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Dedication

This book is dedicated to my niece Imogen (1995–2021), and to Julie, Vic, and Alex. Imi, you are always with us.
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1

A New Mathematical Relationship

I had been invited to a dinner in an expensive restaurant to meet the CEO of a major social media platform and his wife. The restaurant was lavish, typical of the expensive venues in Silicon Valley. I felt nervous as I joined them at the table, wondering what the evening had in store. The occasion had come about through a friend who knew the CEO’s wife. My friend was familiar with my work to improve mathematics teaching and thought the CEO would be a useful person to connect with. After living and working in Silicon Valley for the past several years, I understood that this kind of networking is part of the fabric of the area and a large reason for the growth in innovation and productivity here.

The beginning of the dinner was baffling, unlike any I had ever attended: the CEO acted as though I, and the rest of the group he was eating with, were not there. He instead spent all the time on his phone, talking to colleagues, busily making work plans with a stack of work papers he had pulled out of his bag. This behavior, intentional or not, made us all look and feel insignificant. His wife appeared embarrassed, glancing repeatedly toward her husband’s makeshift office at the corner of our table. This continued until the food arrived and the CEO was forced to pack up. We were halfway through the meal before he acknowledged my existence. Looking up from his food, the CEO stared intently at me and said disapprovingly, “So you think math teaching should change?”

Without pause, he went on to tell me how well he had done in math, revealing his many achievements in mathematics in school and in college. At this point, I knew the conversation would not be easy. After many years of trying to improve mathematics teaching—a subject with widespread failure rates—I knew that those who had achieved highly are usually the ones believing nothing should change. In their minds, math is hard, and they had just showed their brilliance by achieving at high levels. But one thing you will learn about me is that I am willing to fight for solutions to what I know are real problems for many students. I decided to show the CEO a different mathematics.

I explained how neuroscientists have given us insights into how our brains process mathematics—and how important it is that we activate different parts of the brain in our mathematical thinking, particularly the visual pathways. He agreed to look at an interesting visual with me, which I often share when meeting someone new. I chose one of my favorites, created by the mathematics educator Ruth Parker (figs. 1.1 and 1.2).
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1.1 The author showing Ruth Parker’s increasing squares model, shown in figure 1.2
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1.2 Ruth Parker’s increasing squares model



Typically pictures like this are used to help students think about pattern growth and, from there, generalization using algebraic symbols. Students in math classes are often asked questions like “How many squares would be in case 10? Or case 100? Or case n?” These are good questions, but they become much better when they invite visual thinking. Typically, in classrooms, students are expected to draw a table of numbers, then stare at the table until they notice the pattern. The pattern that people may notice is numerical—that is, to find the number of squares in the pattern, you can take one of the case numbers (such as 2), add one to the number (making 3), then square the number to get 9. This pattern of adding one and squaring the number lets you find the total number of squares from any of the case numbers. This pattern can be expressed algebraically as (n+1)2.

The expression that describes the pattern, (n+1)2, is a quadratic function. When students work in this way—manipulating numbers and symbols with no connections or meaning—they miss important opportunities to understand mathematical functions. In my work, instead of asking how many numbers are in different cases, I ask, “How do you see the pattern growth? Where do you see the extra squares on the shape?” These are the questions I asked the CEO that night.

Number of Squares in Each Case








	Case

	Total number of squares



	1

	4



	2

	9



	3

	16



	4

	25



	n

	(n+1)2





I was surprised by his response. It was not that the CEO could not see a method of growth; he could, and he described the method to me. He said that he saw the extra squares on top of each column. Other people have described this as a “raindrop” method, with the squares coming down on top of the shape, like drops of rain coming down from the sky. Figure 1.3 shows this method and other ways people see the growth.

