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Introduction

Let us begin by describing a game-theoretic situation from the viewpoint of one of the participants. Consider the decision problem of a pie manufacturer—let’s call it Piemax—that must choose between a high and a low price for today’s batch of pies. In making this choice Piemax will want to think about what the prices of other pies and substitute products are likely to be. Piemax could simply optimize its pricing policy for some given exogenous beliefs about the competitors’ prices, but it seems more satisfactory to try to predict these prices from some knowledge of the industry. In particular, Piemax knows that the other firms choose their own prices on the basis of their own predictions of the market environment, including Piemax’s prices. The game-theoretic way for Piemax to use this knowledge is to build a model of the behavior of each individual competitor, and (perhaps) to look for behavior that forms an equilibrium of the model.

Leaving aside for now the questions of what we mean by an equilibrium and whether Piemax ought to believe that the market outcome will look like one, we are still left with the question of what kind of model Piemax should use. The simplest case is one where Piemax and all its competitors operate for only a single day, where all the firms know the demand for pies (and, more generally, desserts), and where each firm knows the production technologies of the others, as in the famous models of Antoine Augustin Cournot and Joseph Bertrand. This kind of situation can be studied with the tools of strategic-form games and Nash equilibrium that we will develop in part I.

If the industry will continue in operation for a longer period, then Piemax will want to consider some other objectives besides maximizing today’s net profit. For example, low prices today may induce consumers to switch from a rival brand and thus may increase Piemax’s market share in future periods. Or producing a large batch of pies may help the production staff gain experience and lower future costs. However, the future prices of Piemax’s competitors may be influenced by the price Piemax sets today; one particular worry might be that a low price could trigger a price war. Chapter 3 develops the kind of extensive-form model used to capture such dynamic issues and introduces the solution concept of subgame perfection, which is commonly used in analyzing them. The other chapters of part II treat various classes of dynamic games in some detail.

Yet another complication arises if Piemax is uncertain of the cost functions or the long-run objectives of its competitors. Has Cupcake Corp. just made a breakthrough in large-batch production? Does Sweetstuff care more about market share than about current profits? And how much do these firms really know about Piemax? Part III shows how to analyze these situations of incomplete information in a static context.

Next, if the industry will continue in operation for several periods, Piemax ought to learn about Cupcake Corp. and Sweetstuff’s private information from their current pricing behavior and use this information to improve its strategy in the future. Anticipating this, Cupcake Corp. and Sweetstuff may be reluctant to let their prices reveal information that enhances Piemax’s competitive position. That is, they may try to manipulate Piemax’s information. Part IV extends the analysis to games in which both dynamic issues and incomplete information are important.

We began this introduction with a story of oligopoly pricing because we expected it to be familiar to many of our readers. But game theory has a much broader scope. The theory of noncooperative games studies the behavior of agents in any situation where each agent’s optimal choice may depend on his forecast of the choices of his opponents. Although the common usage of the word “games” refers to parlor games such as chess and poker, the Piemax example is far more typical of the kinds of games we will consider, in that the players’ objectives are more complex than simply to beat the others: The firms have competing interests in market shares, but a common interest in high prices. The word “noncooperative” means that the players’ choices are based only on their perceived self-interest, in contrast to the theory of cooperative games, which develops axioms meant in part to capture the idea of fairness. “Noncooperative” does not mean that the players do not get along, or that they always refuse to cooperate. As we explain in chapters 5 and 9, noncooperative players, motivated solely by self-interest, can exhibit “cooperative” behavior in some settings.

Although game theory has been applied to many fields, this book focuses on the kinds of game theory that have been most useful in the study of economic problems. (We have included some applications to political science as well.) The game-theoretic viewpoint is more useful in settings with a small number of players, for then each player’s choice is more likely to matter to his opponents. For example, when the number of firms in a market is small, each firm’s output is likely to have a large impact on the market price; thus, it is not reasonable for each firm to take the market price as given.

The first studies of games in the economics literature were the papers by Cournot (1838), Bertrand (1883), and Edgeworth (1925) on oligopoly pricing and production, but these were seen as special models that did little to change the way economists thought about most problems. The idea of a general theory of games was introduced by John von Neumann and Oskar Morgenstern in their famous 1944 book Theory of Games and Economic Behavior, which proposed that most economic questions should be analyzed as games. They introduced the ideas of the extensive-form and normal-form (or strategic-form) representations of a game, defined the minmax solution, and showed that this solution exists in all two-player zero-sum games. (In a zero-sum game, the interests of the players are directly opposed, with no common interests at all.)


Nash (1950) proposed what came to be known as “Nash equilibrium” as a way of extending game-theoretic analyses to non-zero-sum games. Nash equilibrium requires that each player’s strategy be a payoff-maximizing response to the strategies that he forecasts that his opponents will use, and further that each player’s forecast be correct. This is a natural generalization of the equilibria studied in specific models by Cournot and Bertrand, and it is the starting point for most economic analyses. Chapter 1 presents an introduction to Nash equilibrium and its properties. Chapter 2 defines an extension of Nash equilibrium called “correlated equilibrium,” and also asks what predictions can be derived solely from the assumption that the players’ rationality and the players’ payoffs are “common knowledge.” This question leads to the notions of iterated strict dominance and rationalizability.

In the models of Cournot and Bertrand, the strategies of the players are simply their choices of outputs or prices. One of the insights of von Neumann and Morgenstern was that the strategies of a game could also be more complex plans for contingent actions—for example, “I’ll cut my price tomorrow if you cut yours today.” Chapter 3 shows how to model games where the players use contingent plans of this kind.

