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INTRODUCTION

In the modern world, it’s increasingly apparent how much every aspect of our world uses, and is described by, mathematics. Mathematics has always been there, and its beauty and utility have been appreciated by many for thousands of years.

The way we use mathematics in science, technology and communications gives huge power and insight to those who understand, even at a basic level, how our mathematical world functions.

Mathematics has always been about seeking to understand the world, as well as exploiting its patterns and insights. This book is a chance to explore some obvious, and some not-so-obvious, mathematical connections.

In Section 1 we’ll explore mathematics which applies to social and romantic situations, while in Section 2 we examine the mathematics involved in cheating, deception and truth – always important in a world worried about misinformation.

Section 3 tackles the way your money works (or doesn’t), and includes some important reminders on investment and financial risk-taking.

In Section 4 our mathematical lens focuses on the way animals, plants, and the natural and physical world can be modelled mathematically to give surprising and useful insights – while Section 5 comes back to our very human inclination to play and compete against each other, and examines the mathematical principles behind sports and games.

Dotted throughout the book are also some puzzles and paradoxes, which we hope are interesting enough to take time to ponder before reading on to the conclusions.

Enjoy the journey!
Ben and Katie
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WHY DO YOUR FRIENDS HAVE MORE FRIENDS THAN YOU?

Picture this: you’re at an event where you don’t know anyone. You check your phone, and see a feed full of posts about parties, social gatherings and holidays that you weren’t invited to. You can’t help but wonder why everyone seems to have more friends than you do. This odd and slightly disheartening observation isn’t all in your head – it’s a well-documented phenomenon called the friendship paradox.

First described by sociologist Scott L. Feld in 1991, the friendship paradox is the counterintuitive observation that, on average, your friends have more friends than you do. In 2012, researchers in America studying social networks found that the average person on Facebook had 245 friends, but the average number of friends each of those friends had was 359.

This doesn’t mean that every single one of your friends is more popular than you – but rather, if you lined up five of your friends, and took an average of how many friends they had, it would likely be greater than the number you have. And while you might feel like this is somehow your fault, it isn’t: it’s just a mathematical fact, which has some wide-reaching implications – from transport networks to the COVID-19 pandemic.

WHAT IS THE FRIENDSHIP PARADOX?

We can think of a social network (either online, or the real networks people form) as a collection of points (or vertices), joined by lines (or edges). This is a mathematical structure known as a graph – and graphs allow us to analyse many different types of structures and relationships.

For example, we could define a graph, denoted G, as:

•a set of vertices (also called nodes), V, each corresponding to a person in the social network, and

•a set of edges, E, each one representing a friendship – if two people are friends, their vertices are joined by an edge.



	THE WHOLE GRAPH:

	G = (V, E)




	THE SET OF VERTICES:

	V = {Alice, Bob, Carol, David}




	THE SET OF EDGES:

	E = {(Alice, Bob), (Bob, Carol), (Bob, David), (Carol, David)}





[image: ]
The graph shows us that Alice has only 1 friend, Bob. Bob is the popular one, with 3 friends. David and Carol have 2 friends each. In this network, the average person has 2 friends – so, nothing strange yet.



	PERSON

	FRIENDS




	ALICE

	1




	BOB

	3




	CAROL

	2




	DAVID

	2




	AVERAGE

	2





To observe the friendship paradox, we need to consider how many friends a person’s friends have. For Alice, Bob is her only friend – so the average number of friends her friends have is 3. Out of Bob’s 3 friends, who have 1, 2, and 2 friends each, the average number of friends is 1.67. For Carol and David, who each have a friend with 2 friends and another with 3, this is 2.5.



	PERSON

	FRIENDS

	AVG FRIENDS OF FRIENDS




	ALICE

	1

	3




	BOB

	3

	1.67




	CAROL

	2

	2.5




	DAVID

	2

	2.5





So for three out of the four people here, the average number of friends that their friends have is higher than their own number of friends. In this case, Bob is the only person this is not true of, since he has a lot of friends – but in general, it’s the case for the majority of people in a given network.

