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Prelude

In a scene in the American political drama The West Wing, two senior government aides stare in disbelief at a slide in a presentation. A group of cartographers is attempting to explain that the map of the world, the map they have known and trusted all their lives, is just one of many. And it is flawed. ‘Are you saying the map is wrong?’ asks one aide incredulously.

No map of the planet is accurate: it’s simply not mathematically possible. The surface of a sphere cannot be transformed into a two-dimensional drawing without distortion. But, as the cartographers explain, the map they are looking at promotes a Eurocentric view of the world. Europe appears to be larger than South America, but South America is actually twice as large. Germany is located in the middle of the map when it’s actually in the northernmost quarter of Earth. All this time, our view of the world has been distorted.

The map was drawn by Flemish cartographer Gerardus Mercator in the sixteenth century. It was originally intended for sailors crossing oceans, not for policy wonks considering geopolitics. It has been passed down from generation to generation, solidifying its place as the dominant map, giving people across the planet the impression that this is what the world looks like, not that it is just one perspective.

The history of mathematics is similar. Despite mathematics’ reputation as the study of fundamental truths, cold hard calculations and irrefutable proofs, it has not escaped the powerful individuals and structures that have shaped truth and knowledge. Far from it: in fact, the history of mathematics has accumulated biases over thousands of years – from the way certain mathematics and mathematicians are revered to the stories we tell about its origins. It is time this pattern was re-examined and the story retold.

When we, Kate and Timothy, first met to discuss a joint book project, we hadn’t anticipated where it would lead. Sipping tea in a bookshop in Charing Cross, London, we talked about our shared love of mathematics and agreed that we should write an approachable history of the subject. Drawing on Kate’s expertise as a mathematical historian and Timothy’s mathematical and journalistic credentials, we thought it would be straightforward.
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1. The Mercator projection.
We were wrong. The more we delved into the history of mathematics, the more we uncovered about the way it has been distorted. And the more we felt compelled to do something about it.

The origins of mathematics are beautifully varied. Rather than ideas springing up in one location, variations have often appeared throughout history, demonstrating just how powerful the human propensity to reason really is. Ideas ignore national borders, so often mathematics has spread from one place to another alongside trade and cultural exchange. However, the progress of mathematics is not linear. It has gone forwards and backwards, jumped around the planet, gone off on tangents, on adventures and sometimes down dead ends. And it is much the richer for it. Despite its reputation for logical progressions, mathematics is a far more chaotic affair.

However, this is not how the story of mathematics is usually told. The ancient Greeks are put on a pedestal as somehow being the originators of modern mathematics, yet so much of what is now incorporated into our global knowledge comes from many other places too, including ancient China, India and the Arabian peninsula. This assumption that the European way of doing things is superior didn’t originate in mathematics – it came from centuries of Western imperialism – but it has infiltrated it. Mathematics outside of ancient Greece has often been put to one side as ‘ethnomathematics’, as if it were a separate subject altogether, a side story to the real history.

As we worked our way through thousands of years of mathematics, almost everything we thought we knew was challenged in one way or another. Some well-known stories ended up being misrepresentations and others complete fabrications. Many mathematicians and mathematics have wrongly been excluded from history. Over the following pages, we will reveal some of the ways in which the story of mathematics has been warped. The real story is one of a truly global endeavour. Mathematics is about ideas and inventing ways to think them through to their conclusions. Diversity of thought isn’t just important in mathematics, it is fundamental.

Take calculus. This mathematical theory for describing and determining how things change over time is one of the most important and useful advances in human history. It is crucial to engineering – without it, we couldn’t accurately build bridges or rockets – and it is used in nearly every scientific discipline to help us better understand the world. Many aspects of our lives today would not be possible without it.

So who takes the credit? The usual story is that Isaac Newton, an English mathematician, and Gottfried Wilhelm Leibniz, a German one, independently developed their own versions of calculus at around the same time in the seventeenth century. This much is true, but to know only this is akin to looking at Mercator’s map – it is a distorted view. There is a far earlier claim to the ideas behind calculus.

In the fourteenth century, a school in Kerala, India, was a melting pot for mathematicians. Its founder, Mādhava of Sangamagrama, was a brilliant mathematician, and among his achievements is describing a theory of calculus. He explored the key ideas that make calculus possible, which were then honed by successive mathematicians at the Kerala school. This theory was neither complete nor perfect, but that’s always the case with something new. Many of the first light bulbs burned out too quickly and the glass turned black because of flaws in their design, but Thomas Edison is still recognized for his role in that nineteenth-century invention. It’s time we recognized Mādhava too.