Selten (1965) and Harsanyi (1967–68) introduced concepts that have been widely used in recent years. Selten argued that in games where the players choose contingent plans not all the Nash equilibria are equally reasonable, because some of them may rely on the ability of players to make “empty threats”—that is, contingent plans that would not in fact be optimal to carry out. (Suppose, for example, that Piemax used the contingent plan “If you do not let me have [image: art] of the market today, I’ll give away free pies for the next ten years.”) Selten introduced his concept of subgame perfection to rule out the equilibria that rely on these kinds of threats. Chapter 3 defines and discusses this concept and the related issue of credible commitments. Chapters 4 and 5 analyze the subgame-perfect equilibria of several general classes of dynamic games. Chapter 4 is organized around three examples: the repeated prisoner’s dilemma, the Rubinstein-Ståhl model of alternating-offer bargaining, and games of timing (including wars of attrition and preemption games) and their applications in the theory of industrial organization. Chapter 5 presents a systematic treatment of repeated games, beginning with the case of perfectly observed actions (as in the prisoner’s dilemma) and proceeding to games in which the players’ actions are imperfectly observed.

Harsanyi proposed a way to use standard game-theoretic techniques, which suppose that all players know the payoff functions of the others, to model situations of incomplete information where the players are unsure of one another’s payoffs. His Bayesian Nash equilibrium is the cornerstone of many game-theoretic analyses. We introduce Harsanyi’s ideas in chapter 6, and in chapter 7 we apply them to the problem of “mechanism design.” Applications include nonlinear price discrimination, optimal auctions, the revelation of preferences for public goods, and the inefficiency of bargaining when information is incomplete.

When a game has both incomplete information and dynamic aspects, the concept of Bayesian Nash equilibrium may seem too weak, for it allows empty threats of the same kind that Nash equilibrium allows in dynamic games of complete information. Chapter 8 introduces solution concepts that extend the idea of subgame perfection to incomplete-information games; in order of increasing restrictiveness these solution concepts are perfect Bayesian equilibrium, the sequential equilibrium of Kreps and Wilson (1982), and Selten’s (1975) trembling-hand perfect equilibrium. We illustrate these concepts with applications to predation and to job-market signaling.

Chapter 9 uses these concepts to study the idea of “reputation effects,” which is that players may be able to develop and maintain “reputations” for playing in certain ways. Chapter 10 discusses some papers that model bargaining between a buyer and a seller as a dynamic game of incomplete information; the bargaining is dynamic in that it can involve a sequence of offers and counteroffers, and the information is incomplete because neither player knows the value of an agreement to his opponent.

The last four chapters present topics that are of interest primarily to advanced students. Chapter 11 discusses several of the more restrictive equilibrium refinements that try to capture the idea of “forward induction,” including “strategic stability,” the “intuitive criterion,” and “divinity.” We apply these concepts to the signaling-game model introduced in chapter 8, and we discuss the sensitivity of the resulting conclusions to various changes that may and may not be viewed as “small.” Chapter 12 presents three advanced topics having to do with the strategic form: generic properties, existence of equilibrium with a continuum of strategies, and supermodularity. Chapter 13 analyzes dynamic games of complete information using the concept of “Markov perfect equilibrium,” which is more restrictive than subgame perfection and which requires that the players’ current actions not depend on aspects of previous play which have no direct effect on current or future payoffs. Applications include strategic bequest games and games of resource extraction. Chapter 14 gives formal definitions of “common knowledge” and “almost common knowledge” and discusses how the equilibria of a game vary depending on the structure of common knowledge.

How to Use the Book

Although this book may be useful to established researchers who wish to learn more about game theory without taking a formal course and as a reference and guide to some portions of the literature, its primary role is to serve as a text for courses in game theory. We focus on presenting concepts and general results, with more “toy examples” than detailed applications. The applications we do develop are chosen to illustrate the power of the theory; we have not given a comprehensive survey of applications to any particular field. Most of our applications are drawn from the economics literature, and we expect that most of our readers will be economists; however, we have included a few examples from political science, and the book may be useful to political scientists as well.

The book is intended for use in a first course in game theory and in courses for more advanced students. No previous knowledge of game theory is assumed, and the key concepts of Nash equilibrium, subgame perfection, and incomplete information are developed relatively slowly. Most chapters progress from easier to more difficult material, to facilitate jumping from chapter to chapter. The level of mathematics is kept at that of Kreps 1990 and Varian 1984 except in the sections labeled “technical,” and none of the technical material is needed to read the other sections.

A first course for advanced undergraduates or first-year graduate students could use most of the core chapters (1, 3, 6, and 8), with the technical sections omitted, and a few selected applications from the other chapters.

One pedagogical innovation in the book is that in chapter 3 we develop subgame perfection in the class of multi-stage games with observed actions without first developing the general extensive form. We do this in the belief that the extensive form involves more notation and more foundational issues (e.g., mixed versus behavior strategies) than are appropriate for the typical first-year course, in which class time is better spent on applications. Similarly, a first course might cover only perfect Bayesian equilibrium from chapter 8, leaving sequential equilibrium and trembling-hand perfection for a second course.

The median audience for this book is a class of first- or second-year graduate students who have already been informally exposed to the ideas of Nash equilibrium, subgame-perfect equilibrium, and incomplete information and who are now interested in a more formal treatment of these ideas and their implications. A one-semester course for these students could be built using all of chapters 1, 3, 6, and 8 and selections from the other chapters. (Sections 3.2 and 3.3, which concern perfection in multi-stage games, could be assigned as background reading but not discussed in class.) As a guide to the amount of material one might cover in a semester, the class here covers all of chapter 4, folk theorems and renegotiation from chapter 5, a little on reputation effects from chapter 9, bargaining from chapter 10, and a few lectures on the equilibrium refinements of chapter 11. Alternatively, the discussion of repeated games could be shortened to make time for Markov equilibrium (chapter 13). One could also incorporate a little on the formal treatment of “common knowledge” from chapter 14. The coverage of chapter 7, on mechanism design, might depend on what other courses the students have available. If another course is offered on contracts and mechanisms, chapter 7 can be skipped entirely. (Indeed, it might be a useful part of the other course.) If the students will not otherwise be exposed to optimal mechanisms, it may be desirable to work through the results on optimal auctions with risk-neutral buyers and on the necessity of disagreement in bargaining with incomplete information.

