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Surrounded by Randomness
Probabilities Everywhere

When I was a graduate student at Harvard University, I booked a flight to New York’s John F. Kennedy Airport to visit some relatives. Exactly one week before my flight, there was a major accident at the same airport: an Avianca airplane missed its first landing approach, ran out of fuel during its second approach, and crashed, killing 73 people.

At first I was shocked. How could I travel to Kennedy airport so soon after such a tragedy? Surely it wasn’t safe. I would have to cancel my visit!

In an effort to calm myself, I tried to think logically. At the time, I was working on a doctoral dissertation related to the mathematics of probability theory, but my research was rather theoretical, and not related to everyday life. Could I perhaps apply my abstract knowledge to this very concrete situation?

I did a quick calculation. I determined that there are about 5,000 flights per week to Kennedy airport. So, even if this airport accident was somehow the fault of the Kennedy Airport itself (which it probably wasn’t), and even if I knew that there would be another accident there sometime during the next week (which I didn’t), there would still be only one chance in 5,000 that my own flight would be affected.

Now, one chance in 5,000 isn’t so small, but it isn’t so large either. It was small enough to reassure me that my flight would probably be fine.

I flew to New York as scheduled and, in a victory for probability theory, I encountered no difficulties whatsoever.

In the years following my New York adventure, I began to realize that we are all constantly faced with situations and choices that involve randomness and uncertainty. A basic understanding of the rules of probability theory as they apply to real-life circumstances can help us to make sense of these situations, avoid unnecessary fear, seize the opportunities that randomness presents to us, and actually enjoy the uncertainties we face.

Human beings have always been both fascinated and appalled by randomness. On the one hand, we love the thrill of a surprise party, the unpredictability of a budding romance, the mystery of a good detective novel, and the freedom of not knowing what tomorrow may bring. We are inexplicably delighted by strange coincidences and striking similarities. Staid urban sophisticates gladly plunk down millions of dollars on lottery tickets and horse races–and on the stock market. Weary adults, after a hard day of work, are happy to play cards or roll the dice in a feisty game of chance. Audiences root for Casablanca’s inconsistent and unpredictable Rick Blaine (Humphrey Bogart), over the brave and heroic–but predictable–Victor Laszlo (Paul Henreid).

On the other hand, we hate uncertainty’s dark side. From cancer to SARS, diseases strike with no apparent pattern, ruining lives and baffling medical science. Terrorists attack, airplanes crash, bridges collapse, and we never know who will die next. Even the weather can suddenly and unexpectedly turn deadly, or just ruin an outdoor wedding. Successful politicians usually go out of their way to sound sure about everything, thus helping us to forget their (and our) lack of control over major national events that are ultimately, well, random.

Randomness is often neither good nor bad, but simply confusing. We are told of poll results accurate “to within four percentage points, 19 times out of 20,” or of a study that “proves” that a certain medication is good and certain lifestyle choices are bad. We are told that we have “nothing to lose” when we nervously ask someone out on a date, despitethe frightening possibility of rejection. We are assured that there is a “40% chance of rain today.” We are warned of the risk of “false positive” results when we are diagnosed with a disease. It is not always clear how we should react to such probabilities, or even what they really mean.

At times we try to ignore or explain away the random nature of our world. We imagine that God creates the weather intentionally, to punish us, or that counting flower petals can tell us whether “she loves me or she loves me not.” In Shakespeare’s Julius Caesar, Cassius denies the effect of luck on human destiny, declaring, “The fault, dear Brutus, is not in our stars/But in ourselves, that we are underlings.” In the movies, poker-playing, cigar-chewing cowboys get Royal Flushes through sheer willpower. In The Cooler, Bernie (William H. Macy) causes gamblers to lose just by standing nearby. And the rascally hero of Star Wars, Han Solo (Harrison Ford), warned by an android that the odds against successfully navigating an asteroid field are approximately 3,720 to one, scoffs “Never tell me the odds!”

But the reality is that when it comes to randomness, you can run but you can’t hide. So many aspects of our lives are governed by events not completely in our control, and uncertainty is here to stay. We have two options: we can let uncertainty get the better of us or we can learn to understand randomness. If we do the latter, we will make better choices and learn to harness uncertainty for our own purposes.

Let’s consider a few scenarios and how an understanding of uncertainty and probability might help us sort them out.


	You are planning a trip to a foreign country, but you are put off by reports of terrorist activities there. Should you go anyway? A simple understanding of probabilities will allow you to assess the risk of terrorism on your trip, and to decide whether the probabilities are high enough to affect your plans.

	You need a secret code to conduct a secure financial transaction over the Internet. If you just make up a code, an enemy agent might anticipate your psychology, guess the code, and obtain secret information. On the other hand, if you use randomness to generate your

	code, you can virtually guarantee security against even the cleverest enemy. Modern computers use randomness in this way all the time.

	You are involved in a battle of wits with a clever opponent and want to avoid being outsmarted. You can use randomness to create a Nash equilibrium strategy in which your opponent can do no better than guess.

	The local police chief and politicians all insist that crime is out of control and that more money is needed for law enforcement. You can use linear regression to decide for yourself whether or not crime is actually increasing.

	You are considering asking out that cute accountant in the business office, but you are worried that she will reject your advance or perhaps even complain about it. Utility theory allows you to quantify your feelings about your wants and fears, and to compute whether or not they justify making that phone call.

