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Preface … 

 We have great pleasure in presenting this text book on Graph Theory to the students of 

F.Y.B.Sc. (Computer Science) (Semester - II). This book is written according to the new revised 

syllabus of University under New National Education Policy (NEP) 2020 to be implemented 

from June 2024. 

 We have taken utmost care to present the matter systematically and with proper flow of 

mathematical concepts. We begin the Chapter by Introduction and at the end the Summary 

of the Chapter is provided. We have added one significant feature: "Think Over It" in this 

new edition. Here, we have posed questions of simple, difficult and intuitive type in nature. It 

is expected that the students should think over it and try to find the answers. This will assess 

the understanding of the knowledge of the Chapter.  

 The book contains several selected solved examples and an ample number of graded 

problems in the exercises. 

   We are thankful to Shri Dineshbhai Furia, Shri Jignesh Furia, Mrs. Anagha (Co-ordinator), 

Mr. Ilyas Shaikh, (D.T.P.), Mrs. Anjali Muley (Fig. Drawing) and the staff of Nirali Prakashan for 

the efforts they have taken to publish the book in time. 

 We welcome the valuable suggestions from our colleagues’ and readers for the 

improvement of the book. 

Authors 

✍ ✍ ✍ 
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An Introduction to Graph 

Objectives… 

At the end of this chapter, students will be able to understand: 

� The definitions and basic teminologies of graph theory. 

� Identify and classify special types of graphs and explore their applications. 

� Matrix representations of graphs. 

� How to apply the concept of isomorphism to identify equivalent graphs? 
 

 

 

Frank Harary 

Frank Harary (March 11, 1921 - January 4, 2005) was a prolific 

American mathematician, who specialized in graph theory. He 

was widely recognized as one of the “fathers” of modern graph 

theory. Harary was a master of clear exposition and together 

with his many doctoral students, he standardized the 

terminology of graphs.  

He broadened the reach of this field to include physics, psychology, sociology, and even 

anthropology. Gifted with a keen sense of humor. Harary challenged and entertained 

audiences at levels of mathematical sophistication. A particular trick he employed was to 

turn theorems into games - for instance, students would try to add red edges to a graph on 

six vertices in order to create a red triangle, while another group of students tried to add 

edges to create a blue triangle (and each edge of the graph had to be either blue or red). 

Because of the simplest case of Ramsey theory, one team or the other would have to win. 

 

1.1 INTRODUCTION 

 A graph consists of two types of objects viz. vertices and edges such that each edge is 

associated with unordered pair of vertices. Consider the situation which describes the 

road map of a city joining some important places like garden (g), hospital (h), bus station 

(b), railway station (r), swimming tank (s), temple (t) and telephone booth (p). By taking 

into consideration their locations, we can represent this situation diagrammatically as 

shown below: 

CHAPTER 
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g

e3

e1

e2

r

b
e4

e5

e7

e8
e6

p

h

t

s

 

Fig. 1.1 

 This diagram represents a graph with 7 vertices g, b, r, t, s, p, h and 8 edges e1, e2, e3, e4, 

e5, e6, e7, e8. 

 Some other examples of graphs are :  

 (i) Communication lines joining military stations of a country. 

 (ii) A river together with its tributories and subtributories. 

 (iii) Ranking of workers in an office according to their ranks. 

 (iv) A plot of land with the walls to prevent the water from flowing. 

 (v) Railway route map of the country. 

 (vi) Nerves in the human body. 

 Definition: A graph G = G (V, E) consists of two sets : A non-empty set V called vertex 

set whose elements are called vertices (or nodes) and a set E called edge set whose 

elements are called edges, such that each edge e ∈ E is associated with an unordered pair 

(v1, v2) of vertices v1, v2 ∈ V. 

 If both the sets V and E are finite then the graph is called a finite graph. If both the 

sets V and E or either of them is infinite set then the graph is called an infinite graph. For 

our purpose, the word graph would mean a finite graph. 

 In the above definition whether the edge ei is associated with vertex pair (vj, vk) or    

(vk, vj) is immaterial. This means we are not yet assigning the directions to the edges. Such 

graphs in which the edges are not assigned the directions are called undirected graphs. 

 Fig. 1.1 shows the diagrammatic representation of a graph. In the diagrammatic 

representation of a graph, the vertices are denoted by small circles and the edges are 

denoted either by straight lines or curved lines. Another way of representing a graph is to 

list the edges as vertex pairs. Thus, a graph shown in Fig. 1.1 can be represented as               

{(g, h),  (g, p),  (g, b), (h, t), (p, s),  (s, b), (b, t), (b, r)}. 
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 If the edge set E of a graph G is empty then G is called a null graph. The null graphs N1, 

N2, N3, N4 of 1, 2, 3, 4 vertices respectively are shown below. 

