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Getting 

the most from this book 




Mathematics 

is 

not only 

a 

beautiful and exciting subject in its own right but also one that underpins many 




other branches of learning. 

It is 

consequently fundamental to our national wellbeing. 




This book covers the compulsory core content of Year 1/AS Further 

Mathematics.The 

requirements of 




the compulsory core content for the second year are met in 

a 

second book, while the year one and year 




two optional applied content 

is 

covered in the Mechanics and Statistics books, and the remaining options 




in 

the Modelling with Algorithms, Numerical Methods, Further Pure Maths with Technology and Extra 




Pure Maths books. 




Between 2014 and 2016 

A 

Level Mathematics and Further Mathematics were very substantially revised, 




for first teaching in 2017. Major changes included increased emphasis on: 




■ 




Problem solving 




■ 




Mathematical proof 




■ 




Use of ICT 




■ 




Modelling. 




This book embraces these 

ideas.A 

large number of exercise questions involve elements of problem solving. 




The ideas of 

mathematical proof, 

rigorous logical argument and mathematical modelling are also 




included in suitable exercise questions throughout the book. 




The use of 

technology, 

including graphing software, spreadsheets and high specification calculators, 




is 

encouraged wherever possible, for example in the Activities used to introduce some of the topics. In 




particular, readers are expected to have access to 

a 

calculator which handles matrices up to order 3x3. 




Places where ICT can be used are highlighted by 

a   

 T 

icon. Margin boxes highlight situations where 




the use of technology 

– 

such 

as 

graphical calculators or graphing software 

– 

can be used to further 




explore 

a 

particular topic. 




Throughout the book the emphasis 

is 

on understanding and interpretation rather than mere routine 




calculations, but the various exercises do nonetheless provide plenty of scope for practising basic 




techniques.The 

exercise questions are split into three bands. Band 

1 

questions are designed to reinforce 




basic understanding; Band 

2 

questions are broadly typical of what might be expected in an examination; 




Band 

3 

questions explore around the topic and some of them are rather more demanding. In addition, 




extensive online support, including further questions, 

is 

available by subscription to MEI’s Integral website, 




integralmaths.org. 




In addition to the exercise questions, there are two sets of Practice questions, covering groups of chapters. 




These include identified questions requiring 

 problem solving 

 PS 

, 

mathematical proof 

MP 

, 

use 




of ICT 

  

T 

and 

modelling 

 M 

. 




This book 

is 

written on the assumption that readers are studying or have studied AS Mathematics. 




It 

can be studied alongside the Year 1/AS Mathematics book, or after studying AS or 

A 

Level 




Mathematics. There are places where the work depends 

on 

knowledge from earlier 

in 

the book 

or in 




the Year 1/AS Mathematics book and this 

is 

flagged up in the Prior knowledge boxes. This should 




be seen 

as 

an invitation to those who have problems with the particular topic to revisit it. At the 




end of each chapter there 

is a 

list of key points covered 

as 

well 

as a 

summary of the new knowledge 




(learning outcomes) that readers should have gained. 




Although in general knowledge of 

A 

Level Mathematics beyond AS Level 

is 

not required, there are two 




small topics from year 

2 

of 

A 

Level Mathematics that are needed in the study of the material in this 









v 




book. These 

are radians (needed in the work on the argument of 

a 

complex number) and the compound 




angle formulae, which are helpful in understanding the multiplication and division of complex numbers in 




modulus-argument 

form.These 

two topics are introduced briefly 

at 

the back of the book, for the benefit of 




readers who have not yet studied year 

2 

of 

A 

Level Mathematics. 




Two common features of the book are Activities and Discussion 

points.These 

serve rather different purposes. 




The Activities are designed to help readers get into the thought processes of the new work that they are about 




to meet; having done an Activity, what follows will seem much 

easier.The 

Discussion points invite readers to 




talk about particular points with their fellow students and their teacher and so enhance their understanding. 




Another feature 

is a 

Caution icon 

 , 

highlighting points where 

it is 

easy to go wrong. 




Answers to all exercise questions and practice questions are provided 

at 

the back of the book, and also online 




at 

www.hoddereducation.co.uk/MEIFurtherMathsYear1 




This 

is a 

4th edition MEI textbook so much of the material 

is 

well tried and tested. However, 

as a 




consequence of the changes to 

A 

Level requirements in Further mathematics, large parts of the book are 




either new material or have been very substantially rewritten. 