Some of the material would fit most naturally into an advanced-topics class for third-year students, either because of its difficulty or because it is of more specialized interest. Here we include chapter 12 (which presents more mathematically difficult results about strategic-form games), many of the variants of the repeated-games model covered in chapter 5, the identification of the “payoff-relevant state” in chapter 13, the optimal mechanisms covered in chapter 7, the refinements discussed in chapter 11, and chapter 14 on common knowledge. Of course, each instructor will have his or her own views on the relative importance of the various topics; we have tried to allow a great deal of flexibility as to which topics are covered.

We have used daggers to indicate the suitability of various sections to segments of the intended audience as follows:

†     advanced undergraduates and first-year graduate students

††   first- and second-year graduate students

††† advanced students and researchers.

(In a few cases, certain subsections have been marked with more daggers than the section as a whole.) The difficulty of the material is closely related to the intended audience; however, not all of the “advanced” topics are difficult. A few of the sections are labeled “technical” to note the use of more powerful mathematical tools than are required in the rest of the book.

The exercises are indexed by degree of difficulty, from one asterisk to three. One-asterisk exercises should be appropriate for first-year graduate students; some of the three-asterisk exercises, as far as we know, have not yet been solved. A set of solutions to selected exercises, prepared by Glenn Ellison, is available to instructors from The MIT Press.
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I    STATIC GAMES OF COMPLETE INFORMATION





1    Games in Strategic Form and Nash Equilibrium

We begin with a simple, informal example of a game. Rousseau, in his Discourse on the Origin and Basis of Equality among Men, comments:

If a group of hunters set out to take a stag, they are fully aware that they would all have to remain faithfully at their posts in order to succeed; but if a hare happens to pass near one of them, there can be no doubt that he pursued it without qualm, and that once he had caught his prey, he cared very little whether or not he had made his companions miss theirs.1

To make this into a game, we need to fill in a few details. Suppose that there are only two hunters, and that they must decide simultaneously whether to hunt for stag or for hare. If both hunt for stag, they will catch one stag and share it equally. If both hunt for hare, they each will catch one hare. If one hunts for hare while the other tries to take a stag, the former will catch a hare and the latter will catch nothing. Each hunter prefers half a stag to one hare.

This is a simple example of a game. The hunters are the players. Each player has the choice between two strategies: hunt stag and hunt hare. The payoff to their choice is the prey. If, for instance, a stag is worth 4 “utils” and a hare is worth 1, then when both players hunt stag each has a payoff of 2 utils. A player who hunts hare has payoff 1, and a player who hunts stag by himself has payoff 0.

What prediction should one make about the outcome of Rousseau’s game? Cooperation—both hunting stag—is an equilibrium, or more precisely a “Nash equilibrium,” in that neither player has a unilateral incentive to change his strategy. Therefore, stag hunting seems like a possible outcome of the game. However, Rousseau (and later Waltz (1959)) also warns us that cooperation is by no means a foregone conclusion. If each player believes the other will hunt hare, each is better off hunting hare himself. Thus, the noncooperative outcome—both hunting hare—is also a Nash equilibrium, and without more information about the context of the game and the hunters’ expectations it is difficult to know which outcome to predict.

This chapter will give precise definitions of a “game” and a “Nash equilibrium,” among other concepts, and explore their properties. There are two nearly equivalent ways of describing games: the strategic (or normal) form and the extensive form.2 Section 1.1 develops the idea of the strategic form and of dominated strategies. Section 1.2 defines the solution concept of Nash equilibrium, which is the starting point of most applications of game theory. Section 1.3 offers a first look at the question of when Nash equilibria exist; it is the one place in this chapter where powerful mathematics is used.


It may appear at first that the strategic form can model only those games in which the players act simultaneously and once and for all, but this is not the case. Chapter 3 develops the extensive-form description of a game, which explicitly models the timing of the players’ decisions. We will then explain how the strategic form can be used to analyze extensive-form games.

1.1 Introduction to Games in Strategic Form and Iterated Strict Dominance†

1.1.1 Strategic-Form Games

A game in strategic (or normal) form has three elements: the set of players [image: art], which we take to be the finite set {1, 2,…, I}, the pure-strategy space Si for each player i, and payoff functions ui that give player i’s von Neumann-Morgenstern utility ui(s) for each profile s = (s1,…, sI) of strategies. We will frequently refer to all players other than some given player i as “player i’s opponents” and denote them by “−i.” To avoid misunderstanding, let us emphasize that this terminology does not mean that the other players are trying to “beat” player i. Rather, each player’s objective is to maximize his own payoff function, and this may involve “helping” or “hurting” the other players. For economists, the most familiar interpretations of strategies may be as choices of prices or output levels, which correspond to Bertrand and Cournot competition, respectively. For political scientists, strategies might be votes or choices of electoral platforms.

A two-player zero-sum game is a game such that [image: art] for all s. (The key feature of these games is that the sum of the utilities is a constant; setting the constant to equal 0 is a normalization.) In a two-player zero-sum game, whatever one player wins the other loses. This is the extreme case where the players are indeed pure “opponents” in the colloquial sense. Although such games are amenable to elegant analysis and have been widely studied in game theory, most games of interest in the social sciences are non-zero-sum.

It is helpful to think of players’ strategies as corresponding to various “buttons” on a computer keyboard. The players are thought of as being in separate rooms, and being asked to choose a button without communicating with each other. Usually we also assume that all players know the structure of the strategic form, and know that their opponents know it, and know that their opponents know that they know, and so on ad infinitum. That is, the structure of the game is common knowledge, a concept examined more formally in chapter 14. This chapter uses common knowledge informally, to motivate the solution concept of Nash equilibrium and iterated strict dominance. As will be seen, common knowledge of payoffs on its own is in fact neither necessary nor sufficient to justify Nash equilibrium. In particular, for some justifications it suffices that the players simply know their own payoffs.


[image: art]

Figure  1.1



We focus our attention on finite games, that is, games where S = ×i Si is finite; finiteness should be assumed wherever we do not explicitly note otherwise. Strategic forms for finite two-player games are often depicted as matrices, as in figure  1.1. In this matrix, players 1 and 2 have three pure strategies each: U, M, D (up, middle, and down) and L, M, R (left, middle, and right), respectively. The first entry in each box is player 1’s payoff for the corresponding strategy profile; the second is player 2’s.