But after sharing his method, the CEO asked something I have never been asked before. With genuine confusion in his voice, he asked, “Doesn’t everyone see it that way?” I did not tell him no; I just asked everyone at the table to share how they saw the growth. As we went around the table, everyone shared a different way of seeing the pattern growth. The CEO appeared increasingly flabbergasted, as though it had never occurred to him that there was more than one way of seeing something mathematical. He shook his head in disbelief. We had his attention.
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1.3 Different ways people see and describe the pattern growth



Changes to questions to invite a broader version of mathematics are important. When students encounter the narrow, numerical version of a question, and they stare at tables of numbers to see patterns and find algebraic expressions, they may come up with (n+1)2, but they have no idea why this expression works or what it means. When we ask students how they see the pattern growth, they understand the function more deeply, and they can understand, visually, that the shape grows as a square that is always one more than the case number. The last method in figure 1.3 shows this most clearly. This is why we can describe the growth as (n+1)2.

As dinner progressed, I shared something I am passionate about, which is rooted in important neuroscientific research: the value of mathematical diversity. The term diversity means difference, variety. In this book, I will use the term mathematical diversity to include both the value of diversity in people, whether racial, cultural, social, or any other form, and the diverse ways we can see and learn mathematics. I will also use the term math-ish to describe a way of thinking about the mathematics we use in the real world that could be a powerful tool for student thinking. Embracing these concepts of mathematical diversity and of math-ish are the keys to stepping into a rich understanding of mathematics that is equitably meaningful for all learners, regardless of education, gender identity, race or ethnicity, and beyond.

Research shows that student diversity is key for collaboration, problem-solving, compassion, achievement, and more.1 But research also shows that when mathematics is embraced as a subject that can be seen and solved differently, it leads to higher achievement and greater motivation and enjoyment.2 These two aspects of diversity—differences among people and in mathematics—stand alone, but they also come together in beautiful ways, strengthening and supporting each other. If we want to value and encourage all the people we meet who think in different ways, we must reject narrow mathematics, which is the only mathematics most people know. Instead, we should embrace mathematical diversity.

The CEO was amazed that night by the mathematical diversity he saw, which is often missing in schools and homes, much to the detriment of individuals’ mathematical relationships. Some people can be successful with a narrow and one-dimensional version of mathematics, but even these people are missing out on the full range and power of math. When people engage with the diversity of mathematics, it changes the insights they gain from every numerical, spatial, or data-related situation they encounter.

A Different Way

I am a professor at Stanford University, but I started my career as a mathematics teacher in London schools. I first taught at Haverstock School, a secondary school in Camden Town in central London.3 Camden is a vibrant, beautiful, and under-resourced part of London, and most of the students live in assisted housing and qualify for free school meals. When I was teaching at Haverstock, the students spoke more than forty different languages. It is a wonderfully diverse place to teach.

On my first day of teaching there, I was fresh from my teaching credential year at London University and filled with ideas on ways to bring mathematical beauty and joy to students. The students in the class were thirteen years old and had just been put into ability groups. I was teaching the lowest group, “set 4” of four groups. Here I met Sue, a feisty student who I later learned had a reputation for being excluded from school. Her vocal opposition to some of the teachers’ ideas meant she was forced to miss school days—and learning opportunities. Sue wore her trademark cheeky expression and a twinkle in her eye that first day when she asked me, loudly, “Why should we bother?”

I hesitated. As a brand-new teacher in the first hour of my first class, I was unsure of what to say. Her pointed question was valid. Students placed into low groups in the UK system can only achieve low exam grades. The highest grade these students in my class could achieve in their national examinations, which would take place three years later, was a D. Most jobs and higher education pathways require a C or above. If students hear a strange, loud noise at the time they are placed into low groups, it is probably the sound of doors slamming—doors that could lead to brighter futures but which are no longer available to them. In that moment, I decided I would teach Sue, and her peers, the higher-level work. Three years later, Sue achieved the grade she needed to advance and gained a place in a sound engineering program. She now owns and runs major music and entertainment companies in Bali.
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1.4 My first day of teaching, Haverstock School, London



When Sue first came to my class, she held the idea she could not do well in mathematics, and she was facing many difficult circumstances at home and at school, including being tracked into the lowest group. Despite this, she was able to transform her mathematical achievement—and, with that, her life. In a news story on her achievements in later years, she reflected that prior to her achieving well in mathematics, she had been thinking she would never accomplish such success in her life.