Catherine Berry 




Roger Porkes 
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Prior 

knowledge 




This book 

is 

designed so that 

it 

can be studied alongside 

MEI 

A 

Level Mathematics Year 

1 

(AS). 

There 




are some links with work in 

MEI 

A 

Level Mathematics Year 

2, 

but 

it is 

not necessary to have covered 




this work before studying this book. Some essential background work on radians and compound angle 




formulae 

is 

covered in 

An introduction to radians 

and 

The identities sin(θ 

± 

ϕ) 

and cos(θ 

± 

ϕ) 

as 

well 

as 

in 




MEI 

A 

Level Mathematics Year 

2. 




■ 




Chapter 1: Matrices and transformations 

builds on GCSE work on transformations. 




■ 




Chapter 2: Introduction to complex numbers 

uses work on solving quadratic equations, 




covered in chapter 

3 

of 

MEI 

A 

Level Mathematics Year 

1 

(AS). 




■ 




Chapter 3: Roots of polynomials 

uses work on solving polynomial equations using the factor 




theorem, covered 

in 

chapter 

7 of 

MEI 

A 

Level Mathematics Year 

1 

(AS). 




■ 




Chapter 4: Sequences and series 

builds on GCSE work on 

sequences.The 

notation and 




terminology used 

is 

also introduced in chapter 

3 

in 

MEI 

A 

Level Mathematics Year 

2, 

but 

it is 

not 




necessary to have covered this work prior to this chapter. 




■ 




Chapter 5: Complex numbers and geometry 

develops the work in 

chapter 

2. 

Knowledge of 




radians 

is 

assumed: this 

is 

covered in chapter 

2 

of 

MEI 

A 

Level Mathematics Year 

2, 

but the required 




knowledge 

is 

also covered in 

An introduction to radians. 

It is 

also helpful to know the compound 




angle formulae which are introduced in chapter 

8 

of 

MEI 

A 

Level Mathematics Year 

2; 

there 

is 

also 

a 




brief introduction in 

The identities sin(θ 

± 

ϕ) 

and cos(θ 

± 

ϕ). 




■ 




Chapter 6: Matrices and their inverses 

follows on from the work in 

chapter 

1. 




■ 




Chapter 

7:Vectors 

and 3D space 

builds on the vectors work covered in chapter 12 of 

MEI 




A 

Level Mathematics Year 

1 

(AS). 

Knowledge of 3D vectors 

is 

assumed, which are introduced 




in chapter 12 of 

MEI 

A 

Level Mathematics Year 

2, 

but 

it is 

not necessary to have covered the 




Mathematics Year 

2 

chapter prior to this 

chapter.The 

work on the intersection of planes in 3D space, 




introduced in 

chapter 

6, 

is 

also developed further in this chapter. 
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1 




As for 

everything 

else, 




so for a 

mathematical 




theory 

– 

beauty 

can 




be 

perceived 

but not 




explained. 




Arthur Cayley 1883 




Matrices 

and 

transformations 




1 




Figure 1.1 

Illustration 

of 

some major roads 

and 

motorways joining some 




towns 

and 

cities 

in the 

north 

of 

England. 




Discussion point 





➜ 

How many direct routes (without going through any other town) are there 




from 

Preston 

to 

Burnley? 

What about 

Manchester 

to 

Leeds? Preston 

to 




Manchester? Burnley 

to 

Leeds? 












2 




Matrices 




1 Matrices 




You can represent the number of direct routes between each pair of towns 




(shown in Figure 1.1) in an array of numbers like this: 




This array 

is 

called 

a 

matrix (the plural 

is 

matrices) and 

is 

usually written inside 




curved brackets. 




It is 

usual to represent matrices by capital letters, often in bold print. 




A 

matrix consists of rows and columns, and the entries in the various cells are 




known 

as 

elements. 




The matrix 

M 

= 




representing the routes between the 




towns and cities has 25 elements, arranged in five rows and five columns. 

M 

is 




described 

as a 5 × 5 

matrix, and this 

is 

the 

order 

of the matrix. You state the 




number of rows first, then the number of columns. So, for example, the matrix 




A 

= 




   

is a 2 × 3 

matrix and 

B 

= 




is a 3 × 2 

matrix. 




Special matrices 




Some matrices are described by special names which relate to the number of 




rows and columns or the nature of the elements. 




Matrices such 

as 




   

and 




which have the same number of 




rows 

as 

columns are called 

square matrices. 









The matrix 




   

is 

called the 

2 × 2 

identity matrix 

or 

unit matrix, 

and 




similarly 




is 

called the 

3 × 3 

identity matrix. Identity matrices must 




be square, and are usually denoted by 

I. 