	Your doctor informs you that you must take a certain drug, shown conclusively to be effective by the latest medical study. By considering the study’s biases and p-value, you can determine for yourself whether or not to accept its conclusions.

	A rival scoffs that you are more likely to be struck by lightning than to succeed in your business venture. A simple check of the numbers will reveal just how unlikely lightning deaths really are and put your rival’s comments into context.

	You are annoyed by all the spam e-mail you receive, and you wish you could find a way to block it. Probability theory helps computers to separate spam from genuine messages, sparing you the burden of a jammed mailbox.

	In one day, you see three different people who have all dyed their hair green. Is this a new and popular fashion trend? Random events tend to occur in bunches due to Poisson clumping, and many apparently striking coincidences or trends are the result of pure chance, and are of no meaning or consequence.

	A friend tries to stump you with the “Monty Hall problem”: which of three doors is most likely to have a car behind it, if you already

	know that Door #3 is empty? The theory of conditional probability allows you to compute all the odds and make the right choice.

	You write a fantastic song, but you worry that perhaps someone else may have already written the exact same song. Probability theory provides a useful perspective on uniqueness and practically guarantees that your song is brand new.

	You wonder how scientists and engineers compute all of the complicated quantities required to build bridges, conduct medical studies, and design nuclear reactors. Monte Carlo sampling uses randomness on high-speed computers to compute many such quantities.

	You need to decide whether to call a poker bet, or how many houses to buy in Monopoly. Probability theory provides many insights into strategies for games of chance, and using it allows you to win more often in the long run.



These scenarios are many and varied, but they all have one thing in common. In each case, knowing the rules of probability, randomness, and uncertainty allows us to make better decisions and to understand the world around us more clearly. Even simple probability calculations can help reduce our stress and clarify our choices, by putting randomness in perspective: a “Probability Perspective” based on rational thought about randomness rather than on irrational emotional responses.

While no one can predict uncertain events with certainty, we can at least understand the uncertainty itself. This book will discuss the probabilities associated with many different events. By thinking logically about the likelihood of various outcomes, we can make better decisions and understand our lives more deeply. We can better cope with the uncertainties we face and perhaps even learn to enjoy them.

So the next time your daughter is flying in for the holidays, in the midst of a rainstorm and with thunder and lightning across the skies, don’t panic. Don’t despair. Don’t fill your mind with images of horrible accidents. Instead, remember the Probability Perspective. Remember that each year there are about 10 million commercial flights in the United States alone–including many during rainstorms–and on average onlyabout five crashes involving fatalities. The probability that your daughter’s flight will result in even one death is only about one chance in 2 million. It just isn’t going to happen.

In place of worrying, enjoy the moment. Eagerly anticipate her visit. Cook her favourite meal. Prepare for a fun game of chance involving cards or dice. Think about the fascination and intrigue that randomness adds to our daily lives.

And when your daughter finally arrives, a little wet and very hungry but perfectly safe, be sure to give her a big hug.
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What Are the Odds of That?
Coincidence and Surprise

We are often struck by seemingly astounding coincidences. You meet three friends for dinner and discover that all four of you are wearing dresses of the same colour. You dream about your grandson the day before he phones you out of the blue. Your two office mates both get called for jury duty on the same day. You discover that your boss’s new bride went to the same tiny elementary school that you did. Such events amuse us, or fascinate us, or arouse our suspicions, or evoke deep mystical significance. But should they?

From the Probability Perspective, our first question should be, how unlikely was the event? Was the coincidence run of the mill or truly astounding?

Out of How Many?

Everything that happens is surprising in some sense, from someone’s perspective.



The Astounding Lottery Winner

“I don’t believe it,” Jennifer exclaims. “John Smith from Smalltown just won the lottery jackpot!”

“Wow, that’s great,” you reply cautiously. “Do you know him?” “No, unfortunately not.” “Had you heard of him before?” “No, never.”

“Have you ever been to Smalltown?” “Nope.”

“So why are you so surprised?”

“Because the probability of winning that lottery jackpot is about one in 14 million,” Jennifer declares with an air of authority. “And yet John Smith pulled it off!”






Winning any commercial lottery jackpot is extremely unlikely. On the other hand, millions of people buy lottery tickets every day, and usually at least one of them will win. This doesn’t surprise us at all, but why not? The reason is that one person out of millions has won the lottery. There are millions of different chances for someone to win the lottery, so of course usually someone does.

If you flip a coin 10 times and get heads every time, that would be rather surprising, because the chances of its happening were 1 in 1,024 (computed by taking a factor of 1/2 for each of the ten coins, and multiplying them all together), which is less than 0.1%. However, if you spend an entire afternoon repeatedly flipping the same coin, and after several hours you finally get 10 heads in a row, that was bound to happen and is not surprising at all.

So, whenever a friend announces a surprising development, the first thing you should ask yourself is, out of how many? That is, how many different chances were there for that event–or any other similarly surprising one–to arise?



A Cousin at Disney World (A True Story)

When I was 14 years old, my family travelled to Orlando, Florida, to visit Disney World. For two days we went on scary roller coasters and gentle train rides, saw haunted houses and singing puppets, and ate lots of junk food. Remarkably, in the midst of thousands of strangers, we ran into my father’s cousin Phil and his family. They lived in Connecticut, and none of us had any idea that the other family was in Florida. We were all stunned at the coincidence.