In the years since then, I have taught many people what I taught those students at Haverstock School in London—a way of approaching mathematics that leads to success. This starts with mathematical diversity—valuing the different ways that people see and think about mathematics. This alone has the potential to change mathematics from being a narrow, rigid experience to a diverse, accessible, and dynamic experience. It also involves taking an “ish” approach to mathematics, but I will explain more about that later.

Narrow Mathematics

Many people are aware of the damages caused by the lack of mathematical diversity in the school system, what I call narrow mathematics. In the world of narrow mathematics, questions have one valued method, and one answer. They are always numerical, and they do not involve visuals, objects, movements, or creativity. Most people have only ever experienced narrow mathematics, which is why we have a country of widespread mathematics failure and anxiety.4 One example of the damage caused by narrow mathematics comes from the college system. In a noteworthy New York Times article, investigative reporter Christopher Drew shared that every year, students enter four-year colleges intending to major in one of the much-needed STEM subjects of math, science, engineering, and pre-medicine.5 After the students experience the introductory classes, however—what Drew describes as a “blizzard of calculus, physics and chemistry,” a stunning 60 percent of the students change their majors. Drew quotes David E. Goldberg, an emeritus engineering professor, who describes this as “the math-science death march.”

Drew cites as an example Matthew, who scored an 800 in his math SAT and had taken calculus BC and five other advanced placement courses in high school. He arrived in college intending to become an engineer, expecting to encounter interesting content that he could think about in different ways. Instead, he found himself in classes where he was expected to memorize equations and decided, at that point, that he had “had enough” of narrow math. As a potential engineering student, Matt had expected the classes to be “all about the application.” He was so disappointed with the narrow ways in which content was introduced, he switched his major to psychology, where the courses invited students to discuss ideas.

Narrow mathematics not only pushes high-achieving students away from STEM courses but also has a devastating effect on students who need to pass mathematics to move forward with their lives, whatever direction they intend to take. Approximately 40 percent of students in the US attend community colleges, where they are required to take tests, usually in the content of algebra 2. Eighty percent of these students end up in remedial math courses, typically consisting of algebra taught in the same way they experienced it in high school, which caused their failure in the first place. In California, more than 170,000 students are placed into remedial math, and over 110,000 of them fail or leave the courses and cannot move forward with their college careers.6
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1.5 The math-science “death march”



Narrow mathematics ends the hopes and dreams of millions of college students. Not only is this a problem for the students, but it also causes severe problems for US society, threatening the future of the economy, the development of science, technology, medicine, and the arts.7 Indeed, the data is so dramatic, negative, and consequential, I am surprised it does not prompt federal- and state-level action to illegalize narrow mathematics, banishing it from K–12 and college classrooms.

The problem highlighted by the college data from two- and four-year colleges is reproduced in classrooms throughout the country, from kindergarten all the way to college: very few students enjoy or connect with a version of mathematics that is a narrow, impoverished version of the subject. As students move through the grades, mathematics becomes more and more narrow, and the narrowness of the subject is mirrored by the narrowness of the students who manage to stay engaged and successful.8

[image: ]

When we open mathematics to acknowledge the many ways that any mathematical thought or concept can be considered, seen, and solved—when we teach mathematics with ­diversity—we open the subject to many more students.9

Even from the very beginning of my career, I knew there was a better way to teach and learn math. But when the new neuroscience of learning exploded onto the scene ten or so years ago, showing the ways our brains process math, I became passionate about communicating these ideas.10 When I share ideas with others, I do not present abstract neuroscientific results; I translate the findings, showing what they mean for mathematics learning—and, more broadly, mathematical relationships. The ideas have the potential to transform learning and so are incredibly helpful for parents, teachers, and students. But in addition, they also change the way people encounter and use mathematics in their lives. Mathematics can be a secret weapon, an incredible tool, that all of us have the potential to use, but it is often an underutilized skill. If you would like to live your life to the full, making the most of the mathematical lens we can use to see the world, I invite you to power up, approaching mathematics and life with the lens of mathematical diversity and math-­ish.