Ideas are at the forefront of any history of mathematics, but they cannot be separated from the people who had them. To truly represent the origins of mathematics we must look at the origins of mathematicians too. Some of those featured in this book were not just impressive mathematicians but also broke down barriers to help make mathematics a more inclusive and global subject. In this book, we give greater prominence to these forgotten mathematicians and explain how they fit into the traditional story, as well as correcting mistruths and misrepresentations about them. Important people that didn’t fit the accepted idea of a mathematician were not just oppressed during their lifetimes but have faced a continued attack from historians and commentators since.

Take Sophie Kowalevski,fn1 who was born in Moscow in 1850, just before the Crimean War. During her life, she was constantly discouraged and forbidden from pursuing mathematics. Her father refused her access to a proper education, believing that having a daughter who was a learned woman would bring shame upon him. Views like this were common at the time. Despite this, she pursued mathematics and produced work that was easily good enough to earn a doctorate. Yet because of her gender many universities wouldn’t let her take the exam to obtain one.

Through immense determination, Kowalevski eventually managed to earn a position at Stockholm University, becoming the world’s first female mathematics professor. Even then, her professorship was unpaid – she had to personally collect money from her students in order to survive. Some people were unhappy that she had even attained such a position. The famed playwright August Strindberg described the concept of a female professor as a ‘pernicious and unpleasant phenomenon’.1

After her death, Kowalevski’s legacy was distorted by some biographers who too often relied on gender stereotypes to tell her story rather than the facts of her life. She was an extraordinary mathematician yet was presented as a sort of femme fatale who relied on her looks and charm to make progress, despite there being little evidence for this. It’s time to put an end to the tainting of stories like Kowalevski’s.

We believe that this retelling of the story of mathematics is important, but we hope that it will be more than that. Mathematics has been filled with fascinating characters for millennia. It is a subject in pursuit of truth, of eye-opening ways of thinking and theorems to blow your mind. It is not a passionless pursuit but a creative one. As Kowalevski once said, ‘It is a science which requires a great amount of imagination.’2 The history of mathematics is an unmissable saga of the highest calibre.

No single book can right every wrong or tell a truly complete history, but in the same way that a new map can change how we view the world, a new history can do the same. In ours, we tell the story of mathematics as it really is – beautifully chaotic and collaborative. Mathematics today is an awe-inspiring amalgamation of concepts from all over the world pioneered by a group of mathematical boundary-smashers, people who ignored the limitations society placed on them because of their race, gender and nationality. Mathematics is a subject with a rich and diverse history. It is time to tell it.




1. In the Beginning

Our species, Homo sapiens, has been around for 300,000 years but, as far as we can tell, mathematics is a relatively recent invention. Many artefacts have been lost or simply haven’t lasted, so we have only a partial picture. The first traces of human mathematical activity start to appear around 20,000 years ago, in the form of scratched tally marks on animal bones.

One of the oldest and most famous of these is the Ishango bone, which was found along the border between modern-day Uganda and the Democratic Republic of the Congo and dates from 20,000–18,000 BCE. The bone is probably the fibula of a baboon, though it could be from a wolf or similar-sized animal. It has a piece of quartz attached to the top, suggesting it may have been used as a tool. Running down its length are three columns populated with tally marks. The scratches may be there simply for gripping the tool, but there may also be more to them than that.
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2. Ishango bones (front and back).
The marks on the first column add up to 48, and the marks on the second and third columns add up to 60. Each of the columns is split into distinct segments, with the third column’s split the most interesting. The sixty notches there are split into groups of 11, 13, 17 and 19. These are prime numbers – numbers that can only be divided by 1 and themselves. Prime numbers are undoubtedly some of the most important numbers in mathematics. As later mathematicians will discover, they are the building blocks of all other numbers. To see them here, on a carving from more than 20 millennia ago, is like receiving a message from an alien. It is exhilarating and surprising – yet it is also hard to know exactly what it means.