How surprised should we have been? There were about 230 million people in the United States at that time. So, the probability that any one person chosen at random at Disney World would be my father’s cousin Phil, was something like one chance in 230 million, unimaginably low. However, over the course of our two days at Disney World, we had passed many different strangers waiting in line for many different rides and treats. In total there must have been at least 2,000 people that we saw close enough to recognize, any one of whom could have been Phil. So, right away this increases the probability by a factor of 2,000, to one chance in 115,000.

But Cousin Phil wasn’t the only person we might have run into. What about my father’s other cousins? What about my mother’s cousins? What about numerous other relatives? Or our friends or work colleagues? Or our neighbours? Or classmates? Or relatives of friends? Or friends of neighbours? There must be at least 500 people whom we could have run into who would have surprised us as much as Phil did. This increases the probability by another factor of 500, to one chance in 230.

Of course, one chance in 230 is still less than half of one percent. So, on most trips to Disney World, you probably won’t run into anyone that you know. But still, over a lifetime of travelling and visiting and exploring, you are bound to run into people unexpectedly, now and then. It really isn’t so surprising after all.






This “out of how many” issue comes up in many ways. For example, a friend told me that the night before her father died, she had a dream in which her father appeared, looking surprisingly peaceful. Some might consider that this dream showed that my friend somehow “knew” that her father was about to die, or even that my friend’s father had somehowcommunicated with her on a subconscious level over the 500 kilometres between them.

Perhaps. But another explanation is that we all dream about many things every night. The dreams that we are most likely to remember or take note of or discuss with others are those that happen to have some surprising connection to other events. My friend might dream of her father on perhaps one night in 50, so the probability that she would dream about him the night before he died is only about one in 50. However, the probability that she would have some dream at some point in her life that would have some connection to some event, is much much higher. So, the question is: one profound dream out of how many dreams in total?

Nobel Prize winner Richard Feynman wrote about an incident that occurred when he was a student. Suddenly, the physicist got a feeling that he knew, somehow, that his grandmother had died. Just then the phone rang. Had his prediction come true? Had his grandmother passed away? No, the phone call was for another student, and Feynman’s grandmother was just fine. This story nicely illustrates that very often we have hunches or dreams or predictions, but we tend to forget the ones that don’t come true. Then, when one does come true, we forget that this is one hunch out of many, so the observation is less surprising than it may appear.

Consider this classic physics question. Suppose you take a cup of water and pour it into the ocean. Gradually, currents and tides and rain and evaporation mix all of the world’s water together. Five years later, you go to some other ocean, on the other side of the world, and fill a fresh glass with water. How many molecules of water from the first glass will end up in the second?

The world’s oceans contain a lot of water, about a billion cubic kilometres’ worth. Compared with that volume, one cup of water is hardly anything: about two parts in the number written as 1 followed by 22 zeros. So, the probability of any one particular molecule from your first glass making its way to your second glass is just two chances in 1 followed by 22 zeros: that is, practically impossible.

On the other hand, molecules are unimaginably tiny, and even one cup of water contains a tremendous number of them, almost as many as 1 followed by 25 zeros. Indeed, there are so many molecules in that first small glass of water that, purely by chance, over 1,000 of them will arrive five years later in the second glass of water. Now, 1,000 molecules sounds like a lot but, again, out of how many?

Can we apply similarly rational probability logic to the magic of love? Many people have a story of just “happening” to meet their future spouse under very unlikely circumstances. In my own case, while my wife, Margaret, and I had previously met briefly at a party, we truly interacted only when I just happened to walk to a post office one afternoon, accompanying a friend who just happened to be assisting a colleague by forwarding some packages on his behalf. Meanwhile, Margaret just happened to get off work early that day, and just happened to require postal services herself, and just happened to choose the exact same post office (which wasn’t near her home or work).

What are the odds that I would accompany my friend on this mission? What are the chances that Margaret would go to the very same post office on the very same day? What is the probability that we would be there at the same exact time? Multiplying all these factors together, surely the probability of our meeting up that day was one chance in tens of thousands, at most.

And yet it happened. How do I explain that? Well, I could argue that even if Margaret and I hadn’t met at the post office, we might have met somewhere else, later on, perhaps at another party. Or I could reason that of all the errands I run each week, something interesting was bound to happen some time. Or I could declare dispassionately that each person actually has many potential compatible partners and that sooner or later you will eventually meet one of them. But none of these arguments seems too convincing. I guess I’m just a lucky guy.

Friends of Friends of Friends

Sometimes we discover seemingly surprising chains of connections, like finding out that your next-door neighbour is your brother’s housekeeper’s cousin. When should we be surprised and when shouldn’t we?

Some chains are more interesting than others. When the evil Star Wars character Darth Vader declares to the heroic Luke Skywalker, “I am your father,” the revelation is unexpected and profound. But in Mel Brooks’s spoof version, Spaceballs, when Lord Dark Helmet instead says “I am your father’s brother’s nephew’s cousin’s former roommate,” the observation is far more mundane (and therefore an amusing parody). Why, precisely, do we perceive these two similar-sounding facts so differently?