A mixed strategy σi is a probability distribution over pure strategies. (We postpone the motivation for mixed strategies until later in this chapter.) Each player’s randomization is statistically independent of those of his opponents, and the payoffs to a profile of mixed strategies are the expected values of the corresponding pure-strategy payoffs. (One reason we assume that the space of pure strategies is finite is to avoid measure-theoretic complications.) We will denote the space of player i’s mixed strategies by Σi, where σi(si) is the probability that σi assigns to si. The space of mixed-strategy profiles is denoted Σ = ×i Σi, with element σ. The support of a mixed strategy σi is the set of pure strategies to which σi assigns positive probability. Player i’s payoff to profile σ is

[image: art]

which we denote ui(σ) in a slight abuse of notation. Note that player i’s payoff to a mixed-strategy profile is a linear function of player i’s mixing probability σi, a fact which has many important implications. Note also that player i’s payoff is a polynomial function of the strategy profile, and so in particular is continuous. Last, note that the set of mixed strategies contains the pure strategies, as degenerate probability distributions are included. (We will speak of nondegenerate mixed strategies when we want to exclude pure strategies from consideration.)

For instance, in figure  1.1 a mixed strategy for player 1 is a vector (σ1(U), σ1(M), σ1(D)) such that σ1(U), σ1(M), and σ1(D) are nonnegative and σ1(U) + σ1(M) + σ1(D) = 1. The payoffs to profiles [image: art] and [image: art] are


[image: art]

Similarly, [image: art].

1.1.2 Dominated Strategies

Is there an obvious prediction of how the game described in figure  1.1 should be played? Note that, no matter how player 1 plays, R gives player 2 a strictly higher payoff than M does. In formal language, strategy M is strictly dominated. Thus, a “rational” player 2 should not play M. Furthermore, if player 1 knows that player 2 will not play M, then U is a better choice than M or D. Finally, if player 2 knows that player 1 knows that player 2 will not play M, then player 2 knows that player 1 will play U, and so player 2 should play L.

The process of elimination described above is called iterated dominance, or, more precisely, iterated strict dominance.3 In section 2.1 we give a formal definition of iterated strict dominance, as well as an application to an economic example. The reader may worry at this stage that the set of strategies that survive iterated strict dominance depends on the order in which strategies are eliminated, but this is not the case. (The key is that, if strategy si is strictly worse than strategy [image: art] against all opponents’ strategies in some set D, then strategy si is strictly worse than strategy [image: art] against all opponents’ strategies in any subset of D. Exercise 2.1 asks for a formal proof.)
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Figure  1.2



Next, consider the game illustrated in figure  1.2. Here player 1’s strategy M is not dominated by U, because M is better than U if player 2 moves R; and M is not dominated by D, because M is better than D when 2 moves L. However, if player 1 plays U with probability [image: art] and D with probability [image: art], he is guaranteed an expected payoff of [image: art] regardless of how player 2 plays, which exceeds the payoff of 0 he receives from M. Hence, a pure strategy may be strictly dominated by a mixed strategy even if it is not strictly dominated by any pure strategy.

We will frequently wish to discuss varying the strategy of a single player i while holding the strategies of his opponents fixed. To do so, we let

s−i ∈ S−i

denote a strategy selection for all players but i, and write

[image: art]

for the profile

[image: art]

Similarly, for mixed strategies we let

[image: art]

Definition 1.1 Pure strategy si is strictly dominated for player i if there exists [image: art] such that

[image: art]

The strategy si is weakly dominated if there exists a [image: art] such that inequality 1.1 holds with weak inequality, and the inequality is strict for at least one s−i.

Note that, for a given si, strategy [image: art] satisfies inequality 1.1 for all pure strategies s−i of the opponents if and only if it satisfies inequality 1.1 for all mixed strategies σ−i as well, because player i’s payoff when his opponents play mixed strategies is a convex combination of his payoffs when his opponents play pure strategies.


[image: art]

Figure  1.3



So far we have considered dominated pure strategies. It is easy to see that a mixed strategy that assigns positive probability to a dominated pure strategy is dominated. However, a mixed strategy may be strictly dominated even though it assigns positive probability only to pure strategies that are not even weakly dominated. Figure  1.3 gives an example. Playing U with probability [image: art] and M with probability [image: art] gives expected payoff [image: art] regardless of player 2’s play and so is strictly dominated by playing D, even though neither U nor M is dominated.


[image: art]

Figure  1.4



When a game is solvable by iterated strict dominance in the sense that each player is left with a single strategy, as in figure  1.1, the unique strategy profile obtained is an obvious candidate for the prediction of how the game will be played. Although this candidate is often a good prediction, this need not be the case, especially when the payoffs can take on extreme values. When our students have been asked how they would play the game illustrated in figure  1.4, about half have chosen D even though iterated dominance yields (U, L) as the unique solution. The point is that although U is better than D when player 2 is certain not to use the dominated strategy R, D is better than U when there is a 1-percent chance that player 2 plays R. (The same casual empiricism shows that our students in fact do always play L.) If the loss to (U, R) is less extreme, say only −1, then almost all players 1 choose U, as small fears about R matter less. This example illustrates the role of the assumptions that payoffs and the strategy spaces are common knowledge (as they were in this experiment) and that “rationality,” in the sense of not playing a strictly dominated strategy, is common knowledge (as apparently was not the case in this experiment). The point is that the analysis of some games, such as the one illustrated in figure  1.4, is very sensitive to small uncertainties about the behavioral assumptions players make about each other. This kind of “robustness” test—testing how the theory’s predictions change with small changes in the model—is an idea that will return in chapters 3, 8, and 11.