The mathematical patterns could just be coincidence, but they could also show the numerical sophistication of our ancient ancestors. The numbers 48 and 60 are 4 × 12 and 5 × 12 respectively, hinting that the people who made the scratches had a number system built around the number 12 (rather than 10, as we use today). One of the earliest number systems we know of was built around the number 60, so this is far from implausible. Another option is that the bone was a six-month lunar calendar, with the notches representing phases of the moon. Another, put forward by twentieth-century mathematician Claudia Zaslavsky, was that the bone may have been used by a woman to track her menstrual cycle. Measuring the coming and going of the seasons for planting seeds, or when rivers would flood, also seems like a reasonable possibility. Similar bones have been discovered in other parts of Africa and elsewhere. For tens of thousands of years, it appears that counting has been an integral part of being human.

The very earliest surviving signs of mathematics are much like the Ishango bones. Such relics may show a giant conceptual leap for our species, a moment when we began to think in the mathematical abstract – or they may simply be scratches. Remains of ancient monuments and pottery often feature elaborate geometric designs, but does that mean the makers understood the mathematics behind the displays, or did they just like the patterns?

The earliest mathematics our species developed may not have been written down or have left any physical trace. More contemporary evidence shows that a deep understanding of mathematics can develop through speech alone. The Akan people of West Africa, for example, had a sophisticated set of mathematical tools for dealing with weights and measures that was passed down by word of mouth. The oral nature of their mathematical system made it perfect for doing business with Arab and European merchants between the fifteenth and late nineteenth centuries. However, it also meant that it was demolished by hundreds of years of the Atlantic slave trade. After researchers managed to reconstruct how it worked in 2019, using the few remaining artefacts held in museums, they suggested the system should be given UNESCO World Heritage status because it was so spectacular.

In this case, the system was in use until fairly recently and some artefacts still exist, but there have probably been many other oral mathematical systems that are now lost to time. Counting, and its consequences, was probably integral to many communities and civilizations that never had the need to write anything of this nature down. Or if they did, any trace of it has now perished. These first moments of mathematics are vague and will remain so for ever. However, with the advent of written language and the rise of some of the world’s biggest civilizations, the picture becomes a little clearer.

By the rivers of Babylon

Between the Tigris and Euphrates rivers is a stretch of fertile land that has been home to many great ancient civilizations. The rivers have their sources separately in what is now Turkey, meandering through modern-day Iraq, Syria and Iran before flowing into the Persian Gulf. Together they form a natural border for the area that was once known as Mesopotamia.

By 3000 BCE, the Sumerian civilization was thriving here. The Sumerians built complex cities with vast irrigation systems. They also had one of the earliest legal systems, complete with courts, jails and government records. They had developed the earliest known writing system, cuneiform – needed for those records – and a counting system, to boot. They even created a postal service.

Over the next thousand years, the Akkadians became the dominant force in the region. They brought with them their own technology, including the abacus – a tool they had invented. (It worked slightly differently to later versions, such as the Chinese one.) Eventually, their empire would fall, leaving behind two distinct Akkadian-speaking groups: Assyrians in the north and Babylonians in the south. Each produced a vast civilization of its own, but it was in the south that mathematics really accelerated.

The city of Babylon, roughly 100 kilometres south of modern-day Baghdad, was the capital of the empire of Babylonia. Under the direction of King Hammurabi, who ruled from around 1792 to 1750 BCE, Babylonia became a force to be reckoned with. He controlled several city-states in the region, making Babylonia extremely rich and powerful. This provided the stability and resources needed for a mathematical community to develop and thrive.
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3. Mesopotamia covered parts of current-day Iraq and Syria. Babylonia was an Akkadian-speaking state, located in the central-southern part of Mesopotamia, and its main city was Babylon.
An extensive collection of clay tablets that still survive today record many details about Babylonia in this era. Scribes would scratch what they wanted to record with a sharpened stick on wet clay and then leave it to harden in the sun. These tablets, to Babylonians, were what paper and spreadsheets are to us today – crucial tools for record-keeping. They recorded Hammurabi’s legal system, known as the Code of Hammurabi, which consisted of 282 written laws and contained one of the earliest examples of being innocent until proven guilty – though how guilty you were depended on whether you were a person with property, free or a slave. They also recorded transactions and told stories, including myths about creation, and relayed news.