[image: ]

A Global Cultural Problem

The ideas I will share in this book have helped not only those who did not achieve well in math. I have been teaching highly accomplished undergraduates at Stanford for years now. Most of them arrive with a broken relationship with math. They have been successful, but they see math as a set of procedures they need to reproduce, at speed. When I show them that math can be the opposite of this—a set of connected and creative ideas that people can think about slowly—they are amazed, and thrilled.11 The students tell me that they do not ever want to go back to the narrow, speed-based version of mathematics they knew before.

Few people see and experience mathematics with diversity, and the consequences of bad math are real for millions of people worldwide. Between 10 percent and 40 percent of people in most countries are innumerate and avoid math as much as possible.12 These folks are vulnerable every time they need to read a chart, mathematical diagram, table, or set of numbers. Many in this position are experiencing poverty, and the inequities in education systems and society deny them opportunities to learn and improve their lives. Unfortunately, the people who most need mathematical confidence and knowledge are often those who are not given access to a strong mathematics education, so they are cut off from many career paths.13 Mathematics achievement can help bring young people out of poverty and allow them to live their lives more fully.14
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In addition to the lack of diversity in classrooms, many people have a negative relationship with math because, more than any other subject, it is treated as a performance subject in school. Math is the most over-tested subject in the curriculum, and it is frequently used to rank students and, by extension, to measure their worth as people. Students often do not even think about math for its own sake; they can only think about how well they are doing in the subject. To make it worse, testing usually consists of cold, narrow questions taken at speed.

Very few people survive these narrow, speed-based testing assaults with positive ideas about the subject. Math testing is a trial by procedures. For those who do well, their reward is to meet real mathematics—to play with ideas and make connections between them. But for most people, their experience of procedures, pressure, and constant judgment leads them to conclude that math is scary and unpleasant.
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If you are a parent or teacher with students facing these issues, I have good news: you are not alone, and this book will help you. The vital information in these pages will help children navigate their mathematical journeys, finding joy, relief, and hope in this diverse approach to mathematics. Even if you are an adult with a positive relationship with math, this book will help you, too, as it will discuss new research about the mathematical approach we need in the modern world. I have worked with many people over the years who were able to change their mathematical relationship—realizing that it was not they who were “broken” but the system. When they changed the way they related to math, they found their lives enhanced.15

One of the mathematical powers I will teach you is to change any difficult mathematical problem into an easier problem. Most people do not know how, or think they are not “allowed,” to do this. They think they must work with the difficult problem they are given. But changing math problems turns out to be really helpful, not just in school but in the demands that come our way in the world. This different way of thinking about mathematics is a new lens that can be applied to anything—and once you learn this superpower, you will not look back. I will also teach you to take the knowledge you have and make connections to other knowledge. If this sounds mysterious, read on, because it will all become clear in the chapters that follow.

The mathematics performance culture of schools became evident to me a few years ago, when I interviewed passersby in the streets of San Francisco, California. I was preparing to make one of my first online courses, and I arrived in the city on a cool day with a couple of my graduate students and some cameras.16

I asked each person who passed by to simply describe math to me. But they all answered a different question. One by one, they all shared how well they had done in math—they described their performance, usually ranking themselves as they talked.

Their emotional descriptions of their performance journeys, whether successful or not, were striking. Not one person gave a description of mathematics; instead, they described their own journeys of success or failure. This is the damage of the performance culture; it robs people of their right to enjoy mathematical ideas and become mathematically empowered.17 Instead, many people have only ever known math as a tool for ranking, judging, and segregating.