This is how networks behave in general – your individual experience is distorted by the effect of being part of a larger connected group. The paradox doesn’t always work – it won’t happen in certain extreme situations, such as when everyone has the same number of friends – but these kinds of situations are unlikely to occur in real life.

In real situations, there’s also an element of bias – people will seek out more popular people to be friends with, since they are likely to be a more attractive friendship prospect (because they’re more generous, or rich, or kind) – so the effect is amplified by popular people getting more popular. The result is that everyone else is left with this paradoxical feeling of unpopularity. But it will happen to almost all of us!

APPLICATIONS AND IMPLICATIONS

We can apply the mathematical ideas behind graph theory to many other situations involving connected networks. In particular, determining which vertices in the graph have the largest number of edges connected to them allows us to tackle real-world problems effectively.

• PUBLIC HEALTH: During an outbreak, individuals with many social connections are more likely to contract and spread infectious diseases. Public health strategies can leverage this by targeting vaccinations or interventions at these well-connected individuals, effectively slowing disease transmission.

• MARKETING: Focusing on influencers and individuals with extensive networks helps to promote products and ideas. By tapping into the networks of these key individuals, marketers can amplify their reach and increase the likelihood of a campaign going viral.

• TRANSPORT: Enhancing facilities, improving connectivity, and increasing train frequency on routes containing more well-connected train stations can enhance the overall travel experience for many passengers. (And the friendship paradox isn’t specific to human relationships – within the Eurail train and ferry network, each city is connected to an average of 2.7 cities, but their neighbours are connected to an average of 3.8 cities!)


[image: ]
...why do your friends have more friends than you do? In this case, it’s not you, it’s maths.





WHEN SHOULD YOU STOP LOOKING FOR ‘THE ONE’?

If you’ve ever spent any time dating, you’ll know it’s not exactly a formulaic process. It’s messy, uncertain and full of second-guessing. You meet someone and think, ‘They’re pretty great, but…what if there’s someone better?’ The classic dilemma: stay and risk wondering ‘What if?’, or move on and risk regretting it.

At the heart of this is a familiar question with surprising depth: when is the optimal moment to stop searching and commit? Too soon, and you might miss out. Too late, and all the good ones may be gone.

[image: ]
OPTIMAL STOPPING

This can be modelled mathematically as an optimal stopping problem. This is where we’re faced with a series of options to choose between, presented one at a time. As we consider each option we have the choice to say ‘yes’ or ‘no’. But once we say ‘no’, that option is gone forever: we can’t go back.

Originally introduced in the context of hiring a member of staff (and sometimes called the ‘secretary problem’), this model applies to many scenarios: choosing a parking space, buying a house or – in our case – looking for a partner.

It’s worth noting that, in real-world hiring situations, employers often interview everyone first and then contact their chosen applicant afterwards. In contrast, the model assumes we make an immediate ‘yes or no’ decision after each option, which makes it more appropriate for situations like dating.

To make this work, we need to assume three things:

1 Some options will be better than others: Whether we’re hiring or dating, quality varies. For our model, we need to define a way to compare two candidates, and determine which one is better.

2 Options arrive in a random order: If we knew they were arriving in decreasing order of quality, we could just pick the first one, so we’re assuming the ordering is random.

3 We know how many options we have to choose between: Imagine we have a fixed amount of time to find the perfect partner, and we date a new person every week, so we know what the total number of prospects will be.

Step 1: Sample without choosing

The first step to this method is to observe the first few options to ‘get a feel’ for what’s out there. People often do this intuitively when they view potential houses to buy, or try different restaurants: the early ones are for comparison, not commitment.

The initial phase helps you calibrate. You build a sense of what a good candidate looks like, which helps you spot someone exceptional later.

Step 2: Choose the first one who’s better

Once that sampling phase is over, the next step is simple: pick the first person who’s better than all the ones you’ve seen so far.