One tablet has survived that is essentially a bad review. Written around 1750 BCE, it is from an unsatisfied customer called Nanni, who had agreed to buy copper ingots from a merchant called Ea-nasir. However, when the ingots arrived, they were not to Nanni’s liking. In his complaint, he wrote that he was unhappy with the copper and that the seller had been rude to his servant when completing the transaction. Scraping and baking a review into a form that would last for thousands of years displays consumer power at its finest.fn1

The Babylonians used mathematics for many practical purposes, including splitting plots of land and calculating tax. Some clay-tablet writers recorded revenues and budgets, and so familiarized themselves with numbers. Unfortunately, they did not sign their names, so we know almost nothing about individual mathematicians from this time. But some certainly studied mathematics systematically, taking in topics such as algebra and uncovering that famous theorem about triangles often named after Pythagoras (who lived much later). They also approximated the square root of two correct to six decimal digits.

The counting system of the day came from the Sumerians and was sexagesimal – based around the number 60. Our preferences for dividing circles into 360 degrees and hours into 60 minutes stems from this system. Below are the cuneiform symbols they used to represent the numbers 1 to 59:
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4. Babylonian cuneiform numerals.
The Babylonian number system was a positional system like ours, meaning that the order the numbers are written in tells you something about the amounts they represent. For example, when we write the number 271, it is with the implicit understanding that the number furthest to the right represents one unit, then, moving towards the left, there are seven tens and two hundreds. Or, in numbers


271 = (2×102)+(7×101)+(1×100)



Similarly, the Babylonians used positions to represent powers of 60, so 271 could be expressed as


271 = (4×601)×(31×600)



Or, in cuneiform


[image: ]



Where the Babylonian number system differs most from ours is that it had no zero – a true zero would not arise until much later. This meant that Babylonians would often have to work out the size of a number from context. If they saw the cuneiform symbol for 42, for instance, they would have to infer whether that meant 42, or 42×601, or 42×602, [image: ], or, [image: ], to name just a few of the options. Though this did sometimes lead to mistakes, it’s not as unreasonable as it may first seem. If you heard someone say that a house costs ‘300’ of a particular currency, depending on where in the world you are you could probably work out if it meant 300; 300,000; 3 million; or more.

Base-60 may initially seem complicated compared to base-10, but it gave the Babylonians a mathematical edge. The number 60 is a superior highly composite number, meaning that it has many factors – it can be divided by 1, 2, 3, 4, 5, 6, 10, 12, 15, 20, 30 and 60. This makes it easy to work with, particularly when writing fractions.

Recall that just as positions going left from a decimal point represent units, tens, hundreds, and so on, when going right after the decimal point they represent tenths, hundredths, thousandths, and so on. The number 0.347, say, is really shorthand for
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Now take the fraction [image: ]. In decimal, this is written as

[image: ]
We’re so used to writing a third like this in decimal that its recurring nature seems normal, but it is a quirk of our number system. It comes from the fact that 10 cannot be divided by 3. However, 60 can. A third is the same as [image: ], meaning that, in sexagesimal, it could simply be written as .20 or, in other numbers:

[image: ]
As 60 is a superior highly composite number, there are more fractions that can be expressed nicely in base-60 than in base-10.

[image: ]
5. Babylonian approximation for [image: ]. In sexagesimal, 1 24 5110. In decimal, approximately 1.414213.

The ancient Egyptians made similar advances around this time. From around 3000 BCE, the people there had specific symbols to represent different numbers as part of a base-10 system. A single line represented the number 1, two lines the number 2, and so on, up to the number 9. There were then specific hieroglyphs for numbers such as 10, 100, 1,000, and so on, as well as symbols for fractions. To write a given number, ancient Egyptians simply listed the correct combination of hieroglyphs.

Much of this is collated in the Rhindfn2 papyrus, a manuscript written by a scribe called Ahmes. It is the oldest surviving mathematics textbook we know of and has this extraordinary opening: ‘Accurate reckoning. The entrance into the knowledge of all existing things and all obscure secrets.’1 Ahmes wrote the manuscript in around 1550 BCE and says that he used texts from around 2000 BCE to put it together. That the mathematics it contains could be at least four thousand years old is hard to fully appreciate, especially considering that so much of what it contains resembles mathematics as we know it today.

[image: Egyptian numeral hieroglyphs]
6. Hieroglyphics for some fractions

The textbook contains eighty-four mathematical problems and ways to solve them. Six of the problems are about calculating the slope of a pyramid from its height and width using ideas akin to trigonometry. Mathematics is shaped by the people who develop it, so it is no surprise that Egyptian mathematicians were interested in the mathematics of pyramids when the pharaohs were so obsessed with building them. But mathematical ideas are also universal. Many other cultures independently uncovered the mathematics of trigonometry, from ancient China to Renaissance Europe, just with different motivations. The papyrus also includes division and multiplication tables, as well as explanations of how to calculate volume and area. Many of our modern-day concepts and ideas around arithmetic, algebra and geometry appear in one form or another.