It is not only the over-testing of math that creates this damage; the testing culture combines with the traditional misrepresentation of the subject as a set of procedures and right and wrong answers. It is not a coincidence that those aspects of math appear together. It takes work and effort and some imagination to create test questions that assess a diverse approach to mathematics—valuing students’ thinking, creativity, and problem-solving. None of the major math textbook publishers, the math app developers, or the testing companies have ever made this commitment. They love narrow, procedural math because it is easy to reproduce mindless questions in hundreds of thousands of textbook pages, and it is easy to test. But this should not be what drives mathematics education.
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On the stage of misfortune, we have, so far, two villainous characters: an over-tested subject and a misrepresentation of math as a set of procedures. These two villains are bad enough, but they are helped by a third: the nasty ghoul of the “math brain.”

For centuries, many believed that some people were born with a “math brain” and could learn math to high levels, while others could not. Often these ideas were combined with sexist, racist, and other discriminatory ideas about who had these special “gifts.”18 But the past ten years or so have shown, quite definitively, that there is no such thing as a math brain, and all brains are constantly developing, connecting, and changing.19 This is supported by neuroscientific evidence revealing incredible brain growth after short interventions.20 It has also been demonstrated by people whose early years of school were difficult, often being labeled as needing severe special education support, but who went on to achieve the highest mathematical levels—including a doctorate in applied mathematics from Oxford University.21
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These three villains—the math brain, the procedural subject, and the over-testing—with some systemic inequalities thrown in for good measure, all work together in perfect synchrony to create a horrible experience that few recover from. To make matters worse, some of the people who have come through this harrowing experience, usually people who are wealthy and powerful, fight with those trying to change it, to keep it the same. They survived it; why not make others try to do the same? I refuse to give in to these people, and my continued resistance has resulted in more than a few war wounds over the years.22 My most recent experience of being one of the writers of a new mathematics framework for the state of California led to my being targeted with hate mail and death threats from a group working to discredit my research and work.23 I continue the struggle because I know that mathematics can be experienced in a wholly different and beautiful way—a diverse way. And when people experience mathematics in this new way—even inside the brutal performance culture that pervades schools—math enjoyment and high achievement result, even on narrow tests.24

Fortunately, not all the people who have been successful in our math performance culture fight to keep it the same. I am heartened by the collaborations I have had with some incredible mathematicians, engineers, and scientists who know that we need to fundamentally change the ways mathematics is taught and learned.25 Eugenia Cheng is one mathematician I admire who is devoting much of her career to writing to try to change the public’s ideas of what mathematics is and can be. She accurately points out that we do not spend enough time sharing mathematical joy with young people; instead we focus on training them to jump through arcane hoops, encouraging them to memorize methods and rules that will probably have little or no use in their lives.26

The Mindset-Cognition Link

There are many reasons why it is important to think about math differently. Lang Chen, a neuroscientist and professor at Santa Clara University, conducted important research in this area.27 It had been known for some time that students with positive attitudes toward their learning achieved at higher levels.28 Positive attitudes reduce anxiety about learning, enhance motivation, and boost students’ persistence.29 Chen was interested in exploring this relationship further to determine the neurological mechanisms at play and the factors that support or impede a positive attitude.

One of Chen and his colleague’s findings was that students’ attitudes toward math—whether they liked or disliked it—correlated with their math achievement (but not their reading achievement), even after controlling for IQ scores,30 age, working memory, and math anxiety.31 Significantly, they found that positive attitudes were related to activity in the hippocampus—that is, the activation of the right and left hippocampus regions. This is important because many people—inside and outside the scientific world—believe that people’s attitudes are unrelated to their mathematical cognition, that they exist in some other, fuzzy part of the brain. But the hippocampus is one of the most mathematical regions of the brain, playing a vital role in learning and in spatial navigation. The hippocampus has Google-like abilities; neuroscientist Sian Beilock describes it as the “search engine of the mind.”32 We can switch this power on for students if we spend more time encouraging them to enjoy mathematics through mathematical explorations that are absent of testing, grading, and other performance pressures. Chen found that what you believe about math changes your hippocampus—it changes the ways your brain functions when you learn.33 So much funding and attention has been given to changing students’ knowledge and understanding, but hardly anyone pays any attention to the important fact that huge boosts in achievement (and more) come about when students’ attitudes and feelings change—their mathematical mindsets.