Again, the explanation is, out of how many? We each have just one father. While there may be a few others of equal importance to us–mother, siblings, children, perhaps lifelong best friend–the position of father is still quite an exalted one, surely a “top 10” close association. So, it is quite surprising if our arch-enemy turns out to be so closely related to us. On the other hand, there are many, many people who are as important to us as our “father’s brother’s nephew’s cousin’s former roommate.” So the fact that Lord Dark Helmet occupies such a distant role merely places him as one out of a tremendous number of associates. There is no reason to be surprised at this, and we are not. But just how many such associates are there? How many people are there who are related to you by some short chain of relations like this?

This question is related to the six degrees of separation phenomenon. This phrase originated in an experiment performed by the Harvard psychologist Stanley Milgram back in 1967. He mailed out packages to randomly selected people in Kansas and Nebraska, with instructions to try to forward the package to a particular “target” individual in Massachusetts. The catch was that recipients were allowed to forward the package only to someone they knew on a first-name basis. Thus, a recipient in Kansas would have to think: Whom do I know on a first-name basis who might in turn know someone who knows someone who knows this Massachusetts target?

Milgram found that, of the packages that were returned, the average number of steps in the chain was about six. Hence, the concept of “six degrees of separation” was born, with the intriguing idea that we are all connected to each other by short chains of “friends of friends of friends” or “associates of associates of associates.”

Milgram’s experiment had many flaws. It was restricted to just one country. And many packages never arrived, perhaps indicating simple indifference but perhaps also suggesting that longer chains were necessary (and never completed) in those cases. On the other hand, the recipients had to decide themselves to whom they should forward the package, and they had no way of knowing which choice would lead to the shortest chain. Overall, most scientists accept Milgram’s concept that we are all connected through relatively short chains of acquaintances, though the precise figure of six is perhaps more apocryphal than real.

There is another way to think about these connections. Suppose each person has, say, a total of 500 “friends,” that is, people they know on a first-name basis. Then the number of friends-of-friends chains is 500 × 500, or 250,000. The number of friends-of-friends-of-friends chains is equal to 500 × 500 × 500, or 125 million. Of course, some of these different chains will lead back to the same person, so your total number of friends-of-friends-of-friends is somewhat less than 125 million, but it is still awfully large. So, six degrees of separation, even for the entire world’s population, seems pretty reasonable.

Mathematicians love such chains of connections, and they have their own unique version, which is based on the work of the brilliant Hungarian mathematician, Paul Erdös (1913–96). Erdös spent his life living out of a suitcase while visiting other mathematicians around the world. The mathematicians would take care of his daily needs for the privilege of collaborating with him to solve their research problems. As a result, Erdös was a co-author of over 1,500 published papers, written jointly with hundreds of different mathematicians from around the world.

Inspired by this extensive web of connection, mathematicians invented Erdös numbers. Every mathematician who ever wrote a paper jointly with Paul Erdös gets an Erdös number of 1 (there are over 500such people). Everyone who ever wrote a paper jointly with someone who has an Erdös number of 1 in turn gets an Erdös number of 2 (there are about 7,000 such people). And so on. My own Erdös number is 3: I published a paper in 1999 with the mathematician Robin Pemantle, who in turn had published a paper in 1996 with the mathematician Svante Janson, who himself published a paper with Paul Erdös that same year–thus providing a chain of three mathematicians from me to Erdös. Unfortunately, this is not such a special accomplishment; over 33,000 other mathematicians also have an Erdös number of 3.

Not to be left out, movie lovers have created their own version of Erdös numbers; these are known as Bacon numbers. Everyone who has ever co-starred in a movie with actor Kevin Bacon gets a Bacon number of 1; everyone who has co-starred in a movie with one of those people gets a Bacon number of 2, and so on. For example, Susan Sarandon has a Bacon number of 2, because she co-starred in Dead Man Walking with Sean Penn, who in turn co-starred in Mystic River with Kevin Bacon.

Similar ideas have been applied to such diverse items as World Wide Web links (how many hyperlinks do you have to click on, with your Web browser, to travel a path from your Web page to mine?); to rock musicians who recorded music together (for example, Ray Charles is just three steps away from Ozzy Osbourne, because Charles recorded with Michael Jackson, who recorded with the heavy-metal guitarist Slash, who in turn recorded with Osbourne); to baseball players who have been teammates (for example, there are several different paths, each five players long, that link 1930s slugger Babe Ruth to current pitching star Roger Clemens); to Marilyn Monroe numbers (for which decorum prevents me from specifying what type of connection is counted).

It seems that when it comes to finding different sorts of connections between different sorts of folks, the sky is the limit. This puts “coincidences” in a whole new perspective: there are so many possible connections, that it is no surprise that they occasionally coincide by pure chance.

Counting the Pairs

One fun probability fact is known as the birthday problem. It says that if 23 people are selected at random, there is just over a 50% chance that two of them will have the same birthday (meaning day and month only, not year). With 41 or more people, the probability is over 90%. This makes for a nice parlour trick; the next time you’re at a decent-sized party, find a poor sucker who hasn’t yet heard of the birthday problem, bet him that two people in the room have the same birthday, and watch the money roll in.