The matrix 

O 

= 




   is 

called the 

2 × 2 

zero matrix. 

Zero matrices can 




be of any order. 




Two matrices are said to be 

equal 

if 

and only 

if 

they have the same order and 




each element in one matrix 

is 

equal to the corresponding element in the other 




matrix. So, for example, the matrices 

A 

and 

D 

below are equal, but 

B 

and 

C 

are 




not equal to any of the other matrices. 




Working with matrices 




Matrices can be added or subtracted 

if 

they are of the same order. 




But 




 

cannot be evaluated because the matrices are 




not of the same 

order.These 

matrices are 

non-conformable 

for addition. 




You can also multiply 

a 

matrix by 

a 

scalar 

number: 




Add the 

elements 




in 

corresponding 




positions. 




Subtract 

the 

elements 

in 




corresponding positions. 




Multiply each 

of 




the 

elements 

by 2. 




TECHNOLOGY 




You can use 

a 

calculator 

to 

add and subtract matrices 

of 

the same order and 




to 

multiply 

a 

matrix 

by a 

number. For your calculator, 

find 

out: 




• 

the method 

for 

inputting matrices 




• 

how 

to 

add and subtract matrices 




• 

how to 

multiply 

a 

matrix 

by a 

number 

for 

matrices 

of 

varying sizes. 




3 









4 




Matrices 




Associativity 

and 

commutativity 




When working with numbers the properties of 

associativity 

and 




commutativity 

are often used. 




Associativity 




When you add numbers, 

it 

does not matter how the numbers are grouped, the 




answer will 

be 

the same. 




When you add numbers, the order 

of 

the numbers can 

be 

reversed and the 




answer will still 

be 

the same. 




Addition of numbers 

is 

associative. 




(3 

+ 

5) 

+ 8 = 3 + 

(5 

+ 

8) 




Addition of numbers 

is 

commutative. 




4 + 5 = 5 + 4 




① 

Write down the order of these matrices. 




(i) 




(ii) 




(iii) 




( 




) 




(iv) 




(v) 




(vi) 




② 

For the matrices 




A 




B 




C 




D 




= 




= 




= 




= 




E 

= 




F 

= 




find, where possible 




(i) 




A 

– 

E 

(ii) 

C 

+ 

D 




(iii) 

E 

+ 

A 

– 

B 

(iv) 

F 

+ 

D 

(v) 

D 

– 

C 




(vi) 

4F 




(vii) 

3C 

+ 

2D 

(viii) 

B 

+ 

2F 




(ix) 

E 

– 

(2B 

– 

A) 




Exercise 1.1 




Discussion points 




➜ Give 

examples 




to 

show that 




subtraction 

of 




numbers 

is 

not 




commutative 

or 




associative. 




➜ Are 

matrix 




addition 

and 




matrix subtraction 




associative and/or 




commutative? 




Commutativity 









③ 

The diagram in Figure 1.2 shows the number of direct flights on one day 




offered by an airline between cities 

P, 

Q, R and 

S. 




The same information 

is 

also given in the partly-completed matrix 

X. 




Figure 1.2 




(i) 




Copy and complete the matrix 

X. 




A 

second airline also offers flights between these four 

cities.The 

following 




matrix represents the total number 

of 

direct flights offered by the two airlines. 




(ii) 

Find the matrix 

Y 

representing the flights offered by the second 




airline. 




(iii) 

Draw 

a 

diagram similar to the one in Figure 1.2, showing the flights 




offered by the second airline. 




④ 

Find the values of 

w, x, 

y 

and 

z 

such that 




⑤ 

Find the possible values of 

p 

and 

q 

such that 




⑥ 

Four local football teams took part in 

a 

competition in which they each 




played each other twice, once 

at 

home and once away. Figure 1.3 shows the 




results matrix after half of the games had been played. 




Figure 

1.3 
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6 




Multiplication of matrices 




(i) 




The results of the next three matches are 

as 

follows: 




City 




2 




Rangers 

0 




Town 

3 




United 




3 




City 




2 




Town 




4 




Find the results matrix for these three matches and hence find the 




complete results matrix for all the matches so far. 




(ii) 

Here 

is 

the complete results matrix for the whole competition. 




Find the results matrix for the last three matches (City vs United, 




Rangers vs Town and Rangers vs United) and deduce the result of 




each of these three matches. 




⑦ 

A 

mail-order clothing company stocks 

a 

jacket in three different sizes and 




four different colours. 