Scientists have found that when people with math anxiety are given math questions, the same fear center lights up in their brains as the fear center that lights up when we see snakes and spiders.34 Considerable evidence exists showing that fear and anxiety disable parts of our brains, including the hippocampus, which reduces learning. Conversely, positive thinking and beliefs about mathematics boost the same important parts of our brains, leading to positive learning and higher achievement. This evidence alone should halt the use of anxiety-inducing practices in mathematics classrooms and encourage an approach that infuses mindset and positivity into the content. This is how we teach middle and high school students in our summer camps at Stanford. The impact is significant.35

The first summer camp we taught was for middle school students. Achievement tests showed that the four weeks they spent with us resulted in gains equivalent to 2.8 years of school.36 The students changed their mindsets, and they started to believe in their own potential. They also began to see mathematics differently. The combination of these changes, in their mindset and their mathematics approach, was powerful.

The results were so strong that my youcubed team at Stanford—all experienced educators—began to run workshops for other teachers to offer the same camps in their local regions.37 A study of the impact of these camps, enacted in ten school districts across the US, showed the same beneficial results in achievement.38 Not only did the students achieve at significantly higher levels at the end of their camps, but they also went back to their schools and achieved significantly higher math GPAs the following term, compared to control students.39 What happened in these camps that changed the students’ learning trajectories? They learned to approach mathematics in the ways I will share in this book.

A New Model for Success

My own knowledge about educational approaches that bring about transformational experiences for students comes from a wide array of sources. I work with and learn from neuroscientists at Stanford, and they have provided incredible and important insights in recent years, sharing how our brains process mathematics.40 I also learn from cognitive psychologists who study learning and have shared important new knowledge about thinking and learning. Scientists such as Carol Dweck, Anders Ericsson, and Jim Stigler have written books sharing invaluable wisdom from psychology.41 But I know from many years of teaching that while these neuroscientists and psychologists add critical insights into learning, the potential of their ideas is only maximized when it is combined with the insights that educators provide. For it is educators who have rich understandings of students’ learning in classrooms and homes, and it is researchers in education who have studied varied learning environments to understand the impact of different teaching and learning approaches. Mathematics understanding is a basic form of literacy that every person needs—and that every person can achieve. In this book I do something I have never done before; I bring together the different insights these diverse sources provide into one model of teaching and learning. It is this model that I and others have used for the past few years that has resulted in significant and lasting achievement boosts.42

Popular books in mathematics education share classroom structures and ways of organizing classrooms, which can be generative for student thinking and learning and helpful for teachers, but they often leave out the building of important mathematical relationships.43 These relationships—between adults and students, between students and students, and between you and you—matter. I know that positive mathematical relationships come from two important areas of work: one involves changing the mathematics people meet, from narrow questions to open questions that invite diverse, creative ideas; the other involves encouraging respectful, collaborative relationships between people. This book is filled with information on ways to bring about both conditions and inspiring examples of those who do so, with stunning results.

I hope that the ideas in this book help you, and those you work with, achieve beautiful mathematical relationships. Whether you are a parent, a student, an educator, or a person who would simply like to improve your relationship with math, I invite you to meet, or become reacquainted with, two concepts that will come alive in the following pages: mathematical diversity and math-ish. These ideas take place when the diversity provided by different people and ideas combines with a version of mathematics that is open and ish enough to benefit from that diversity. If you meet and truly experience this version of mathematics, it will change you. Then, perhaps, if you are ever stopped on a street and asked to describe math, you won’t talk about your brutal experiences or your ranked performance; instead you will describe the ways math lights up your world.
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Learning to Learn

It turns out that the most mathematically empowered people in the world take an approach to learning math that is different from those who are less successful. They do not achieve highly because they were born with special advantages but because they have been given access to some ideas and ways of working that I will share in this chapter. Usually, they have learned these ideas from friends or family members, as they are rarely shared inside the school system. But when learners are given information that allows them to approach math differently, their learning pathways change.