N1 N2 N3 N4  
Fig. 1.2 

 In the graph G (V, E), if the edge ei is associated with the vertex pair (vj, vk) then vj, vk 

are end vertices of ei and equivalently we say that edge ei is incident on vj and vk. Also, in 

this case, the vertices vj and vk are said to be adjacent vertices. The two edges ei and ej are 

called adjacent if they have a vertex in common. In the graph of Fig. 1.1, the vertices h and 

t are adjacent vertices but h and p are not adjacent because there is no edge joining h and 
p. Also the edges e2 and e8 are adjacent edges as they have a vertex p in common. 

 In the graph G (V, E) if two edges have the same end vertices then they are called 
parallel edges. If an edge ei of a graph G has its two end vertices coincident then ei is said 

to form a loop at that vertex. A graph without loops and without parallel edges is called a 

simple graph (or linear graph). A graph with parallel edges but having no loop is called a 

multigraph. A graph having parallel edges and loops is called a pseudograph. 

v1

v2

v4

v3

v5

e3

e1

e2

e4e5 e6

e8

e7

u5

e6

e4
e3

e5

e2

u3 u4

u2u1

e1  

(a)            (b) 

Fig. 1.3 

 Fig. 1.3 (a) shows a multigraph having e2 and e3 as parallel edges and also e4 and e5 as 

parallel edges. 

 Fig. 1.3 (b) shows a pseudograph. Here e1 and e2 are parallel edges and the edge e6 

forms a loop at the vertex u3. 

 Degree of a vertex : Let v be a vertex in a graph G(V, E). The number of edges incident 

on v is called the degree of v and is denoted by d (v). 

 We note that every edge of the graph G contributes two degrees, one at each end 

vertex. Also the loop at the vertex v contributes two degrees at v. The total degree of the 

graph G is the sum of the degrees of all the vertices. Hence, we have the following result. 

Theorem 1  The total degree of a graph G is equal to twice the number of edges in G. 

 This result is known as Hand Shaking Lemma; the name follows from the fact that at a 

party if n hand shakes occur then because each hand shake involves two hands, the total 

number of hands involved in hand shakes is 2n. 
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 A vertex of degree 1 in a graph is called a pendant vertex and the corresponding edge 

is called a pendant edge. A vertex of degree 0 is called isolated vertex.  

 In Fig. 1.3 (a) we have d (v1) = 4, d (v2) = 3,  d (v3) = 3, d (v4) = 4, d (v5) = 2. The total 

degree is 4 + 3 + 3 + 4 + 2 = 16. Also there are 8 edges and 2 × 8 = 16. This verifies Hand 

Shaking Lemma. 

 In Fig. 1.3 (b), d (u1) = 3, d (u2) = 4, d (u3) = 4, d (u4) = 1, d (u5) = 0. Here u4 is a pendant 

vertex and e4 is a pendant edge. The vertex u5 is isolated vertex. We note that the edge e6 

which forms a loop at u3 contributes 2 degrees at u3. 

 As a corollary to Hand Shaking Lemma i.e. theorem 1, we have the following result. � 

Theorem 2  In a graph G (V, E) the number of vertices of odd degree is even.    

Proof :  Let G (V, E) be a graph with p vertices and q edges. Then by Hand Shaking Lemma, 

the total degree of G is 2q. 

 i.e.  

p

∑
i = 1

d (vi) = 2q 

 We separate the sum on left hand side into two parts viz. in the first part we consider 

vertices of even degree and in the second  part the vertices of odd degree. 

 ∴  ∑ d (vi)     +     ∑ d (vj)  = 2q 

     
even degree

vertices        
odd degree 

vertices    

 The first sum on left side is even. Also the right side 2q is even. Therefore, the second 

sum on  left side must be even. 

 i.e. ∑ d (vj) is even number. 

            
odd degree

 vertices   

 Hence, the number of odd degree vertices must be even. � 

Example 1 : The Holywood graph 

 The Hollywood graph represents actors by vertices and connects two vertices when 

the actors represented by these vertices have worked together on a movie. This graph is a 

simple graph because its edges are undirected, it contains no multiple edges, and it 

contains no loops. 