For example, imagine you start by reviewing (dating) five candidates. This is probably enough to establish a baseline – now all you need to do is look for the next candidate which beats all of those. Of the first five you saw, you should have been able to pick a favourite by comparing them. For each new candidate, you can compare them to your current favourite − as soon as you get someone better, you go with that.

This method has been shown to be the most likely way to find the best possible candidate from your range of options. The only question then is, when should you shift from sampling to actually choosing?

THE 37% RULE

Optimal stopping theory tells us that the way to make sure the one you end up with is as good as possible is to try out around 37% of the possible candidates – a little over a third – then pick the next one after that which beats all the options so far.

This value of 37% comes from a mathematical constant called e. This number is approximately equal to 2.71828, and it’s often used to define an exponential function: y = ex. Here, x is the input value to the function, and we find the output y by raising the number e to the power of x. We could use any value in place of e here, but choosing this particular value gives a function – shown in the graph – which has a slope of exactly 1 when x = 0: the line is pointing diagonally upwards at 45° when it crosses the y-axis.

[image: ]
This function is important in studying exponential growth – when the rate at which something is growing gets bigger the more of it there is. This kind of growth often occurs in situations like bacterial replication, or the spread of fires. The exponential constant e is an important value in mathematics, because the function e x describes this type of growth. (See here for more on exponential growth.)

And e is useful elsewhere too – our 37% comes from dividing the number of total candidates by e – and since 1/e ~ 0.37, this gives us about 37%. The method is likely to give you a reasonable result overall, but it will find you the overall best candidate, from the selection given, around 37% of the time.

In the example given earlier, we might know there are 14 potential dates lined up. Then finding 37% of 14 tells us we’d want to review 5 before we start considering options for ‘the one’.

[image: ]
WILL THIS HELP YOU FIND LOVE?

Of course, this doesn’t guarantee you’ll get the best option: if the absolute best candidate is among the first few you see, you’ll miss out, since they’ll be within your calibration set. But assuming things are randomly distributed, this is most likely to help you find ‘the one’ (that’s the best of the current available dating pool). Then you just need to hope your second date goes well!



PLAN YOUR PARTY WITH PERMUTATIONS!

Hooray – you’re organizing a party! But who do you invite? Do your guests know each other? Will you need to make introductions? Will everyone get along? And most importantly…will there be pizza?

Whether it’s counting handshakes or sending a team to collect food, and whether you know it or not, you’re deep in the realm of combinatorics – the branch of maths concerned with counting, choosing and arranging things.

HOW MANY HANDSHAKES?

Suppose everyone at your party shakes hands with everyone else. How many handshakes occur?

This obviously depends on how many people are present at the party.

If there are only two people, you have one handshake (and a decidedly anticlimactic, if intimate, party).

3 PEOPLE: 3 HANDSHAKES (1–2, 1–3, 2–3)
4 PEOPLE: 6 HANDSHAKES (1–2, 1–3, 1–4, 2–3, 2–4, 3–4)
5 PEOPLE: 10 HANDSHAKES (1–2, 1–3, 1–4, 1–5, 2–3, 2–4, 2–5, 3–4, 3–5, 4–5)

What’s going on here? This is one of the most everyday examples you might encounter of a non-linear sequence – the number of handshakes is not increasing by the same amount each time. If you drew a graph of this sequence it would not be a straight line – hence the term non-linear.

With this kind of sequence, it can be hard to spot a pattern. You might notice that the amount by which the sequence is increasing is itself increasing by the same amount each time (in this case, by 1). This is a characteristic of a second-order relationship, often referred to as a quadratic relationship.

Trying to draw a diagram often helps with understanding. In this case we can draw a graph (see here) – and the question becomes the same as asking ‘How many edges do you need to join every vertex to every other vertex?’


[image: ]
The edges needed to join 2, 3, 4 and 5 vertices



This will get harder to draw as the numbers get bigger, but at least we have some visual confirmation for the numbers so far.