Importantly, the different, more successful approach to understanding math can be learned. And the impact of the changed approach is far-reaching; research shows that the practices and beliefs that create higher-achieving students are also practices and beliefs that improve people’s lives. The changed approach starts with metacognitive actions, which allow people to become better problem solvers, communicators, and questioners; become more motivated; develop better relationships; and become more successful in their jobs. For learners, the impact is just as impressive, giving them huge boosts in achievement, a benefit that extends across all age groups and all subjects.

In my work with educators, I find that most people believe metacognition is a process of thinking about your own thinking. I prefer to think of it as learning to learn, and learning to be effective in life. Metacognition is a major part of developing into a creative, independent, self-regulating, and flexible problem solver. Despite the evidence supporting the impact of metacognition practices on learning and achievement, I rarely ever see them enacted in mathematics classes. I am doubtful that the ideas are regularly encouraged in workplaces or homes. This absence of metacognitive learning has major ramifications on long-term individual success in mathematics and beyond. Fortunately, there is a set of strategies that we can all use. As I share them in this chapter, I invite you into a metacognitive journey that will enhance your learning and your life.

A New Theory of Cognition

In 1979, Stanford professor of psychology John Flavell created the theory of metacognition, and researchers have been investigating its impact ever since then.1 The word meta comes from the Greek prefix meaning beyond, and metacognition regards the important processes that go beyond thinking, such as planning, tracking, and assessing. Flavell describes metacognition as including knowledge of ourselves, knowledge of the task at hand, and knowledge of strategies, so it is no surprise that it boosts problem-solving, enables mathematical diversity, and enhances work performance.2 I am sharing the strategies that lead to a metacognitive and mathematically diverse perspective in this early chapter, so you can employ them as you move through the book.

In 2015 a wide-scale Programme for International Student Assessment (PISA) considered the learning approaches of 15 million students and the ways they related to mathematics achievement. The results showed that students taking a memorization approach to math were the lowest-achieving students in the world. The students who were the highest achievers were those taking a “relational” or a “self-monitoring” approach.3 These students either described their approach to learning as focused on relating ideas to each other (see chapter 6) or described how they monitored their own learning; both approaches are quintessentially metacognitive. The Organisation for Economic Co-operation and Development (OECD), the international group that organizes and administers PISA tests worldwide, has set out a “learning compass 2030” defining the “knowledge, skills, attitudes, and values that learners need to fulfil their potential and contribute to the well-being of their communities and the planet.”4 Metacognitive skills are central in the guidance they give in developing students into people who function effectively in, and can contribute in meaningful ways to, their local communities and the world.

John Hattie is a researcher who conducts meta-analyses, an approach that combines multiple different scientific studies to find results that have wide-scale applicability. Hattie conducted a groundbreaking study that considered different approaches in education, each of which was given an effect size. An effect size is a value that communicates the strength of relationship between two variables—Hattie looked at the relationship between different approaches in education and student achievement, seeing how much the different approaches impacted achievement. He considered 138 different educational approaches through 70,000 studies and 300 million students and found that the average effect size (measured as a Cohen’s d) of the different approaches was 0.40. He then decided to judge the effectiveness of them all in relation to this hinge point to see which approaches are worth pursuing. One of the approaches leaped out as having more impact than any other—with an effect size of 1.33: students reporting their own progress. The other acts that were shown to have high impact were classroom discussions (0.82), students engaging in metacognition (0.75), and problem-solving teaching (0.68). Among the approaches that had an impact size so low they did not justify their use were individualized instruction (0.23), external accountability systems (which I think of as district-imposed tests!) (0.31), and ability grouping (0.12).5 Hattie’s meta-analyses summarize thousands of studies, so they do not give detail on different ways the approaches are enacted, but they do give statistically powerful clues as to the approaches that are important to use.