The matrix 

P 

= 




represents the number of jackets in 




stock 

at 

the start of one week. 




The matrix 

Q 

= 




represents the number of orders for 




jackets received during the week. 




(i) 




Find the matrix 

P 

– 

Q. 




What does this matrix represent? What does the negative element in 




the matrix mean? 




A 

delivery of jackets 

is 

received from the manufacturers during the week. 




The matrix 

R 

= 




shows the number 

of 

jackets received. 




(ii) 

Find the matrix which represents the number of jackets in stock 

at 

the 




end of the week after all the orders have been dispatched. 




(iii) 

Assuming that this week 

is 

typical, find the matrix which represents 




sales of jackets over 

a 

six-week period. How realistic 

is 

this assumption? 




2 

Multiplication 

of matrices 




When you multiply two matrices you do not just multiply corresponding 




terms. Instead you follow 

a 

slightly more complicated 

procedure. The 

following 




example will help you to understand the rationale for the way 

it is 

done. 









There are four ways of scoring points in rugby: 

a 

try (five points), 

a 

conversion 




(two points), 

a 

penalty (three points) and 

a 

drop goal (three points). In 

a 

match 




Tonga scored three tries, one conversion, two penalties and one drop goal. 




So their score was 




3 × 5 + 1 × 2 + 2 × 3 + 1 × 3 = 

26. 




You can write this information using 

matrices.The 

tries, conversions, penalties 




and drop goals that Tonga scored are written 

as 

the 

1 × 4 

row matrix (3 

1 2 

1) 




and the points for the different methods of scoring 

as 

the 

4 × 1 

column 




matrix 




These are combined to give the 

1 × 1 

matrix 

(3 × 5 + 1 × 2 + 2 × 3 + 1 × 3) 

= (26) 




. 




Combining matrices in this way 

is 

called 

matrix multiplication 

and this 




example 

is 

written 

as (3 1 2 1) 




(26). 




= 









The use 

of 

matrices can 

be 

extended 

to 

include the points scored 

by 

the 




other team, 

Japan.They 

scored two tries, two conversions, four penalties 




and one drop 

goal.This 

information can be written together with Tonga’s 




scores 

as a 2 × 

4 matrix, with one row for Tonga and the other for Japan. 




The multiplication 

is 

then written as: 




So Japan scored 29 points and won the match. 




This example shows you two important points about matrix multiplication. 




Look 

at 

the orders of the matrices involved. 




The two 

'outside' numbers 

give you the 

order 

of 




the 

product matrix, 

in this 

case 

2 x 1. 




The two 

'middle' numbers, 

in this 

case 

4, 

must 




be the 

same 

for it to be 

possible 

to 

multiply 

two 




matrices. 

If two 

matrices 

can be 

multiplied, 




they 

are 

conformable 

for 

multiplication. 




You can see from the previous example that multiplying matrices involves 




multiplying each element in 

a 

row of the left-hand matrix by each element in 

a 




column of the right-hand matrix and then adding these products. 




7 









8 




Find 




Example 1.1 




Example 1.2 




Solution 




The product will have order 

2 × 1. 




Figure 1.4 




Solution 




The order of this product 

is 2 × 3. 




Find 





Discussion point 




➜ 




which 

of 

the products 

AB, BA, AC, CA, BC 

and 

CB 

exist? 




Multiplication of 

matrices 









Properties 

of matrix 

multiplication 




In this section you will look 

at 

whether matrix multiplication is: 




n 




commutative 




n 




associative. 




On page 

4 

you saw that for numbers, addition 

is 

both associative and 




commutative. Multiplication 

is 

also both associative and commutative. 




For example: 




(3 

× 

4) 

× 5 = 3 × 

(4 

× 

5) 




and 




3 × 4 = 4 × 3 




Example 1.3 




Find 




What do you notice? 




Solution 




The order of this product 

is 2 × 2. 




Multiplying 

a 

matrix by the identity matrix has no effect. 




ACTIVITY 1.1 




Using 

A 

= 




and 

B 

= 




find 

the products 

AB 

and 

BA 

and 




hence comment 

on 

whether 

or 

not matrix multiplication 

is 

commutative. 




Find 

a 

different pair 

of 

matrices, 

C 

and 

D, 

such that 

CD 

= 

DC. 




9 
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ACTIVITY 1.2 




Using 

A 

= 




  

B 

= 




and 

C 

= 




, find 

the matrix 




products: 




(i) 

AB 




(ii) 

BC 




(iii) 

(AB)C 




(iv) 

A(BC) 




Does your answer suggest that matrix multiplication 

is 

associative? 