Why are these probabilities so high? Once again, the question is, out of how many? But this time, the answer is a bit more subtle. Our first reaction is to say that there are 365 days in a year (let’s not bother with leap years), so with just 23 people, we have covered only 23 out of 365 days, or 6.3%. This is a very small probability, which casts doubt on the validity of our parlour trick. However, this is the right answer to the wrong question. If you asked 23 people if any of them had their birthday today (or Christmas Day, or any other one specific day), there would indeed be only a 6.3% chance that one of them would answer yes.

(This fact once helped me with some detective work. At a statistics conference dinner, three people’s birthdays were being celebrated. I was suspicious; there were only 180 people in the room, so statistically there should have been only 180 divided by 365, or about one half of a person, who had a birthday on that particular day. I was right to wonder; it later turned out that two of those “birthday boys” actually had their birthdays the following month and were just cashing in on the celebration.)

But with our parlour trick, we are asking whether any of 23 randomly selected people have the same birthday as anyone else’s birthday, not a specific day like today or Christmas. And that difference explains why the probability is so much higher.

The reason is that there are a lot more pairs of people than there are people. For example, suppose there are just four people at the party: Amy, Betty, Cindy, and Debbie. Then the number of pairs of people is six: Amy–Betty, Amy-Cindy, Amy–Debbie, Betty–Cindy, Betty–Debbie, and Cindy–Debbie. The more people at the party, the more pairs–a lot more. With 23 party-goers there are 253 pairs, while with 41 party-goers there are 820 pairs. (The number of pairs is equal to the number of party-goers, multiplied by 1 less than that number, divided by 2. So, with four people, there are 4 × 3 ÷ 2 = 6 pairs; with 23 people, there are 23 × 22 ÷ 2 = 253 pairs; with 41 people, 41 × 40 ÷ 2 = 820 pairs.)

Now we can see why the birthday problem works. Even with only 23 people, there are 253 pairs of people. Any one of those pairs has probability 1/365 of having the same birthday, so the average number of pairs with the same birthday is 253/365, which equals 0.69 of a pair. Since 0.69 is well over 0.5, this suggests better than a 50% chance of a birthday match. The figure 0.69 represents a little bit of overcounting, since it’s possible that several different pairs will all have the same birthday. Correcting for this, it turns out that the true probability of at least one matching birthday out of 23 people works out to 50.7%. At a party of 41 people, the average number of pairs with the same birthday is 820/365, or 2.25 pairs, and the probability of at least one pair is a whopping 90.3%.

Table 2.1 Probabilities and Average Numbers of Birthday Matchings

[image: ]

The point is that probabilities of matchings–whether birthdays, or incomes, or hometowns, or favourite novels, or the amount of change in pockets, or anything else–are much higher than you might think, because there are so many possible pairs out there. So the next time two different items happen to match up, don’t jump out of your skin. Instead, ask yourself, out of how many pairs?





Musical Mayhem

You’re excited because you’ve just purchased the Super Special Song Spooler digital music device. Eagerly you download 4,000 of your favourite songs, and press the button to play them in random order. The headphones pulsate as guitar riffs mingle with drum solos in a scintillating symphony of sounds. You look forward to musical variety and bliss for the rest of your days.

As the 75th song begins, you are shocked to hear that it is a repeat of the 42nd song. In choosing just 75 songs out of 4,000, that stupid music device has already chosen a repeat. How could this be? The device must be defective!

Before demanding a refund, you do some calculations. Out of a collection of 75 songs, the number of pairs of songs is equal to 2,775. That’s a lot of pairs, more than half of 4,000, the total number of songs available. In fact, when choosing 75 songs at random, out of the 4,000 available, the probability is 50.2% that you will hear at least one repeat.

So, perhaps the device isn’t to blame after all. You decide to keep your headphones on.






When It Rains, It Pours

In the first week of November 2003, five separate homicides were recorded in the Greater Toronto metropolitan region, an area that averages just 1.5 homicides per week. This fact was widely reported in themedia, amid fears of a huge and increasing crime wave. Toronto’s police chief called for a public inquiry into the judicial system, saying it “provides no apparent deterrent.” Was such concern justified?

Before answering that question, consider the following puzzle. Figure 2.1 shows two different sets of 100 dots each. One set of dots was placed purely at random, with each dot equally likely to appear anywhere in the box. The other set of dots was placed more deliberately. Which set of dots is truly random: the left set or the right set?

Figure 2.1 Which Dots Are Truly Random – the Left or the Right?

[image: ]

In this diagram, the dots on the left side exhibit various patterns. In some places, two or three dots are very close together. In other places, there are large areas with only a few dots. In fact, the dots towards the bottom almost appear to be following a spiral pattern; they don’t appear random at all.

By contrast, the dots on the right are nicely spread out. No dot is too close or too far from another. No region is too sparsely covered. These dots seem to be nicely random. However, it is the dots in the left set that are truly random. In that set, each dot was placed anywhere in the box with equal probability, without regard to any other dot. All of the nearby dots, sparse regions, spiral patterns, and so on, happened purely by chance (I promise). It is the set of dots on the right that are not truly random. For those dots, I started with an evenly spread grid of dots and justapplied a very small random movement to each dot (so they wouldn’t line up perfectly). The dots in the right half have just a tiny bit of randomness (enough to fool the eye) but are still carefully designed to be distributed evenly over the entire box in a highly non-random way.