There is some overlap between the ideas in the Rhind papyrus and those that appear on Babylonian tablets. The two civilizations had different number systems, beliefs and cultures, yet each uncovered similar mathematical truths. It is generally thought that this wasn’t due to any active exchange but merely down to them independently exploring some of the most fundamental mathematical ideas.

A scroll under the arm

Across the Atlantic at around the same time another civilization was developing a different take on mathematics, born out of astronomy. The Maya civilization began around 2600 BCE. It wasn’t a single empire but rather a collection of independent rulers who controlled city-states spanning from present-day Mexico and Honduras that shared a common culture, mythology and calendar. There were temples aligned to the movements of the sun, the moon and the planets, and cities that were vast and sprawling. Tikal, in what is now northern Guatemala, is thought to have had around fifty thousand inhabitants and three thousand separate buildings, ranging from palaces and shrines to houses, plazas and water reservoirs. It was an economic and ceremonial hub, with an extensive trade in precious commodities such as jade, quetzal feathers and cacao. The Maya, like other civilizations, had sophisticated irrigation systems for feeding their crops. They also developed a system of purifying water for drinking using zeolite minerals that is still in use today.

Mathematicians were important and famous enough to appear in wall paintings, their scrolls pictured under their arms. These mathematicians were aided by certain fortuitous features of Maya culture. For one, even though the Maya spoke many different local languages, there was only one writing system, consisting of hieroglyphs for syllables and the profiles of gods for numbers (pictured overleaf). Most people were illiterate, but scribes could communicate regardless of the language they spoke through books written in hieroglyphic script on paper made from the inner bark of fig trees.

The Maya also had another number system that was less decorative and more practical. It used two symbols: a dot and a bar. The dot represented 1 and the bar 5. Rather than being built around 10 or 60, like decimal and sexagesimal number systems, the Maya number system was vigesimal, meaning that it was built around the number 20.
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7. The Maya civilization. The area covers parts of today’s Mexico, Guatemala, Belize, Honduras and El Salvador.
Unfortunately, understanding the exact workings of this number system involves a bit of guesswork. When the Spanish conquistadors invaded Mesoamerica in the sixteenth century, there were many Maya fig-bark books still in existence, but Catholic priests believed they contained the ‘lies of the devil’ and so had many of them burned.

Despite this, we know the Maya used their number systems to great effect. One of the central roles for Maya mathematicians was to be astronomers. Their job was to help plan sacred rituals so that they aligned with celestial events. The Maya built simple yet functional observatories to help predict the changing seasons and when it would be best to plant crops. Though the building itself was constructed later, many of the windows of the Caracol observatory in Chichén Itza in what is now Mexico gave the perfect view of important astronomical events, such as the setting of the sun on the spring equinox.

[image: ]
 The head-variant numeral glyphs.
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8. Maya numerals and a sample addition (6 + 8 = 14).
The remains of a writing room of Maya scribes, known as the house of calendars, show us how astronomers kept track of their data. Dating from the early ninth century BCE, the wall and ceiling are adorned with colourful paintings, including several human figures, as well as numbers and glyphs. The wall was probably used like a blackboard. It has hieroglyphs decorated in colour, used for calendrical and astronomical calculations. The traces of two calculation tables show the movement of the moon, and possibly of Mars and Venus.

Most Maya mathematician-astronomers were from the priest class and held in high regard. They were able to accurately predict solar eclipses and even managed to predict the strange movements of Venus in the sky, which repeat over an eight-year period, partially due to the sun blocking our view of it. They viewed Venus as a companion of the sun, giving it the name Chak Ek’, or Great Star.

The Maya made incredibly accurate measurements of the movements of the moon and stars: for instance, they calculated that 149 lunar months lasted 4,400 days; in our notation, this results in a lunar month of 29.5302 days, and today, we have it as 29.5306. Similarly, they worked out the length of the year as 365.242 days; today, we put this at 365.242198 days.

