundaries. The transformation from Cartesian to computational coordinates is:

ξ = ξ(x, y), η = η(x, y)

The Jacobian of transformation J = (∂(x, y)/∂(ξ, η)) = xξyη - xηyξ. The transformed Euler equations are expressed as:

∂U*/∂t + ∂F*/∂ξ + ∂G*/∂η = 0

where U* = J⁻¹U, F* = J⁻¹(yηF - xηG), and G* = J⁻¹(-yξF + xξG). 
4. The MacCormack Predictor–Corrector Scheme
The MacCormack method is a two-step explicit scheme that achieves second-order temporal and spatial accuracy for hyperbolic conservation laws. The algorithm consists of:
Predictor step: U* = Uⁿ - (Δt/Δx)(F_{i+1}ⁿ - F_iⁿ)
Corrector step: Uⁿ⁺¹ = ½[Uⁿ + U* - (Δt/Δx)(F* - F*_{i-1})]

This predictor–corrector cycle minimizes truncation error but, being non-upwind, cannot inherently account for wave direction, leading to spurious oscillations near shocks. 
5. Rusanov (Local Lax–Friedrichs) Scheme
The Rusanov flux (1961) is part of the Lax–Friedrichs family and represents one of the simplest approximate Riemann solvers. For one-dimensional conservation laws, the numerical flux at an interface i+½ is given by:

F_{i+½}^{Rus} = ½[F(U_L) + F(U_R)] - ½α_{i+½}(U_R - U_L)

where α_{i+½} = max|λ(A)| is the largest eigenvalue of the flux Jacobian. This artificial dissipation stabilizes computation without solving the full Riemann problem.

In ramp simulations, the Rusanov flux produced smoother residuals than MacCormack’s predictor–corrector method, reducing non-physical pressure oscillations near the shock foot. It allowed a higher stable CFL number (~0.8) and improved monotonic convergence. However, it slightly smeared the shock over 3–4 cells, consistent with its diffusive nature. 
6. HLLC (Harten–Lax–van Leer–Contact) Scheme
The HLLC scheme extends the HLL solver by re-introducing contact and shear waves absent in the original two-wave model. It assumes three characteristic speeds: SL, SM, and SR. The intercell flux is defined piecewise across these wave regions using Rankine–Hugoniot relations. This restores the contact discontinuity, producing sharper shock definition and accurate post-shock states.
7. Comparative Discussion
Comparative analysis shows distinct behavior among the three schemes:
- MacCormack: accurate but oscillatory near shocks.
- Rusanov: stable but diffusive.
- HLLC: combines robustness with sharp shock capture.

In 30° ramp simulations, Rusanov improved numerical stability, suppressing checkerboard patterns and ensuring monotonic residual decay. HLLC further enhanced performance by resolving shocks within two cells and achieving faster convergence. 