Example 2 : Round-Robin Tournaments 

 A tournament where each team plays with each other team exactly once is called a 

round-robin tournament. Such tournaments can be modeled using Directed graphs where 

each team is represented by a vertex. Note that (a, b) is an edge if team a beats team b. 

This graph is a simple directed graph, containing no loops or multiple directed edges.       

In Fig. 1.4, we see that Team 1 is undefeated in this tournament, and Team 3 is winless. 
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1 2

36

5 4  
Fig. 1.4 

Example 3 : The Web Graph 

 The world wide web can be modeled as a directed graph where each web page is 

represented by a vertex and where an edge starts at the web page a and ends at other 

removed somewhere on the web almost every second, the web graph changes on an 

almost continual basis. Many people are studying the properties of the web graph to better 

understand the nature of the web. 

1.2 TYPES OF GRAPHS 

 (i) Weighted graph :  A weighted graph is a graph in which every edge is assigned to 

it some positive number called weight of that edge. If we interpret the vertices of the graph 

as cities and the edges as the roads joining the cities, then the weight w (ei) of edge ei 

joining the cities vj and vk may be actual length of the road or it may be the cost of 

constructing that road or it may be the bus fare for travelling from vj to vk. 

 The total weight of the graph G is the sum of the weights of all edges of G. 

 (ii) Complete graph : A simple graph with n vertices such that there exists an edge 

between every pair of vertices is called a complete graph and it is denoted by Kn. 

 The graphs K1, K2, K3, K4, K5 are shown below. 

K1 K2 K3 K4 K5  

Fig. 1.5 

 We note that in a complete graph Kn, each vertex is joined to remaining n – 1 vertices 

by an edge. Hence, the degree of each vertex is n – 1. The total degree is n(n – 1). 

Therefore, the number of edges in Kn is  
n (n – 1)

2   . 



F.Y.B.Sc. (Comp. Sci.) Graph Theory (S-II)  An Introduction to Graph 
 

1.6 

 (iii) Regular graph : Let K be a positive integer. A simple graph G in which every 

vertex is of degree K is called k-regular graph. A graph G is called regular if it is K-regular 

for some positive integer K. A graph G shown below is 2-regular.  

a

b

d

e

c

 

Fig. 1.6 

 A complete graph Kn is n – 1 regular. We see that a complete graph is regular but 

regular graph need not be complete. 

 (iv) Bipartite graph : Let G(V, E) be a simple graph. If the vertex set V of G can be 
partitioned into two non-empty disjoint subsets V1 and V2 (V1 ∪ V2 = V, V1 ∩ V2 = φ) in such 

a way that every edge of G has its one end vertex in V1 and the other end vertex in V2; then 

G is called a bipartite graph and the collection {V1, V2} is called a bipartition.   

 A bipartite graph in which there exists an edge between every vertex in V1 and every 

vertex in V2 is called a complete bipartite graph. A complete bipartite graph with 

bipartition V1, V2 having m vertices in V1 and n vertices in V2 is denoted by Km, n. Following 

figures illustrate this. 

a

b

c

d

p

q

r

s

t
Bipartite graph

x

y

z

a

b

c

K3, 3  
Fig. 1.7 

u1

u2

u3

u4

v1

v2

K4, 2  
Fig. 1.8 
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 In Km, n  every vertex in  

 V1 = {u1,  u2, ..., um} is joined to every vertex in V2 = {v1, v2, .... vn}. Therefore Km, n  has 

mn edges. 

 The graph K1, n  is called a star.  

K (8 star)1, 8  

Fig. 1.9 

 From the star graph, we get a wheel graph. 

w (8 wheel)8  

Fig. 1.10 

 Consider the graph shown below. 

u1

v4

v1

u4

u2

u3

v2

v3

 

Fig. 1.11 

 In this graph, we observe that every edge is such that it joins u type vertex to v type 

vertex. 

 Therefore, V1 = {u1, u2, u3, u4} and V2 = {v1, v2, v3, v4} is a bipartition of the vertex set. 

We can  redraw the above graph as below. 
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u1

u2

u3

u4

v1

v2

v3

v4 

Fig. 1.12 

 It is a bipartite graph. 

 Cycles : The cycle Cn, n ≥ 3, consists of n vertices 1, 2, …, n and edges {1, 2}, {2, 3}, …,    

{n − 1, n}, and {n, 1}. The cycles C3, C4, C5 and C6 are shown in the following figure. 

C3 C4 C5 C6  

Fig. 1.13 

 Wheels : We obtain the wheel Wn when we add an additional vertex to the cycle Cn, 

for n ≥ 3, and connect this new vertex to each of the n vertices in Cn, by new edges. The 

wheels W3, W4, W5 and W6 are shown in the following figure. 

