
  
    
      
    
  



    
        
          Advanced Integral Problems Explained

        

        
        
          Mohammad hijazi

        

        
          Published by Mohammad hijazi, 2025.

        

    



  
    
    
      While every precaution has been taken in the preparation of this book, the publisher assumes no responsibility for errors or omissions, or for damages resulting from the use of the information contained herein.

    
    

    
      ADVANCED INTEGRAL PROBLEMS EXPLAINED

    

    
      First edition. October 26, 2025.

      Copyright © 2025 Mohammad hijazi.

    

    
    
      Written by Mohammad hijazi.

    

    
      10 9 8 7 6 5 4 3 2 1

    

  



  	
  	
			 

			
		
    To all the students and thinkers who never stop asking "why" this book is for you.
May your curiosity continue to lead you to deeper understanding, and may every integral remind you that every problem has a solution — if you look closely enough.

      

    


  Table of Contents


    	Title Page

    	Dedication

    	Preface


    	Chapter 1: Review of Fundamental Integration Concepts

    	Chapter 2: Advanced Techniques of Integration

    	Chapter 3: Definite Integrals and Their Properties

    	Chapter 4: Improper Integrals

    	Chapter 5: Multiple Integrals (Double and Triple Integrals)

    	Chapter 6: Applications of Integrals

    	Chapter 7: Parametric and Polar Integrals

    	Chapter 8: Special Integrals and Tricks

    	Chapter 9: Real-World and Interdisciplinary Problems

    	Chapter 10: Challenge Section


    	Appendix A: Table of Standard Integrals

    	Appendix B: Useful Mathematical Identities

    	Appendix C: Integration Techniques Summary

    	Appendix D: Numerical Integration using Python


   
  


  Advanced Integral Problems Explained

A Complete Guide with Detailed Solutions

By Mohammad hijazi

© 2025 Mohammad hijazi

All rights reserved. No part of this book may be reproduced or transmitted in any form or by any means without written permission from the author.

Published by Mohammad hijazi

ISBN: 

First Edition – 2025


  Dedication


    To all the students and thinkers who never stop asking “why” 
    this book is for you.  
  


    May your curiosity continue to lead you to deeper understanding,  
    and may every integral remind you that every problem has a solution  
    — if you look closely enough.
  


  Preface


    The study of integrals is one of the most fascinating and essential areas of mathematics.
    It connects geometry, analysis, and the real world in a way that few other branches do.
    While many books introduce the rules and formulas of integration, fewer truly guide the reader
    through the art of solving advanced integral problems step by step.
  


    Advanced Integral Problems Explained: A Complete Guide with Detailed Solutions 
    was created to bridge that gap. It aims to take you beyond rote memorization of techniques 
    and into a deeper understanding of how integrals behave, why specific methods are chosen, 
    and how each approach leads logically to a solution.
  


    Each chapter focuses on a specific family of integral problems from substitution and parts 
    to multiple integrals, improper integrals, and real-world applications. Every example is worked 
    out in full detail, with explanations of the reasoning behind each step. In this way, the reader 
    learns not just to compute, but to think mathematically.
  


    This book is intended for university students, engineers, scientists, and self-learners who 
    wish to strengthen their problem-solving skills in calculus. It can be used as a companion 
    text for advanced calculus courses or as a self-study resource for exam preparation.
  


    I would like to thank all the educators, students, and mentors who continuously inspire 
    curiosity and persistence in learning mathematics. May this book serve as a helpful 
    guide in your own journey toward mastering the beauty and logic of integrals.
  


    Mohammad hijazi  
    
2025
  


  
    Chapter 1: Review of Fundamental Integration Concepts

    
    
      1.1 Introduction to Integration

      Integration is one of the two fundamental operations in calculus, with differentiation being the other. While differentiation measures the rate of change of a function, integration can be thought of as the process of finding the total accumulation of a quantity. The two operations are related through the Fundamental Theorem of Calculus, which establishes integration as the inverse operation of differentiation.