At this point we can illustrate a major difference between the analysis of games and the analysis of single-player decisions: In a decision, there is a single decision maker, whose only uncertainty is about the possible moves of “nature,” and the decision maker is assumed to have fixed, exogenous beliefs about the probabilities of nature’s moves. In a game, there are several decision makers, and the expectations players have about their opponents’ play are not exogenous. One implication is that many familiar comparative-statics conclusions from decision theory do not extend once we take into account the way a change in the game may change the actions of all players.

Consider for example the game illustrated in figure  1.5. Here player 1’s dominant strategy is U, and iterated strict dominance predicts that the solution is (U, L). Could it help player 1 to change the game and reduce his payoffs if U occurs by 2 utils, which would result in the game shown in figure  1.6? Decision theory teaches that such a change would not help, and indeed it would not if we held player 2’s action fixed at L. Thus, player 1 would not benefit from this reduction in payoff if it were done without player 2’s knowledge. However, if player 1 could arrange for this reduction to occur, and to become known to player 2 before player 2 chose his action, player 1 would indeed benefit, for then player 2 would realize that D is player 1’s dominant choice, and player 2 would play R, giving player 1 a payoff of 3 instead of 1.


[image: art]

Figure  1.5
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Figure  1.6



As we will see, similar observations apply to changes such as decreasing a player’s choice set or reducing the quality of his information: Such changes cannot help a player in a fixed decision problem, but in a game they may have beneficial effects on the play of opponents. This is true both when one is making predictions using iterated dominance and when one is studying the equilibria of a game.

1.1.3 Applications of the Elimination of Dominated Strategies

In this subsection we present two classic games in which a single round of elimination of dominated strategies reduces the strategy set of each player to a single pure strategy. The first example uses the elimination of strictly dominated strategies, and the second uses the elimination of weakly dominated strategies.

Example 1.1: Prisoner’s Dilemma

One round of the elimination of strictly dominated strategies gives a unique answer in the famous “prisoner’s dilemma” game, depicted in figure  1.7. The story behind the game is that two people are arrested for a crime. The police lack sufficient evidence to convict either suspect and consequently need them to give testimony against each other. The police put each suspect in a different cell to prevent the two suspects from communicating with each other. The police tell each suspect that if he testifies against (doesn’t cooperate with) the other, he will be released and will receive a reward for testifying, provided the other suspect does not testify against him. If neither suspect testifies, both will be released on account of insufficient evidence, and no rewards will be paid. If one testifies, the other will go to prison; if both testify, both will go to prison, but they will still collect rewards for testifying. In this game, both players simultaneously choose between two actions. If both players cooperate (C) (do not testify), they get 1 each. If they both play noncooperatively (D, for defect), they obtain 0. If one cooperates and the other does not, the latter is rewarded (gets 2) and the former is punished (gets − 1). Although cooperating would give each player a payoff of 1, self-interest leads to an inefficient outcome with payoffs 0. (To readers who feel this outcome is not reasonable, our response is that their intuition probably concerns a different game—perhaps one where players “feel guilty” if they defect, or where they fear that defecting will have bad consequences in the future. If the game is played repeatedly, other outcomes can be equilibria; this is discussed in chapters 4, 5, and 9.)
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Figure  1.7



Many versions of the prisoner’s dilemma have appeared in the social sciences. One example is moral hazard in teams. Suppose that there are two workers, i = 1, 2, and that each can “work” (si = 1) or “shirk” (si = 0). The total output of the team is 4(s1 + s2) and is shared equally between the two workers. Each worker incurs private cost 3 when working and 0 when shirking. With “work” identified with C and “shirk” with D, the payoff matrix for this moral-hazard-in-teams game is that of figure  1.7, and “work” is a strictly dominated strategy for each worker.

Exercise 1.7 gives another example where strict dominance leads to a unique solution: that of a mechanism for deciding how to pay for a public good.

Example 1.2: Second-Price Auction

A seller has one indivisible unit of an object for sale. There are I potential buyers, or bidders, with valuations 0 ≤ v1 ≤ ⋯ ≤ vI for the object, and these valuations are common knowledge. The bidders simultaneously submit bids si ∈ [0, +∞). The highest bidder wins the object and pays the second bid (i.e., if he wins (si > maxj≠i sj), bidder i has utility ui = vi − maxj≠i sj),  and the other bidders pay nothing (and therefore have utility 0). If several bidders bid the highest price, the good is allocated randomly among them. (The exact probability determining the allocation is irrelevant because the winner and the losers have the same surplus, i.e., 0.)

For each player i the strategy of bidding his valuation (si = vi) weakly dominates all other strategies. Let ri ≡ maxj≠i sj. Suppose first that si > vi. If ri ≥ si, bidder i obtains utility 0, which he would get by bidding vi. If ri ≤ vi, bidder i obtains utility vi − ri, which again is what he would get by bidding vi. If vi < ri < si, then bidder i has utility vi − ri < 0; if he were to bid vi, his utility would be 0. The reasoning is similar for si < vi: When ri ≤ si or ri ≥ vi, the bidder’s utility is unchanged when he bids vi instead of si. However, if si < ri < vi, the bidder forgoes a positive utility by underbidding.

Thus, it is reasonable to predict that bidders bid their valuation in the second-price auction. Therefore, bidder I wins and has utility vI − vI − 1. Note also that because bidding one’s valuation is a dominant strategy, it does not matter whether the bidders have information about one another’s valuations. Hence, if bidders know their own valuation but do not know the other bidders’ valuations (see chapter 6), it is still a dominant strategy for each bidder to bid his valuation.

1.2 Nash Equilibrium†

Unfortunately, many if not most games of economic interest are not solvable by iterated strict dominance. In contrast, the concept of a Nash-equilibrium solution has the advantage of existing in a broad class of games.

1.2.1 Definition of Nash Equilibrium

A Nash equilibrium is a profile of strategies such that each player’s strategy is an optimal response to the other players’ strategies.

Definition 1.2 A mixed-strategy profile σ* is a Nash equilibrium if, for all players i,

[image: art]

A pure-strategy Nash equilibrium is a pure-strategy profile that satisfies the same conditions. Since expected utilities are “linear in the probabilities,” if a player uses a nondegenerate mixed strategy in a Nash equilibrium (one that puts positive weight on more than one pure strategy) he must be indifferent between all pure strategies to which he assigns positive probability. (This linearity is why, in equation 1.2, it suffices to check that no player has a profitable pure-strategy deviation.)