W3 W4 W5 W6  

Fig. 1.14 

 n-Cubes : The n-dimensional hypercube, or n-cube, denoted by Qn, is the graph that 

has vertices representing the 2
n
 bit strings of length n. Two vertices are adjacent if and 

only if the bit strings that they represent differ in exactly one bit position. The graphs Q1, 

Q2 and Q3 are shown in the following figure. 

Q1

0 1

10 11

00 01
Q2

101

011

001000

100

110 111

Q3  

Fig. 1.15 

 Complete Bipartite Graphs : The complete bipartite graph Km; n is the graph that has 

its vertex set partitioned into two subsets of m and n vertices, respectively. There is an 

edge between two vertices if and only if one vertex is in the first subset and the other 
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vertex is in the second subset. The complete bipartite graphs K2, 3, K3, 3, K3, 5 and K2, 6 are 

shown in the following figure. 

K2;3 K3;3 K3;5
K2;6  

Fig. 1.16 

 Subgraph : A subgraph of a graph G = (V, E) is a graph H = (W, F), where W ⊆ V and              

F ⊆ E. A subgraph H of G is a proper subgraph of G if H ≠ G. 

 Example : Few subgraphs of K4 are shown in the following figure. 

 

Fig. 1.17 

 Union of Two Graphs : The union of two simple graphs G1 = (V1, E1) and G2 = (V2, E2) is 

the simple graph with vertex set V1 ∪ V2 and edge set E1 ∪ E2. The union of G1 and G2 is 

denoted by G1 ∪ G2. 

 Example : The two graphs G1 and G2 and their union is shown below. 

V1 V2e2

e9 e3 e7

V5

e6

e5V3 V4

e2

e1

e3 e4

V2

V3

e5

V1

V4

G1 G2

e2

e1

e3 e4

V2

V3

e6

V1

V4

G1 È G2

e9 e5

e8

V5

e7

(a) (b)

 
(c) 

Fig. 1.18 

Applications of Special Types of Graphs: 

 Graphs play an essential role in modeling real-world problems. Here are some simple 

applications of special types of graphs. 
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1. Job Assignment using Bipartite Graphs: 

 A bipartite graph is a graph in which the set of vertices is divided into two disjoint sets, 

and every edge connects a vertex from one set to a vertex from the other set. This type of 

graph is used to model problems where we need to assign jobs to workers. 

 For example, consider a scenario where we have a set of workers and a set of jobs. 

Each worker can do certain jobs. The bipartite graph can represent this situation, where 

one set of vertices represents workers, and the other set represents jobs. An age between a 

worker represents workers, and the other set represents jobs. An edge between a worker 

and a job indicates that the worker can do that job. We can use the bipartite graph to find 

a way to assign workers to jobs efficiently, ensuring that each job is assigned to one 

worker, and every worker is assigned a job. 

2. Local Area Networks (LANs) using Complete Bipartite Graphs: 

 In computer networks, a complete bipartite graph K1, n, also known as a star graph, is 

often used to model a simple Local Area Network (LAN). In this model, one central node 

(such as a router or server) is connected to several peripheral nodes (such as computers or 

devices), but the peripheral nodes are not connected to each other. 

 A compete bipartite graph K1, n consists of two sets of vertices: one set has one vertex 

(representing the central node), and the other set has n vertices (representing the 

peripheral devices). This kind of structure ensures that all devices are connected to the 

central node, but not directly to each other, which is typical for a star network. 

3. Local Area Networks Using Cycles Cn: 

 Another common graph used to model LANs is the cycle graph Cn. A cycle graph 

consists of a set of n vertices, where each vertex is connected to two other vertices, 

forming a closed loop. This type of network can represent situations where devices are 

connected in a ring, such as in certain types of networking protocols. 

 In a cycle graph Cn, each device (node) is connected to two other devices, forming a 

circular structure. This is useful for modeling certain types of communication networks 

where messages are passed from one device to another in a circular manner until they 

reach their destination. 

4. Interconnection Networks for Parallel Computation: 

 In parallel computing efficient communication between different processors is crucial. 

Special types of graphs, such as hypercube graphs and complete graphs, are used to model 

interconnection networks that allow processors to communicate efficiently. 

 For example, the hypercube graph is used to represent a high-dimensional network 

where each vertex represents a processor and edges represent direct communication 

between processors. These types of graphs are designed to ensure that each processor can 

quickly communicate with others, making them ideal for parallel computing applications. 