      
      
        Definition: Integral

        Given a function f(x) defined on an interval [a, b], the definite integral of f from a to b is defined as:

        
          ∫ab f(x) dx = limn→∞ Σi=1n f(xi*) Δx
        

        where Δx = (b - a)/n and xi* is any point in the i-th subinterval [xi-1, xi].

      

      
      The integral represents the signed area between the graph of f(x) and the x-axis over the interval [a, b]. Areas above the x-axis are positive, while areas below are negative.

    

    
    
      1.2 Basic Integration Rules

      Several fundamental rules form the basis for computing integrals. These rules are derived from the corresponding differentiation rules and provide the foundation for integration techniques.

      
      
        Basic Integration Formulas

        
          	∫ k dx = kx + C (where k is a constant)

          	∫ xn dx = xn+1/(n+1) + C (for n ≠ -1)

          	∫ ex dx = ex + C

          	∫ 1/x dx = ln|x| + C

          	∫ sin(x) dx = -cos(x) + C

          	∫ cos(x) dx = sin(x) + C

          	∫ sec2(x) dx = tan(x) + C

        

      

      
      
        Linearity of Integration

        For functions f(x) and g(x) and constants a and b:

        
          ∫ [af(x) + bg(x)] dx = a∫ f(x) dx + b∫ g(x) dx
        

      

      
      
        Example 1.1

        Evaluate ∫ (3x2 + 2x - 5) dx

        Solution:

        Using the linearity property and power rule:

        
          ∫ (3x2 + 2x - 5) dx = 3∫ x2 dx + 2∫ x dx - 5∫ dx

          = 3(x3/3) + 2(x2/2) - 5x + C

          = x3 + x2 - 5x + C
        

      

    

    
    
      1.3 Integration by Substitution

      The substitution rule, also known as u-substitution, is the integration counterpart of the chain rule for differentiation. It is used to simplify integrals by changing the variable of integration.

      
      
        Substitution Rule

        If u = g(x) is a differentiable function whose range is an interval I, and f is continuous on I, then:

        
          ∫ f(g(x)) g'(x) dx = ∫ f(u) du
        

      

      
      
        Example 1.2

        Evaluate ∫ 2x cos(x2) dx

        Solution:

        Let u = x2, then du = 2x dx

        
          ∫ 2x cos(x2) dx = ∫ cos(u) du = sin(u) + C = sin(x2) + C
        

      

      
      
        Note: The success of the substitution method depends on recognizing both the inner function and its derivative in the integrand.

      

    

    
    
      1.4 Definite Integrals and the Fundamental Theorem of Calculus

      The definite integral has a specific numerical value and represents the net area between a curve and the x-axis over a closed interval.

      
      
        Fundamental Theorem of Calculus, Part 1

        If f is continuous on [a, b] and F is an antiderivative of f on [a, b], then:

        
          ∫ab f(x) dx = F(b) - F(a)
        

      

      
      
        Fundamental Theorem of Calculus, Part 2

        If f is continuous on [a, b], then the function g defined by:

        
          g(x) = ∫ax f(t) dt     for a ≤ x ≤ b
        

        is continuous on [a, b] and differentiable on (a, b), and g'(x) = f(x).

      

      
      
        Example 1.3

        Evaluate ∫02 (3x2 - 2x + 1) dx

        Solution:

        First find the antiderivative:

        
          F(x) = x3 - x2 + x
        

        Then apply the Fundamental Theorem:

        
          ∫02 (3x2 - 2x + 1) dx = F(2) - F(0)

          = (8 - 4 + 2) - (0 - 0 + 0) = 6
        

      

    

    
    
      1.5 Applications of Integration

      Integration has numerous practical applications across mathematics, science, and engineering. Some of the fundamental applications include:

      
      Area Between Curves

      The area between two curves f(x) and g(x) from x = a to x = b, where f(x) ≥ g(x), is given by:

      
        A = ∫ab [f(x) - g(x)] dx
      

      
      Volumes of Solids

      The volume of a solid with known cross-sectional area A(x) perpendicular to the x-axis is:

      
        V = ∫ab A(x) dx
      

      
      Average Value of a Function

      The average value of a function f(x) on the interval [a, b] is:

      
        favg = 1/(b - a) ∫ab f(x) dx
      

      
      
        Example 1.4

        Find the area between the curves y = x2 and y = √x from x = 0 to x = 1.