A Nash equilibrium is strict (Harsanyi 1973b) if each player has a unique best response to his rivals’ strategies. That is, s* is a strict equilibrium if and only if it is a Nash equilibrium and, for all i and all [image: art],

[image: art]

By definition, a strict equilibrium is necessarily a pure-strategy equilibrium. Strict equilibria remain strict when the payoff functions are slightly perturbed, as the strict inequalities remain satisfied.4, 5

Strict equilibria may seem more compelling than equilibria where players are indifferent between their equilibrium strategy and a nonequilibrium response, as in the latter case we may wonder why players choose to conform to the equilibrium. Also, strict equilibria are robust to various small changes in the nature of the game, as is discussed in chapters 11 and 14. However, strict equilibria need not exist, as is shown by the “matching pennies” game of example 1.6 below: The unique equilibrium of that game is in (nondegenerate) mixed strategies, and no (nondegenerate) mixed-strategy equilibrium can be strict.6 (Even pure-strategy equilibria need not be strict; an example is the profile (D, R) in figure  1.18 when λ = 0.)

To put the idea of Nash equilibrium in perspective, observe that it was implicit in two of the first games to have been studied, namely the Cournot (1838) and Bertrand (1883) models of oligopoly. In the Cournot model, firms simultaneously choose the quantities they will produce, which they then sell at the market-clearing price. (The model does not specify how this price is determined, but it is helpful to think of it being chosen by a Walrasian auctioneer so as to equate total output and demand.) In the Bertrand model, firms simultaneously choose prices and then must produce enough output to meet demand after the price choices become known. In each model, equilibrium is determined by the condition that all firms choose the action that is a best response to the anticipated play of their opponents. It is common practice to speak of the equilibria of these two models as “Cournot equilibrium” and “Bertrand equilibrium,” respectively, but it is more helpful to think of them as the Nash equilibria of the two different games. We show below that the concepts of “Stackelberg equilibrium” and “open-loop equilibrium” are also best thought of as shorthand ways of referring to the equilibria of different games.

Nash equilibria are “consistent” predictions of how the game will be played, in the sense that if all players predict that a particular Nash equilibrium will occur then no player has an incentive to play differently. Thus, a Nash equilibrium, and only a Nash equilibrium, can have the property that the players can predict it, predict that their opponents predict it, and so on. In contrast, a prediction that any fixed non-Nash profile will occur implies that at least one player will make a “mistake,” either in his prediction of his opponents’ play or (given that prediction) in his optimization of his payoff.

We do not maintain that such mistakes never occur. In fact, they may be likely in some special situations. But predicting them requires that the game theorist know more about the outcome of the game than the participants know. This is why most economic applications of game theory restrict attention to Nash equilibria.

The fact that Nash equilibria pass the test of being consistent predictions does not make them good predictions, and in situations it seems rash to think that a precise prediction is available. By “situations” we mean to draw attention to the fact that the likely outcome of a game depends on more information than is provided by the strategic form. For example, one would like to know how much experience the players have with games of this sort, whether they come from a common culture and thus might share certain expectations about how the game will be played, and so on.

When one round of elimination of strictly dominated strategies yields a unique strategy profile [image: art], this strategy profile is necessarily a Nash equilibrium (actually the unique Nash equilibrium). This is because any strategy [image: art] is necessarily strictly dominated by [image: art]. In particular,

[image: art]

Thus, s* is a pure-strategy Nash equilibrium (indeed a strict equilibrium). In particular, not cooperating is the unique Nash equilibrium in the prisoner’s dilemma of example 1.1.7

We show in section 2.1 that the same property holds for iterated dominance. That is, if a single strategy profile survives iterated deletion of strictly dominated strategies, then it is the unique Nash equilibrium of the game.

Conversely, any Nash-equilibrium strategy profile must put weight only on strategies that are not strictly dominated (or, more generally, do not survive iterated deletion of strictly dominated strategies), because a player could increase his payoff by replacing a dominated strategy with one that dominates it. However, Nash equilibria may assign positive probability to weakly dominated strategies.

1.2.2 Examples of Pure-Strategy Equilibria

Example 1.3: Cournot Competition

We remind the reader of the Cournot model of a duopoly producing a homogeneous good. The strategies are quantities. Firm 1 and firm 2 simultaneously choose their respective output levels, qi, from feasible sets Qi = [0, ∞), say. They sell their output at the market-clearing price p(q), where q = q1 + q2. Firm i’s cost of production is ci(qi), and firm i’s total profit is then

ui(q1, q2) = qip(q) − ci(qi).

The feasible sets Qi and the payoff functions ui determine the strategic form of the game. The “Cournot reaction functions” r1: Q2 → Q1 and r2: Q1 → Q2 specify each firm’s optimal output for each fixed output level of its opponent. If the ui are differentiable and strictly concave, and the appropriate boundary conditions are satisfied,8 we can solve for these reaction functions using the first-order conditions. For example, r2(·) satisfies

[image: art]

The intersections (if any exist) of the two reaction functions r1 and r2 are the Nash equilibria of the Cournot game: Neither firm can gain by a change in output, given the output level of its opponent.

For instance, for linear demand (p(q) = max(0, 1 − q)) and symmetric, linear cost ([image: art] where 0 ≤ c ≤ 1), firm 2’s reaction function, given by equation 1.3, is (over the relevant range)

r2(q1) = (1 − q1 − c)/2.

By symmetry, firm 1’s reaction function is

r1(q2) = (1 − q2 − c)/2.

The Nash equilibrium satisfies [image: art].