Alternatively, we can break down our counting. Assume that one person starts off the handshaking by greeting everyone else. If there are 6 people present, the first person will engage in 5 handshakes (one for every guest other than themselves).

The next person has already greeted the first guest, so they have 4 left to greet. It might become clear that the third handshaker has only 3 to do, the next 2, and finally one handshake between the fifth guest and the remaining ungreeted guest.


[image: ]
The edges needed to join 6 vertices



5 + 4 + 3 + 2 + 1 = 15. The diagram backs this up – although it is now getting harder to count the lines.

This sequence of numbers is called the triangular numbers, because for each number of handshakes, we can form a triangle made from that many objects.


[image: ]
The first five triangular numbers



This reflects the way we counted handshakes, by adding together smaller and smaller numbers – e.g. 15 is 5 (the bottom row) plus 4 (the next row up) plus 3, plus 2, plus 1.

In general, if you have n people, there will be [image: ] handshakes. This checks out for 6 people: let n = 6, and our formula becomes [image: ] or 15, as expected. In fact, this is half the area of an n × (n – 1) rectangle of dots, and half the rectangle is a triangle.

A mathematician might refer to this outcome as ‘n choose 2’ (sometimes written as nC2), because it counts the ways of choosing two things from a list of n things.

WHEN ORDER MATTERS (AND WHEN IT DOESN’T)

If Alice shakes hands with Bob, that’s the same event as Bob shaking hands with Alice. The order doesn’t matter. There’s only one handshake between them, not two. But in some situations, order does matter. Imagine instead that Alice punches Bob (hopefully not at your party). That’s a very different scenario from Bob punching Alice. In this case. ‘A punches B’ is not the same as ‘B punches A’. So now we do care about who does what.

This difference is the starting point for what mathematicians refer to as combinations and permutations, and associated ways of counting them.

Choosing a pizza team: when order doesn’t matter

Imagine you had a sudden need to send out 3 people from the party of 30 people, perhaps to pick up a pizza order. Choosing Fred, Wilma and Barney is the same outcome as choosing Barney, Wilma and Fred. You don’t mind who goes first, second or third.

A selection of members where the order doesn’t matter is sometimes called a combination.

Listing all the possible teams there could be is frustratingly long-winded, but it can be stated mathematically as ‘n choose 3’ (or nC 3) – as in, how many combinations of 3 things can be chosen from n things (where the order doesn’t matter).

In this case, where n = 30, the answer is 4,060 combinations.

Ranking party guests: when order does matter

Now, suppose you’re picking the top three most interesting people at the party (awkward, but let’s go with it). This time, the order matters. Fred first, Wilma second and Barney third is different from Barney first, Wilma second and Fred third.

This is what we call a permutation: counting how many different ordered arrangements of 3 people there are from a group of 30.

Mathematically, this is described as ‘n permute 3’ (or nP3), or ‘how many ways are there of picking 3 things from n things (where the order I pick them matters)’.

In this situation, where n = 30, the answer is 24,360.

That’s 6 times the number of combinations – because there are 6 different ways to rearrange any group of three people. We’ll give some more explicit ways to calculate these numbers on here.

Counting those orders!

We could also write the number of ways to order three people as 3! – here, the exclamation mark means ‘factorial’, meaning to multiply this number by all the positive whole numbers below it.

Counting the number of ways of ordering a list is an important part of these discussions, and that’s exactly what this ‘factorial’ calculation does.

For example, to count the orderings of 3 people, there are 3 choices for the first place, then only 2 choices for second place, and whoever is left is in third place:

3 × 2 × 1 = 6

To order 7 people, it’s the same idea, There are 7 choices for first place, 6 choices left for second place, 5 left for third place and so on:

7 × 6 × 5 × 4 × 3 × 2 × 1 = 5,040 = 7!

SUMMARY OF FORMULAE

For each of these different ideas, we have different formulae describing how to calculate the total number of possibilities.