Is 

this true 

for all 2 × 2 

matrices? How can you prove your answer? 




In this exercise, do not use 

a 

calculator unless asked to. 

A 

calculator can be used 




for checking answers. 




① 

Write down the orders of these matrices. 




(ii) 

Which of the following matrix products can be found? For those that 




can state the order of the matrix product. 




(a) 

AE 




(b) 

AF 




(c) 

FA 




(d) 

CA 




(e) 

DC 




② 

Calculate these products. 




(i) 




(ii) 




(iii) 




Check your answers using the matrix function on 

a 

calculator 

if 

possible. 




③ 

Using the matrices 

A 

= 




   

and 

B 

= 




 confirm 

that 




matrix multiplication 

is 

not commutative. 




Exercise 1.2 




TECHNOLOGY 




You could use the 




matrix function 

on 

your 




calculator. 




T 




Multiplication of 

matrices 









④ 

For the matrices 




A 

= 




   

B 

= 




   

C 

= 




D 

= 




E 

= 




F 

= 




calculate, where possible, the following: 




(i) 




AB 

(ii) 

BA 

(iii) 

CD 

(iv) 

DC 

(v) 

EF 

(vi) 

FE 




⑤ 

Using the matrix function on 

a 

calculator, 

find 

M 




4 




for the matrix 




M 

= 




⑥ 

A 

= 




   

B 

= 




(i) 




Find the matrix product 

AB 

in terms of 

x. 




(ii) 

If 




   

  find 

the possible values of 

x. 




(iii) 

Find the possible matrix products 

BA. 




⑦ 

(i) 

 For the matrix 

A 

= 




   

   find 




(a) 

A 




2 




(b) 

A 




3 




(c) 

A 




4 




(ii) 

Suggest 

a 

general form for the matrix 

A 




n 




in terms of 

n. 




(iii) 

Verify your answer by 

finding 

A 




10 




on your calculator and 

confirming 




it 

gives the same answer 

as 

(ii). 




⑧ 

The map 

in 

Figure 1.5 below shows the bus routes 

in a 

holiday area. Lines 




represent routes that run each way between the resorts. Arrows indicated 




one-way scenic routes. 




M 

is 

the partly completed 

4 × 4 

matrix which shows the number of direct 




routes between the various resorts. 




Figure 1.5 




Note 




M 




4 




means 

M 

× 

M 

× 

M 

× 

M 




11 





















OEBPS/images/spar_9781510429864_epub3_cvi_r1.jpeg
Innovators in
Mathematics
Education

7 Ben Sparks,
Claire Baldwin

Roger Porkess and
Catherine Berry

il

THES

4th Edition

An OCR endorsed textbook

OCR 0"integral ‘ LSy

Oxford Cambridge and RSA

LEARN MORE

















OEBPS/nav.xhtml








		Cover



		Title Page



		Copyright



		Contents



		Getting the most from this book



		Prior knowledge



		Acknowledgements



		1 Matrices and transformations



		1.1 Matrices



		1.2 Multiplication of matrices



		1.3 Transformations



		1.4 Successive transformations



		1.5 Invariance









		2 Introduction to complex numbers



		2.1 Extending the number system



		2.2 Division of complex numbers



		2.3 Representing complex numbers geometrically









		3 Roots of polynomials



		3.1 Polynomials



		3.2 Cubic equations



		3.3 Quadratic equations



		3.4 Solving polynomial equations with complex roots









		4 Sequences and series



		4.1 Sequences and series



		4.2 Using standard results



		4.3 The method of differences



		4.4 Proof by induction



		4.5 Other proofs by induction



		Practice Questions Further Mathematics 1









		5 Complex numbers and geometry



		5.1 The modulus and argument of complex number



		5.2 Multiplying and dividing complex numbers in modulus-argument form



		5.3 Loci in the Argand diagram









		6 Matrices and their inverses



		6.1 The determinant of a matrix



		6.2 The inverse of a matrix



		6.3 Using matrices to solve simultaneous equations









		7 Vectors and 3D space



		7.1 Finding the angle between two



		7.2 The equation of a plane



		7.3 Intersection of planes



		Practice Questions Further Mathematics 2









		An introduction to radians



		The identities sin (θ ± ϕ) and cos (θ ± ϕ)



		Answers



		Index



		Back Cover











Guide





		Cover



		Title Page



		Contents



		Getting the most from this book





