        Solution:

        In this interval, √x ≥ x2, so:

        
          A = ∫01 (√x - x2) dx = [2/3 x3/2 - x3/3]01

          = (2/3 - 1/3) - 0 = 1/3
        

      

    

    
    
      Chapter Summary

      In this chapter, we have reviewed the fundamental concepts of integration:

      
        	Integration is the inverse operation of differentiation and represents accumulation

        	The definite integral calculates the net area between a curve and the x-axis

        	Basic integration rules provide the foundation for computing integrals

        	The substitution method extends our ability to evaluate more complex integrals

        	The Fundamental Theorem of Calculus connects differentiation and integration

        	Integration has numerous practical applications in calculating areas, volumes, and average values

      

      These concepts form the essential foundation for more advanced integration techniques that will be covered in subsequent chapters.

    

  


  
    Chapter 2: Advanced Techniques of Integration

    
    
      2.1 Introduction to Advanced Integration Methods

      While basic integration rules and substitution can handle many integrals, more complex functions require specialized techniques. This chapter explores powerful methods for evaluating integrals that cannot be solved with elementary approaches alone.

      
      
        Note: Mastery of these advanced techniques is essential for solving integrals encountered in higher mathematics, physics, and engineering applications.

      

    

    
    
      2.2 Integration by Parts

      Integration by parts is a technique derived from the product rule for differentiation. It is particularly useful for integrals involving products of functions where one function is easily differentiable and the other is easily integrable.

      
      
        Integration by Parts Formula

        For differentiable functions u(x) and v(x):

        
          ∫ u dv = uv - ∫ v du
        

        Or equivalently:

        
          ∫ f(x)g'(x) dx = f(x)g(x) - ∫ f'(x)g(x) dx
        

      

      
      
        LIATE Rule

        When choosing u and dv, the LIATE rule can help determine which function to differentiate:

        
          	Logarithmic functions (ln x, log x)

          	Inverse trigonometric functions (arcsin x, arctan x)

          	Algebraic functions (x2, 3x + 1)

          	Trigonometric functions (sin x, cos x)

          	Exponential functions (ex, ax)

        

        Choose u from earlier in the list and dv from later in the list.

      

      
      
        Example 2.1

        Evaluate ∫ x ex dx

        Solution:

        Let u = x, dv = ex dx

        Then du = dx, v = ex

        
          ∫ x ex dx = x ex - ∫ ex dx = x ex - ex + C = ex(x - 1) + C
        

      

      
      
        Example 2.2

        Evaluate ∫ x2 sin(x) dx

        Solution:

        This requires applying integration by parts twice.

        First application: Let u = x2, dv = sin(x) dx

        Then du = 2x dx, v = -cos(x)

        
          ∫ x2 sin(x) dx = -x2 cos(x) + ∫ 2x cos(x) dx
        

        Second application for ∫ 2x cos(x) dx: Let u = 2x, dv = cos(x) dx

        Then du = 2 dx, v = sin(x)

        
          ∫ 2x cos(x) dx = 2x sin(x) - ∫ 2 sin(x) dx

        
        
      

    

    
    
      2.3 Trigonometric Integrals

      
      
      Integrals of sinm(x) cosn(x)

      
      
        Strategies for sinm(x) cosn(x)

        
          	If m is odd: Save one sin(x) factor and use sin2(x) = 1 - cos2(x)