This example illustrates that wherever there are lots of events (like dots), some of them will tend to clump up together here and there, purely by chance, without signifying anything at all about trends or causes or connections. Randomness tricks us into seeing patterns and relationships that are really nothing more than chance occurrences. Probabilists refer to this phenomenon as Poisson clumping. The precise probabilities (the Poisson distribution) were first computed by the French mathematician Siméon-Denis Poisson in 1837.

Poisson clumping can make some people jumpy. I was once hired as a consultant to an on-line gambling Web site, because the manager thought that the computer wasn’t selecting keno balls correctly. The balls should have been selected uniformly at random, but the manager thought that too many of them were coming from positions on the display board that were close to the number 17, and he feared that a sly customer could use this fact to make a profit. He needn’t have worried; a careful statistical analysis confirmed that the balls were indeed being chosen with uniform probabilities. What the manager had seen was nothing more than Poisson clumping at work.

So what about those Toronto homicides? The Poisson distribution tells us that with an average of 1.5 homicides per week, there is still a 1.4% probability of seeing five homicides in a given week, purely by chance. So, we should expect to see five homicides in the same week once every 71 weeks–nearly once a year! It really isn’t so surprising, nor does it signify anything other than bad luck.

By contrast, each week has just over 22% probability of being completely homicide-free, and indeed Toronto experiences many weeks without any homicides at all. But I have yet to see a newspaper headline that screams “No Murders This Week!”

Another way to think about Poisson clumping is in terms of pairs and larger groups. In the diagram above, there are 100 dots in the left-handbox. This means there are 4,950 pairs of dots. With so many pairs, it is not surprising that some of the pairs are in very close proximity. Similarly, with 78 homicides in a year, there are 3,003 pairs of homicides, and over 21 million different groups of five homicides. With so many five-homicide groups to choose from, it is not so surprising that some group of five homicides would all take place within the same week.

Poisson clumping also explains why you sometimes get invited to two or three parties on the same night, after several party-free weeks. Or encounter two bad drivers within a few minutes, after several hours of problem-free driving. Or get treated rudely by five different people in one day. Or get three wrong-number telephone calls on the same evening. Or see three buses arriving in a row for no reason, after 25 frustrating minutes without a bus. There is nothing mystical or alarming or unexpected about these events. They are just a consequence of the laws of probability.

Speaking of buses, Poisson clumping also explains the importance of bus schedules. If buses arrive regularly, once every 10 minutes, then you have to wait between zero and 10 minutes for the bus, which works out to five minutes on average. However, if the buses arrive completely independently, without regard for the schedule or each other, this is no longer the case. You might be lucky and see a bus (or even several buses) right away, or you might be unlucky and have to wait a long time. It turns out that on average you will have to wait 10 minutes for a bus in this case–exactly twice as long as you would have if the buses were following a schedule. So, if your city’s buses are passing by in a haphazard manner, complain to the mayor that your average waiting time has been unnecessarily doubled.

We see that many so-called coincidences can be explained as pure chance. The seemingly surprising observation may be just one out of many possibilities (like seeing my dad’s cousin at Disney World), or be caused by the large number of pairs (like the birthday problem), or be due to Poisson clumping (like the weekly homicide count, or the spiral pattern of the dots).

Other times, coincidences arise because two seemingly unrelated events actually have the same cause. Bank profits shoot up just when housing prices tumble; both phenomena are due to rising interest rates. Or airline traffic and museum attendance both skyrocket in the same week, which happens to be spring break.

Sometimes such common causes are very subtle, and go unnoticed–even though they explain seemingly surprising coincidences. The next time two or more people suddenly make the same suggestion, or discuss the same problem, or take the same action, ask yourself whether some common cause might explain the surprise.



Parental Musings

You finally found a babysitter for Jason, and you and your husband are enjoying a rare moment of quiet romance at an elegant French restaurant.

As you luxuriously swirl your $15 glass of red wine, a few drops spill onto the white tablecloth. The tiny patches of colour remind you of the craziness of Jason’s fifth birthday party last year, when more spaghetti sauce ended up on the carpet than in the children’s stomachs.

You remember how happy Jason seemed that day. A month later, he started kindergarten, and since then he has seemed more tense. When you discussed this change with his teacher in the fall, she agreed that Jason had had trouble adjusting to the new routines, but said that he seemed to be improving.

At the kindergarten music show a few weeks later, Jason smiled a lot and he enjoyed the event. He sat beside little Haldor, his new best friend. Haldor seems like a good kid.

Haldor, whose parents are Norwegian, had sung a traditional Norwegian folk song. He wasn’t a great singer, but the song still evoked lovely images of spectacular fjords and happy people. Scandinavia would be an interesting region to visit some day.

“Maybe we should take a vacation in Scandinavia,” your husband suddenly declares. You stare at him, stunned. “Why, I was just thinking

about Scandinavia myself!” you exclaim. “What an astounding coincidence!”