Driven by a desire to better understand the night sky and its effects on Earth, the Maya were pushed to develop mathematics. They believed that by mastering astronomy they would be successful in agriculture. A similar mechanism would drive another period of mathematical development elsewhere in the world, which began at least as early as the development of mathematics in Babylonia and continued for thousands of years. In China, mathematics would go way beyond rains and crops, becoming about the authority to rule and the will of the heavens.




2. The Turtle and the Emperor

The legend goes that one day, around four thousand years ago, Yu the Great was taking a break from his duties as Emperor of China to walk along the banks of the Yellow River. As he gazed across the flowing water, he felt a dark moving object at his feet. He looked down and saw that it was a turtle. But it wasn’t just any old turtle. He peered more closely. The turtle’s shell had cracks in it that formed a three-by-three grid of Chinese numerals that he quickly recognized. It was a symbol of mathematical perfection.

The pattern he saw is now known as a magic square, and can be transcribed like this:




	4	9	2


	3	5	7


	8	1	6




Notice how each column, row and diagonal adds up to fifteen. In the eyes of the people of ancient China, this numeric coincidence was an auspicious sign. Emperors were the most important figures of the state and performed rites in order to ensure that the harmony of the cosmos was preserved. Yu founded China’s oldest dynasty, the Xia, and had full responsibility for what happened throughout its empire, with the outcomes of divination playing an important role in everything from battle to childbirth, illness and the harvest. On finding this auspicious pattern, Yu obtained the authority to present himself as the righteous leader of the land. He had the so-called Mandate of Heaven.

It is with stories like this that mathematics begins in China. Over the course of a thousand years, mathematics and divination were at the heart of each dynasty. Rulers relied on it both for practical purposes such as trade and for divine guidance, using mathematical methods to attempt to find out what the universe had in store for them. Mathematics in ancient China was power.

Though often under-appreciated outside of East Asia, the mathematics developed during this era was sophisticated, elegant and way ahead of its time. Magic squares, for example, first appeared in China but eventually cropped up in India, the Middle East and, much later, in Europe. This would become a pattern. Throughout history, mathematicians across the world would hit upon what they believed to be new discoveries, and only later would it be realized that these discoveries had been made in China hundreds – if not thousands – of years before.

Counting rods (and blessings)

The oldest records we have of mathematics in China are bones – specifically, bones used for divination. Even though Yu had stumbled upon a message-carrying turtle by chance, it was common for diviners to try to force the issue. They would try to speak directly to the gods by scratching questions into the shells of dead turtles or on the shoulder bones of cattle, which they would then heat until they cracked. The resulting patterns would be interpreted as celestial answers to the questions they posed.

[image: ]
9. A replica of a turtle shell used in divination.
Yu’s life pre-dates the oldest written records in China by hundreds of years, so the facts of his life are not universally agreed upon. What we know about him comes from stories that were passed down orally for generations and only recorded much later. However, there are many remains of these divinations on so-called oracle bones. And it is here that we can also see the oldest Chinese number system in action as part of oracle-bone script – an early ancestor to modern Chinese characters from around the fourteenth century BCE.

Oracle-bone script was a base-10 number system, but it was not positional. Instead, numerals were combined to represent bigger numbers (see the third row below); however, this had its limitations. The largest number archaeologists have found on an oracle bone is 30,000.

[image: ]
10. Oracle-bone numerals.

[image: ]
Oracle-bone numerals could also be used for basic fractions. This can be seen in the oldest known decimal multiplication table, found when nearly 2,500 bamboo strips from around 300 BCE were donated to Tsinghua University in Beijing in 2008. It is not known exactly where the strips originally came from, but before reaching the university they were probably put up for sale after an illegal excavation.1 Among the collection were twenty-one bamboo strips that form a multiplication table showing how to multiply any whole or half number between 0.5 and 99.5. These sorts of tables were used like calculators to quickly compute complicated sums. The ancient Babylonians had multiplication tables some four thousand years ago, earlier than the Chinese tables, though they were not in decimal. The earliest known European multiplication tables date from the Renaissance.

[image: ]
11. c.300 BCE bamboo strips.

Sometime after these bamboo strips were made, a different number system emerged in China that would prove particularly useful for traders – rod numerals. Rod numerals used line-based symbols that could easily be scratched into mud or sand, though many people used actual physical rods. Merchants in China at this time were part of the wealthy land-owning elite and would carry around with them a bundle of bamboo counting rods for performing on-the-fly calculations.