Example 1.4: Hotelling Competition

Consider Hotelling’s (1929) model of differentiation on the line. A linear city of length 1 lies on the abscissa of a line, and consumers are uniformly distributed with density 1 along this interval. There are two stores (firms) located at the two extremes of the city, which sell the same physical product. Firm 1 is at x = 0, firm 2 at x = 1. The unit cost of each store is c. Consumers incur a transportation cost t per unit of distance. They have unit demands and buy one unit if and only if the minimum generalized price (price plus transportation cost) for the two stores does not exceed some large number [image: art]. If prices are “not too high,” the demand for firm 1 is equal to the number of consumers who find it cheaper to buy from firm 1. Letting pi denote the price of firm i, the demand for firm 1 is given by

D1(p1, p2) = x,

where

p1 + tx = p2 + t(1 − x)

or

[image: art]

and

D2(p1, p2) = 1 − D1 (p1, p2).

Suppose that prices are chosen simultaneously. A Nash equilibrium is a profile [image: art] such that, for each player i,

[image: art]

For instance, firm 2’s reaction curve, r2(p1), is given (in the relevant range) by

[image: art]

In our example, the Nash equilibrium is given by [image: art] (and the above analysis is valid as long as [image: art]).

Example 1.5: Majority Voting

There are three players, 1, 2, and 3, and three alternatives, A, B, and C. Players vote simultaneously for an alternative; abstaining is not allowed. Thus, the strategy spaces are Si = {A, B, C}. The alternative with the most votes wins; if no alternative receives a majority, then alternative A is selected. The payoff functions are

u1(A) = u2(B) = u3(C) = 2,

u1(B) = u2(C) = u3(A) = 1,


and

u1(C) = u2(A) = u3(B) = 0.

This game has three pure-strategy equilibrium outcomes: A, B, and C. There are more equilibria than this: If players 1 and 3 vote for outcome A, then player 2’s vote does not change the outcome, and player 3 is indifferent about how he votes. Hence, the profiles (A, A, A) and (A, B, A) are both Nash equilibria whose outcome is A. (The profile (A, A, B) is not a Nash equilibrium, since if player 3 votes for B then player 2 would prefer to vote for B as well.)

1.2.3 Nonexistence of a Pure-Strategy Equilibrium

Not all games have pure-strategy Nash equilibria. Two examples of games whose only Nash equilibrium is in (nondegenerate) mixed strategies follow.

Example 1.6: Matching Pennies

A simple example of nonexistence is “matching pennies” (figure  1.8). Players 1 and 2 simultaneously announce heads (H) or tails (T). If the announcements match, then player 1 gains a util and player 2 loses a util. If the announcements differ, it is player 2 who wins the util and player 1 who loses. If the predicted outcome is that the announcements will match, then player 2 has an incentive to deviate, while player 1 would prefer to deviate from any prediction in which announcements do not match. The only “stable” situation is one in which each player randomizes between his two pure strategies, assigning equal probability to each. To see this, note that if player 2 randomizes [image: art] between H and T, player 1’s payoff is [image: art] when playing H and [image: art] when playing T. In this case player 1 is completely indifferent between his possible choices and is willing to randomize himself.


[image: art]

Figure  1.8



This raises the question of why a player should bother to play a mixed strategy when he knows that any of the pure strategies in its support would do equally well. In matching pennies, if player 1 knows that player 2 will randomize between H and T with equal probabilities, player 1 has expected value 0 from all possible choices. As far as his payoff goes, he could just as well play “heads” with certainty, but if this is anticipated by player 2 the equilibrium disintegrates. Subsection 1.2.5 mentions one defense of mixed strategies, which is that it represents a large population of players who use different pure strategies. If we insist that there is only one “player 1,” though, this interpretation does not apply. Harsanyi (1973a) offered the alternative defense that the “mixing” should be interpreted as the result of small, unobservable variations in a player’s payoffs. Thus, in our example, sometimes player 1 might prefer matching on T to matching on H, and conversely. Then, for each value of his payoff, player 1 would play a pure strategy. This “purification” of mixed-strategy equilibria is discussed in chapter 6.

Example 1.7: Inspection Game

A popular variant of the “matching pennies” game is the “inspection game,” which has been applied to arms control, crime deterrence, and worker incentives. The simplest version of this game is depicted in figure  1.9. An agent (player 1) works for a principal (player 2). The agent can either shirk (S) or work (W). Working costs the agent g and produces output of value v for the principal. The principal can either inspect (I) or not inspect (NI). An inspection costs h to the principal but provides evidence of whether the worker shirks. The principal pays the agent a wage w unless he has evidence that the agent has shirked. (The principal is not allowed to condition the wage on the observed level of output.) If the agent is caught shirking, he gets 0 (because of limited liability). The two players choose their strategies simultaneously (in particular, the principal does not know whether the worker has chosen to shirk when he decides whether to inspect). To limit the number of cases to consider, assume that g > h > 0. To make things interesting we also assume that w > g (otherwise working would be a weakly or strictly dominated strategy for the agent).


[image: art]

Figure  1.9



There is no pure-strategy equilibrium in the inspection game: If the principal does not inspect, the agent strictly prefers shirking, and therefore the principal is better off inspecting as w > h. On the other hand, if the principal inspects with probability 1 in equilibrium, the agent prefers working (as w > g), which implies that the principal is better off not inspecting. Thus, the principal must play a mixed strategy in equilibrium. Similarly, the agent must also randomize. Let x and y denote the probabilities that the agent shirks and the principal inspects, respectively. For the agent to be indifferent between shirking and working, it must be the case that the gain from shirking (g) equals the expected loss in income (yw). For the principal to be indifferent between inspecting and not inspecting, the cost of inspection (h) must equal the expected wage savings (xw). Hence, y = g/w and x = h/w (both x and y belong to (0, 1)).9

1.2.4 Multiple Nash Equilibria, Focal Points, and Pareto Optimality

Many games have several Nash equilibria. When this is the case, the assumption that a Nash equilibrium is played relies on there being some mechanism or process that leads all the players to expect the same equilibrium.