Only one of the categories was called “metacognition,” but the act that has the greatest impact of all—students reporting their own progress—is highly metacognitive; later in the chapter I will share some ways of giving this important opportunity to students.

In classrooms and workplaces, it is easy to spot people who have learned metacognitive strategies and others who have not. We probably all know people who are discouraged when they are given difficult challenges, assume that they cannot do well, and give up in the face of roadblocks. We probably also know people who are not open to ideas different from their own and who try to shut other ideas down, or perhaps they shut down themselves when different ideas are shared.

By contrast, a person who has learned metacognitive strategies is likely to be inquisitive and curious, they are eager to learn, and they appreciate diverse viewpoints. If they are stuck in a problem, they may circle back and think about what they know and need to know, or they may choose from other different strategies they have learned. Importantly, they enjoy the process of problem-solving and learning. This complex combination of high-level problem-solving, mindset, and planning that occurs when we are metacognitive takes place in the anterior prefrontal cortex of our brains.6

When people learn to be metacognitive, they not only improve their problem-solving, they also develop greater prosocial behavior, become better communicators, develop more empathy, and learn greater executive control.7 Some people learn to engage in these different ways, invoking a complex combination of mindset and higher-order thinking through their lives, and they are more successful people because of it.8 As Donna Wilson and Marcus Conyers, two experts on “brain-based learning” say, if cognitive functions are musicians, metacognition is the conductor.9

I see the potential of taking a metacognitive approach in three different areas of life and work. First, the area most often associated with metacognition is the self-awareness we have of our own learning and interacting. In my work teaching teachers in the UK and the US, I often ask them to reflect on a lesson they have taught. This has shown me something fascinating. Some teachers are incredibly reflective and recall details of lessons and ways they could have engaged differently, dissecting important classroom interactions and considering their role within them. Others don’t reflect on much at all



Put Metacognition into Practice


Share the Value of Metacognition
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Encourage Metacognition Through Discussion




Inside Carlos’s Classroom
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Encourage Metacognition Through Eight Mathematical Strategies


1. Take a Step Back






2. Draw the Problem


3. Find a New Approach


4. Reflect on “Why?”


5. Simplify


6. Conjecture


7. Become a Skeptic
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8. Try a Smaller Case
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Encourage Metacognition Through Journaling



Build a Reflective and Growth Mindset
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Encourage Metacognition Through Group Work: Teach Students to Respect Each Other’s Ideas
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Mathematical Ways of Working



	Recognizing and describing patterns

	Justifying thinking using multiple representations

	Making connections between different approaches and representations

	Using words, arrows, numbers, and color coding to communicate ideas clearly

	Explaining ideas clearly to team members and the teacher

	Asking questions to understand the thinking of other team members

	Asking questions that push the group to go deeper

	Organizing a presentation so that people outside the group can understand your group’s thinking







Good Group Behaviors


	Leaning in and working in the middle of the table

	Giving equal airtime to all members

	Sticking together

	Listening to each other

	Asking each other lots of questions

	Following your team roles







Encourage Metacognition Through Assessment






	A visual showing one or more of the math facts

	A noticing about the number pattern that she saw

	A real-world example, giving meaning to the numbers
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Beliefs:

| believe in myself, and | know | can learn anything, as | have
unlimited potential.

| know that my brain is flexible, and it is developing,
strengthening, and/or connecting pathways all the time.

Struggle:
When | find work difficult and struggle, | keep going,
knowing that | am developing my brain.

| am not afraid to take risks, try something new, and get
it wrong.

Strategies:

If | try a method or approach that does not work, | try a
different approach and think about the problem in new ways.
| like to investigate ideas, search for patterns, and think
in different ways: visually, verbally, and physically, as well as

numerically.

Connections:

| am curious about other people’s ideas and their different
ways of thinking.

| ask questions about what | am learning to reach new
understandings.

Reflection:

| think reflection is a valuable learning practice.

When | get a lot of feedback, even if it looks
overwhelming, | know it will be helpful and | use strategies to
incorporate it into my own work.
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