At the heart of the rod numeral system was a cunning trick for building up bigger numbers from smaller ones. Two systems to represent each of the numbers from 1 to 9 were used simultaneously. In the first, rods were placed vertically to indicate the numbers 1 to 5, then, in the numbers 6 to 9, one horizontal rod represented 5, and vertical rods were added for each successive number. In the second, the horizontal and vertical rods played the opposite role. For example, looking at the table below, you can see how 7 can be written as either two vertical rods and a horizontal one or two horizontal ones and a vertical one.

[image: ]
12. Examples of counting rods representing numbers.
To represent higher numbers, these two different systems for the numbers 1 to 9 were used alternately, with the predominantly vertical rods used to denote units, the predominantly horizontal rods indicating tens, and so on. The number 264 could be written as:

[image: ]
Even though there was no notation to mark a zero, it was possible to imply it by using one of the systems (vertical or horizontal) in consecutive order. For example, the number 209 would be written:

[image: ]
The absence of a horizontal number between the two hundreds and the nine units makes it clear there are 0 tens. Hundreds of years before anyone came up with a symbol for zero (a story that we will return to in Chapter 5), Chinese mathematicians understood its utility as a placeholder. This idea of numbers being built up of digits in particular positions – as was the case in both ancient China and Babylonia – was truly revolutionary. It’s hard to imagine now, when we are so familiar with using a position-based numerical system, but this leap was the mathematical equivalent of inventing the jet engine after previously relying on simply flapping your arms and hoping to take flight. By switching between the two methods to express digits, ancient merchants and mathematicians could zoom down the number line to higher numbers without having to invent new symbols or names for them – a small set of symbols and their positions were all you needed to know.

Counting rods may have been invented in China, although there is some evidence that they came from India. Either way, they took off in China and were a boon to the people who used them. By learning simple algorithms involving moving physical rods, traders could perform addition, subtraction, multiplication and division quickly and easily. To multiply two numbers, rods were laid on to a surface and combined in each position. There were even methods for using such rod manipulations to find square roots or solve simultaneous equations – equations involving more than one unknown quantity. The ancient Chinese also understood negative numbers, using black rods to represent positive numbers and red ones for negative numbers – though negative numbers never appeared in answers, only in calculations. Negative numbers may seem natural today, but throughout much of history numbers were so closely linked to physical objects that many mathematical civilizations outside China simply didn’t consider the possibility that negative ones could be useful. ‘Minus seven sheep’ just didn’t seem to make much sense. As we shall see in the next section, Chinese mathematics was greatly influenced by having opposites in balance, so one possibility is that this viewpoint helped them to more easily accept the idea of negatives.

The counting-rod system was an incredible innovation. For centuries, it would remain an integral part of Chinese calculation and trade until eventually superseded by the supercomputers of the time: abacuses. These were easier and faster to use than counting rods and became the dominant numerical tool in China by around 190 BCE.

[image: ]
Ancient Chinese mathematics was often about the practical, but it was often combined with the divine too. One illustration of this was Yu’s actions to prevent a recurrence of the severe flooding that occurred during the reign of Emperor Shun, his predecessor. (Both men have semi-mythical status in China, partly because we can’t say for sure if they even existed.) Yu meticulously studied the flow of the rivers and built a complex system of canals to move floodwater on to fields. Over thirteen years, he is said to have personally overseen the project, sleeping in the same quarters as the farmers and helping in the hard work of dredging the riverbeds.

It worked. Rivers in China’s heartlands, among them the Yellow River and the Wei River, flooded no more. This was incredibly important to the many people who made a living by the rivers and used them for travel and the transportation of goods. Life flourished along the riverbanks and Yu attained the epithet ‘Great Yu Who Controlled the Waters’. Embarking on the project must have taken great confidence, the sort of confidence you get from spotting a turtle bearing a magic square that promises auspicious times ahead.

The hexagram guide to the galaxy

Mathematics grew alongside political power. The Zhou dynasty, which stretched from roughly 1046 BCE to 256 BCE, was the longest-running dynasty in the history of China. It gave us the philosopher Confucius and the military strategist Sun-Tzu, and the written documents that survive are far more sophisticated than earlier ones. Mathematically speaking, this is also when two of the most influential books of all time first appeared: The Book of Changes and The Nine Chapters on the Mathematical Art.

The Book of Changes – also known as the I Ching – is pretty ambitious in scope. It aims to be nothing less than a comprehensive treatise on the universe, guiding us through how to make the right decisions, how to predict our futures and find our ultimate purpose. Whether it succeeds in doing that is, to say the least, up for debate but culturally and mathematically, its importance cannot be overstated.