Unbeknownst to you, your husband had also noticed those drops of red wine. He, too, had been reminded of Jason’s party, and the kindergarten show, and Jason’s new friend Haldor, and …






Even if there is no common cause, most coincidences can be explained by some combination of the “out of how many” principle, and Poisson clumping, and the multiplicative powers of “friends of friends.” That doesn’t make coincidences any less striking, but it does help us to understand why they occur so frequently.
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Laying Down the Law
Why Casinos Always Win

Whether in the opulence of Las Vegas, or in the thousands of more modest operations around the world, or even just in the movies, we have all seen casinos at work. These establishments are filled with anxious gamblers and curious tourists who are placing bets on everything from slot machines, to roulette wheels, to crap shoots, to keno draws, to poker and blackjack tables. On any given bet, anything can happen: some players lose, others win. Some get rich, others go broke. Some stay and bet all day, others leave after just a few minutes.

But in the midst of all of this randomness, there is one absolute certainty: In the long run, the casino itself always makes money. Casinos are truly cash cows. When people debate the ethics of government-sponsored betting, concerns are often raised about the social impact of gambling houses, the problem of gambling addiction, and the message sent to our children. But no one ever raises the concern that the casino will lose money; that simply never happens.

How can this be? How can such certainty arise from so much uncertainty? With individual players’ fortunes being so random, so unpredictable, how is it that the casino itself profits at such a steady, predictable rate?

The answer to this question involves two key facts. The first is that the casino’s overall performance is the combined result of many, many individual bets. Each hour, there may be hundreds or even thousands of betson roulette, and thousands more on the slot machines and the other games. Whereas any individual gambler might make just a few bets here and there, the casino as a whole is involved with a huge number of separate bets.

When random events are repeated over and over again, the fraction of successes gets closer and closer to their average value (also called expected value). Thus, if you repeatedly flip a fair coin, in the long run about half of the flips will be heads. Or if you repeatedly toss a fair six-sided die, in the long run about one-sixth of the rolls will come up 5. This isn’t just conjecture, it’s the law: the Law of Large Numbers. This law says that if you repeat any random event often enough, over the long run the good luck will cancel out the bad, and you will be left with approximately the “correct” average; that is, an average that mimics the true probabilities.

In Tom Stoppard’s play Rosencrantz and Guildenstern Are Dead, a coin is repeatedly flipped, hundreds of times, over the course of several days. Every single time, the coin comes up heads. This is one of many occurrences that disturb the central characters’ sense of reality. Are they right to be concerned? Absolutely! The Law of Large Numbers guarantees that, over the long run, good and bad luck tend to cancel each other out, and averages tend to settle down to their true probabilities. Thus, when you flip a coin many, many times, you will get approximately half heads and half tails. Events like hundreds of heads in a row simply never occur.

Of course, the coin doesn’t know that the tails should cancel out the heads. Indeed, even if you have just gotten heads four times in a row, the coin is still equally likely to show heads or tails on the next flip. What the Law of Large Numbers says is that, even though each coin flip is equally likely to be heads or tails, without regard to what came before, nevertheless the fraction of heads will get closer and closer to one half, in the long run.

The Law of Large Numbers says that if a gambling game is even very slightly to your advantage on average, and you play it long enough, you are sure to come out ahead. On the other hand, if a game is even veryslightly to your disadvantage on average, and you play it long enough, you are sure to come out behind. Even though each individual game is independent, with no regard for what came before, nevertheless in the long run, all that matters is the game’s average amount won or lost.

The second key fact is that in every professional casino, every single betting game is weighted ever so slightly in the house’s favour. Each gambling game’s payout rules are designed specifically so that, even though on any one bet anything can happen, over the long run, on average, the house will come out slightly ahead.

If a casino has only a few customers, and they each make only a few bets–perhaps even large bets–there is no telling what will happen. The customers might lose their bets or they might win. The casino might make money or it might lose money. The outcome is random, with no guarantees.

On the other hand, if a casino has many customers making many different bets, randomness virtually disappears. The Law of Large Numbers says that because each individual bet is weighted slightly in the house’s favour, it is a certainty that the house will make money over the long run.

In short, to make a profit, the casino doesn’t have to be lucky, just patient. While the players might base their gambling hopes on the illusion of having a “hot hand” or a “lucky number,” or on the alignment of the planets, the casino can afford to base its hopes on something more certain: the Law of Large Numbers.



The Honourable Bus Fine

You’re on a European bus where payment is handled by a sort of honour system. No one collects fares when riders board, but they are expected to buy a ticket anyway. Occasionally, inspectors arrive to check tickets and they give a fine to any ticketless riders.

Being an honest person, you have bought your ticket. However, while waiting for the bus, you see Cheapskate Charlie loitering by the ticket machine, so close that you can overhear his mutterings.

“Hmmm, it costs one euro for a bus ticket. If I don’t have a ticket, and I get caught, then I will get a 10-euro fine. However, there’s only about one chance in 20 that I will get caught. So, in the long run, I’ll only have to pay the 10 euros about one time in 20. That works out to just half a euro per ride. So, according to the Law of Large Numbers, in the long run it’s cheaper for me to never buy a ticket.”

Satisfied and smug, Charlie enters the bus with no ticket. You’re not looking for a fight, so you say nothing. However, that night you write a letter to the local transit authority, suggesting that they increase their fine to at least 20 euros immediately.




Calculating the Averages: Roulette and Keno

For a casino to profit from the Law of Large Numbers, it has to make sure that every single betting game is weighted slightly in its favour. One slip-up, one game that is weighted just barely in the player’s favour, and the casino might lose millions of dollars in the long run.

How does the casino guarantee that the games are weighted in its favour? It employs experts in probability theory to calculate the average, or expected, net payout for each game.