One well-known example of a game with multiple equilibria is the “battle of the sexes,” illustrated by figure  1.10a. The story that goes with the name “battle of the sexes” is that the two players wish to go to an event together, but disagree about whether to go to a football game or the ballet. Each player gets a utility of 2 if both go to his or her preferred event, a utility of 1 if both go to the other’s preferred event, and 0 if the two are unable to agree and stay home or go out individually. Figure  1.10b displays a closely related game that goes by the names of “chicken” and “hawk-dove.” (Chapter 4 discusses a related dynamic game that is also called “chicken.”) One version of the story here is that the two players meet at a one-lane bridge and each must choose whether to cross or to wait for the other. If both play T (for “tough”), they crash in the middle of the bridge and get −1 each; if both play W (for “weak”), they wait and get 0; if one player chooses T and the other chooses W, then the tough player crosses first, receiving 2, and the weak one receives 1. In the bridge-crossing story, the term “chicken” is used in the colloquial sense of “coward.” (Evolutionary biologists call this game “hawk-dove,” because they interpret strategy T as “hawk-like” and strategy W as “dove-like.”)

Though the different payoff matrices in figures 1.10a and 1.10b describe different sorts of situations, the two games are very similar. Each of them has three equilibria: two in pure strategies, with payoffs (2, 1) and (1, 2), and one that is mixed. In the battle of the sexes, the mixed equilibrium is that player 1 plays F with probability [image: art] (and B with probability [image: art]) and player 2 plays B with probability [image: art] (and F with probability [image: art]). To obtain these probabilities, we solve out the conditions that the players be indifferent between their two pure strategies. So, if x and y denote the probabilities that player 1 plays F and player 2 plays B, respectively, player 1’s indifference between F and B is equivalent to

0 · y + 2 · (1 − y) = 1 · y + 0 · (1 − y),

or

[image: art]


[image: art]

Figure  1.10



Similarly, for player 2 to be indifferent between B and F it must be the case that

0 · x + 2 · (1 − x) = 1 · x + 0 · (1 − x),

or

[image: art]

In the chicken game of figure  1.10b, the mixed-strategy equilibrium has players 1 and 2 play tough with probability [image: art].

If the two players have not played the battle of the sexes before, it is hard to see just what the right prediction might be, because there is no obvious way for the players to coordinate their expectations. In this case we would not be surprised to see the outcome (B, F). (We would still be surprised if (B, F) turned out to be the “right” prediction, i.e., if it occurred almost every time.) However, Schelling’s (1960) theory of “focal points” suggests that in some “real-life” situations players may be able to coordinate on a particular equilibrium by using information that is abstracted away by the strategic form. For example, the names of the strategies may have some commonly understood “focal” power. For example, suppose two players are asked to name an exact time, with the promise of a reward if their choices match. Here “12 noon” is focal; “1:43 P.M.” is not. One reason that game theory abstracts away from such considerations is that the “focalness” of various strategies depends on the players’ culture and past experiences. Thus, the focal point when choosing between “Left” and “Right” may vary across countries with the direction of flow of auto traffic.

Another example of multiple equilibria is the stag-hunt game we used to begin this chapter, where each player has to choose whether to hunt hare by himself or to join a group that hunts stag. Suppose now that there are I players, that choosing hare gives payoff 1 regardless of the other players’ actions, and that choosing stag gives payoff 2 if all players choose stag and gives payoff 0 otherwise. This game has two pure-strategy equilibria: “all stag” and “all hare.” Nevertheless, it is not clear which equilibrium should be expected. In particular, which equilibrium is more plausible may depend on the number of players. With only two players, stag is better than hare provided that the single opponent plays stag with probability [image: art] or more, and given that “both stag” is efficient the opponent might be judged this likely to play stag. However, with nine players stag is optimal only if there is a probability of at least [image: art] that all eight opponents play stag; if each opponent plays stag with probability p independent of the others, then this requires [image: art], or p ≳ 0.93. In the language of Harsanyi and Selten (1988), “all hare” risk-dominates “all stag.”10 (See Harsanyi and Selten 1988 for a formal definition. In a symmetric 2 × 2 game—that is, a symmetric two-player game with two strategies per player—if both players strictly prefer the same action when their prediction is that the opponent randomizes [image: art], then the profile where both players play that action is the risk-dominant equilibrium.)

Although risk dominance then suggests that a Pareto-dominant equilibrium need not always be played, it is sometimes argued that players will in fact coordinate on the Pareto-dominant equilibrium (provided one exists) if they are able to talk to one another before the game is played. The intuition for this is that, even though the players cannot commit themselves to play the way they claim they will, the preplay communication lets the players reassure one another about the low risk of playing the strategy of the Pareto-dominant equilibrium. Although preplay communication may indeed make the Pareto-dominant equilibrium more likely in the stag-hunt game, it is not clear that it does so in general.


[image: art]

Figure  1.11



Consider the game illustrated in figure  1.11 (from Harsanyi and Selten 1988). This game has two pure-strategy equilibria ((U, L) with payoffs (9, 9) and (D, R) with payoffs (7, 7)) and a mixed equilibrium with even lower payoffs. Equilibrium (U, L) Pareto-dominates the others. Is this the most reasonable prediction of how the game will be played?

Suppose first that the players do not communicate before play. Then, while the Pareto efficiency of (U, L) may tend to make it a focal point, playing D is much safer for player 1, as it guarantees 7 regardless of how player 2 plays, and player 1 should play D if he assesses the probability of R to be greater than [image: art] (so (D, R) is risk dominant). Moreover, player 1 knows that player 2 should play R if player 2 believes the probability of D is more than [image: art]. In this situation we are not certain what outcome to predict.

Does (U, L) become compelling if we suppose that the players are able to meet and communicate before they play? Aumann (1990) argues that the answer is no. Suppose that the players meet and assure each other that they plan to play (U, L). Should player 1 take player 2’s assurances at face value? As Aumann observes, regardless of his own play, player 2 gains if player 1 plays U; thus, no matter how player 2 intends to play, he should tell player 1 that he intends to play L. Thus, it is not clear that the players should expect their assurances to be believed, which means that (D, R) might be the outcome after all. Thus, even with preplay communication, (U, L) does not seem like the necessary
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