          	If n is odd: Save one cos(x) factor and use cos2(x) = 1 - sin2(x)

          	If both m and n are even: Use power-reduction formulas:
            
          

        

      

      
      
        Example 2.3

        
        
        
        
        
        
      

      
      Integrals of tanm(x) secn(x)

      
      
    

    
    
      2.4 Trigonometric Substitution

      
      
      
        
          	Expression
          	Substitution
          	Identity
          	Range
        

        
          	√(a² - x²)
          	x = a sin(θ)
          	1 - sin²(θ) = cos²(θ)
          	-π/2 ≤ θ ≤ π/2
        

        
          	√(a² + x²)
          	x = a tan(θ)
          	1 + tan²(θ) = sec²(θ)
          	-π/2 < θ < π/2
        

        
          	√(x² - a²)
          	x = a sec(θ)
          	sec²(θ) - 1 = tan²(θ)
          	0 ≤ θ < π/2 or π ≤ θ < 3π/2
        

      


      
      
        Example 2.4

        
        
        
        
        
        
      

      
      
        Example 2.5

        
        
        
        
        
        
        
        
        
      

    

    
    
      2.5 Integration by Partial Fractions

      
      
      
        Partial Fraction Decomposition

        
        
          	For each linear factor (ax + b) in Q(x): Include A/(ax + b)

          	For each repeated linear factor (ax + b)n: Include A₁/(ax + b) + A₂/(ax + b)² + ... + Aₙ/(ax + b)n

          	For each irreducible quadratic factor (ax² + bx + c): Include (Ax + B)/(ax² + bx + c)

          	For each repeated irreducible quadratic factor (ax² + bx + c)n: Include (A₁x + B₁)/(ax² + bx + c) + ... + (Aₙx + Bₙ)/(ax² + bx + c)n

        

      

      
      
        Example 2.6

        
        
        
        
        
        
        
        
        
        
        
        
      

    

    
    
      2.6 Improper Integrals

      
      
      
        Types of Improper Integrals

        
          	Type 1: Infinite Intervals
            
          

          	Type 2: Discontinuous Integrands
            
          

        

      

      
      
        Example 2.7

        
        
        
        
      

      
      
        Example 2.8

        
        
        
        
        
      

    

    
    
      2.7 Strategy for Integration

      
      
      







      2.8 Solved Advanced Problems

      
      
      
        Advanced Problem 2.1 Trig Substitution Partial Fractions

        
        
        
        
        
        
        
        
        
        
        
        
        
      

      
      
        Advanced Problem 2.2 Integration by Parts Cyclic

        
        
        
        
        
        
        
        
        
        
        
        
        
        
        
        
        
      

      
      
        Advanced Problem 2.3 Partial Fractions Completing the Square

        
        
        
        
        
        
        
        
        
        
        
        
        
        
        
        
        
      

      
      
        Advanced Problem 2.4 Trigonometric Substitution Integration by Parts

        
        
        
        
        
        
        
        
        
        
        
        
        
        
        
        
        
      

      
      
        Advanced Problem 2.5 Partial Fractions Repeated Factors

        
        
        
        
        
        
        
        
        
        
        
        
        
        
        
        
        
        
      

      
      
        Advanced Problem 2.6 Improper Integral Limit Comparison

        
        
        
        
        
        
        
        
        
        
        
        
        
        
        
        
        
        
        
        
        
        
      

    

    
    
    
    
  



































      
      

      
      

    


      Chapter Summary

      
      
        	Integration by Parts: For products of functions, particularly when LIATE applies

        	Trigonometric Integrals: Strategies for powers of sin(x), cos(x), tan(x), and sec(x)

        	Trigonometric Substitution: For integrals containing radical expressions with quadratic forms

        	Partial Fractions: For rational functions, decomposing them into simpler fractions

        	Improper Integrals: For integrals with infinite limits or discontinuous integrands

        	Integration Strategy: A systematic approach for selecting the appropriate technique
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