To see how this works, consider the simplest example: roulette. A standard (American-style) roulette wheel consists of 38 spots: the numbers 1 to 36 (alternately red and black), plus the special spots 0 and 00 (which are green). The wheel is designed so that when it is spun, the marker ball is equally likely to land in any one of the 38 spots.

A player places a bet on where the ball will drop on the next spin. There are a variety of different betting options, each having a different payout. For example, a player might choose to bet $10 on red, meaning that he will win $10 if the ball lands on one of the 18 red spots, but will lose $10 if the ball instead lands on a black or green spot.

What happens on average? Well, there are 18 red spots out of 38 total spots, so 18 times out of 38, the player will win $10. However, there are 20 black or green spots out of 38 total spots, so 20 times out of 38, theplayer will lose $10. Therefore, the player’s average winning on the bet equals $10 × 18 ÷ 38 minus $10 × 20 ÷ 38. This works out to –$0.526; that is, on average, the player will lose just over 52 cents by making this bet.

Of course, the player will never actually lose 52 cents. On each bet, he will either win $10 or lose $10. However, if he makes lots and lots of such bets, over and over again, in the long run, on average, he will lose about 52 cents for each bet he makes. The Law of Large Numbers claims another victim. These same odds apply to all of the casino’s thousands of customers, ensuring huge profits for the casino.

Another way to think about long-run gambling is in terms of the well-known gambler’s ruin question. Suppose you start with $1,000, and repeatedly make $10 bets on red. What is the probability that you will double your holdings–that is, win another $1,000–before you lose the $1,000 you started with? Since you have almost a 50% probability of winning each roulette bet, you might expect to have almost a 50% probability of winning $1,000 before losing $1,000. In fact, the probability of winning $1,000 before losing $1,000 when repeatedly making $10 roulette bets is just one chance in 37,650–a tiny probability. So, if you keep betting on roulette, it is virtually impossible that you will make $1,000 before losing your initial $1,000 capital.

What about the other possible roulette bets? Certain other bets–such as betting on black, or on the odd numbers, or the even numbers, or the numbers 1 to 18, or the numbers 19 to 36–work exactly the same as the bet on red. In each case, there are 18 spots on which you win and 20 spots on which you lose, so on average you will lose just over 52 cents for every $10 bet.

Of course, there are many other kinds of roulette bets. For example, there are the “dozen” bets, where you bet on a collection of 12 numbers. If you bet $10 on the “second 12” numbers (13 to 24) and the ball lands on one of the spots 13 to 24, you win $20. If the ball lands on one of the other spots, you lose just your $10 bet.

Wow, you might think, this is great. If I sometimes win $20 and sometimes lose just $10, surely the odds are in my favour.

Unfortunately, no. Because there are just 12 spots in the range 13 to 24, just 12 times out of 38 will you win $20. The other 26 times out of 38, you will lose $10. Hence, your average winning on this bet is equal to $20 × 12 ÷ 38 minus $10 × 26 ÷ 38. This again works out to –$0.526, the same as before. So the odds are still against you on this bet. And, in the long run, you will again lose about 52 cents for every bet that you make, just like when you bet on red.

What about betting on just a single number? If you bet $10 on, say, 22, then you win $350 if the ball lands on 22. Otherwise, you just lose your $10. This is it, you figure. If you bet for a while, then eventually you will win a $350 payout, at which point you will surely come out ahead.

Maybe not. There is just one chance in 38 that the ball will land on 22, while there are 37 chances that the ball will land on some other spot. So, if you bet $10 on 22, then your average payout is equal to $350 × 1 ÷ 38 minus $10 × 37 ÷ 38. This works out to (you guessed it)–$0.526. Once again, if you repeatedly make this bet, in the long run you will lose about 52 cents for every bet that you make.



Table 3.1 Probabilities and Payouts for $10 Roulette Bet

[image: ]

Darn, those roulette-wheel designers are pretty clever. They have designed every game so that, overall, the odds are in the casino’s favour. They’re not too much in the casino’s favour, or no one would ever bother to bet. But they are just enough in the casino’s favour to guarantee a long-run profit margin, typically between 1% and 3% of the total amount of money bet. And their success is all due to the Law of Large Numbers. With such a huge amount being bet over the course of a year,this small profit margin really adds up: worldwide annual gambling revenues amount to hundreds of billions of dollars.

Of course, you might get lucky. The ball might land on 22 on the first spin. Or perhaps on the second or third spin. If so, then hurry up and cash in your chips, and leave! But don’t count on this occurring. Over the long run, casino gamblers will lose more money than they will win. Some gamblers will come out ahead, but on average the casino will make money. It has to be that way. It’s the law.



Slowly but Surely?

In Aesop’s fable “The Tortoise and the Hare,” those two animals have a race. Although the hare is much faster, he is also careless: part way through the race, he decides (given his substantial lead) to have a quick nap. While he is sleeping, the tortoise rumbles by, slow and steady, and chugs ahead to victory.

It is customary, when recounting this tale, to blame the hare for being too inconsistent, too unpredictable, too random. By contrast, the slow-and-steady tortoise is portrayed as a model of hard work and discipline, proving that we can

















Rolling the Dice




















The Curious Case of Craps





































A Life of Large Numbers
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