The exact origins of The Book of Changes are unknown. (Legend has it that the mythical emperor Fuxi, said to be a son of heaven, created it.) The book was probably first compiled sometime between 1000 BCE and 750 BCE and it proposes a form of divination called cleromancy in which yarrow sticks are thrown into the air several times and the pattern they form on landing is interpreted as one of the sixty-four symbols below, now known as hexagrams. Each hexagram corresponds to a chapter in the book, so the pattern formed directs you to a certain text to read and interpret – although interpreting what it meant was far from straightforward.

[image: ]
The philosophy contained in The Book of Changes is linked to the concept of yin and yang that permeates ancient Chinese culture and says that two complementary halves must come together to produce wholeness. Yin comes from the word for the shady side of a hill and yang for the sunny side. Yin and yang are said to form the basis of all things, including human beings. It was thought that the dynamics of the world could be understood through this lens with the help of The Book of Changes. In the hexagrams, broken lines represent yin and solid ones yang, and the chart displays the sixty-four ways in which the two symbols can be combined in groups of six. For hundreds of years, the great and the good consulted The Book of Changes to help them make decisions and understand their purpose in life, and the book took on such importance that all subjects had to embrace it.

In 10 BCE, the astronomer Liu Xin used The Book of Changes to interpret observations and calculations to do with the night sky. His Triple Concordance System outlined the movements of the moon, the sun and the planets, and linked them to the sixty-four hexagrams. Although it had its flaws, it was at the time one of the most complex models of the universe yet to be formulated. Liu’s system calculated the average length of a lunar month to be 29.5309 days, comparable to the same calculation made by the Maya, and incredibly accurate.

Long-distance sea travel was thriving at this time and the Catholic Church was sending Jesuit missionaries to China to preach, proselytize and disseminate the faith. These missionaries were welcomed by the Chinese. The seventeenth-century emperor Kangxi was especially interested in ‘Western Learning’ and so invited some of the Jesuits to the court to give lectures on a variety of topics, including mathematics. The Jesuits sent reports back to Rome about the intellectual culture in China, and translations of classic Chinese books made their way back to Europe. However, this two-way traffic displeased the Catholic Church, which had, after all, sent missionaries to teach, not to learn, believing that Christian beliefs were incompatible with Chinese ones. Some missionaries had come to the conclusion that Europe and China had a shared history, ancestry and god, which the Catholic Church saw as blasphemous. So the Catholic Church banned any further learning of Chinese rites.

Despite this, the seventeenth-century German mathematician and polymath Gottfried Wilhelm Leibniz managed to get a hold of a copy of The Book of Changes. Reading it, he was astounded to see that the hexagrams were a pictorial representation of a numerical system he had been working on. ‘It is a very surprising thing that it perfectly matches my new manner of arithmetic,’ he wrote to Joachim Bouvet, the Jesuit missionary who had brought The Book of Changes to his attention.2

Leibniz’s numerical system was born out of the Christian distinction between two states of being: existence and non-existence. He represented these two states as 1 and 0, and came up with a way to represent every number using just these two figures. This approach became known as the binary system. The combinations of 1s and 0s he used for the numbers 0 to 63 were the same as the combinations of solid and broken lines used in the hexagrams in The Book of Changes.

Binary, in The Book of Changes, was deeply rooted in the philosophy of yin and yang, and Leibniz’s binary was deeply rooted in Christianity. Nevertheless, the resulting mathematics was universal and clearly compatible with both Chinese and European culture – and with many others, too. Binary mathematics also appears in the Rhind papyrus, in the mathematics of India in the second century BCE and, at least three hundred years before Leibniz was born, in the
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13. A hexagram from I Ching. This was the version that Gottfried Wilhelm Leibniz saw in the seventeenth century. He annotated it in ink.

Nine chapters that changed the world
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14. Polygons inside and outside a circle. Ancient mathematicians would increase the number of sides to approximate pi.
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15. A page from Liu Hui’s Complete Collection of Illustrations and Writings from the Earliest to Current Times, 1726 edition.
What is a proof, anyway?
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Lessons for women
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16. A later rendering of Ban Zhao by Jin Guliang (1690).


A band of rebel geometers
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17. Two pages from the 1627 Japanese mathematics text Treatise for the Ages.
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