	Type

	Question

	Formula

	Example




	Ordering

	How many different ways are there of ordering a list of size n?

	n!

	How many ways of putting 6 people in a line?
6 × 5 × 4 × 3 × 2 = 6! = 720




	Combinations

	How many ways are there to choose r things from a list of size n, where order doesn’t matter?

	‘n choose r’ or
[image: ]

	How many different 5-card poker hands are available from a standard pack of 52 cards? ‘52 choose 5’ or 2,598,960 possible 5-card hands.




	Permutations

	How many ways are there to choose r things from a list of size n, where order does matter?

	‘n permute r’ or
[image: ]

	How many different playlists of 40 ordered songs could you choose from a library of 300 songs? (The order matters, as every DJ knows!)
‘300 permute 40’ = approx. 8 with 97 zeros after it (more than the number of particles in the observable universe – these lists get big!)





You may notice that the permutations formula is very similar to the combinations formula, but has just been multiplied by r! – this is because it scales up by precisely how many ways there are of reordering the r things.

In summary, any question you ask about counting things, choosing things, or putting things in order is likely to involve these three big ideas: combinations, permutations and ordering. These come under the general name of combinatorics. So next time you’re planning a party, make sure you correctly combine your cocktails and perfectly permute your pizzas!



THE SECRETS BEHIND ONLINE DATING

Ever wondered how a dating app claims to ‘find your match’?

Different apps have different philosophies. Some match people by mutual interests, or by personality traits – and others calculate ‘compatibility scores’. While we can’t tell you about any secret proprietary algorithms, there are definitely some ways to establish mathematically how closely matched you might be to someone else.

GETTING THE DATING DATA

Imagine a simple dating questionnaire:



	 

	Strongly disagree

	Disagree

	Neither agree nor disagree

	Agree

	Strongly agree




	Score

	1

	2

	3

	4

	5




	A I love being outdoors

	[image: ]
	[image: ]
	[image: ]
	[image: ]
	[image: ]



	B Being kind is more important than being right

	[image: ]
	[image: ]
	[image: ]
	[image: ]
	[image: ]



	C I enjoy in-depth discussions of technical detail

	[image: ]
	[image: ]
	[image: ]
	[image: ]
	[image: ]



	D I love football

	[image: ]
	[image: ]
	[image: ]
	[image: ]
	[image: ]



	E I like to have a lazy day with nothing planned

	[image: ]
	[image: ]
	[image: ]
	[image: ]
	[image: ]



	F I love cars and engines

	[image: ]
	[image: ]
	[image: ]
	[image: ]
	[image: ]



	G The way something looks matters more than the way something works

	[image: ]
	[image: ]
	[image: ]
	[image: ]
	[image: ]



	H I like cooking

	[image: ]
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	[image: ]
	[image: ]
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	I I am always ready to take a risk

	[image: ]
	[image: ]
	[image: ]
	[image: ]
	[image: ]



	J I enjoy reading books

	[image: ]
	[image: ]
	[image: ]
	[image: ]
	[image: ]



	Total score:

	 





If two people answer this questionnaire, how do we measure how similar their responses are?

To answer this, we need to work out how far away one set of answers is from another set of answers.

INTRODUCING DISTANCE METRICS

The word ‘metric’ comes from the same origin as the word ‘measure’ − just like the unit of distance: the metre. But a distance metric refers to a more general idea of ‘closeness’ between mathematical objects. In this case the objects are lists of
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ARE YOU MATHEMATICALLY UGLY?


MIRROR, MIRROR
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THE MOST BEAUTIFUL NUMBER
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WHEN SHOULD YOU PLAN A JOINT BIRTHDAY PARTY?
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THE BIRTHDAY PROBLEM











THE CALCULATIONS






	
	
	
	



	
	
	
	



	
	
	
	



	
	
	
	



	
	
	
	



	
	
	
	







	
	
	
	



	
	
	
	



	
	
	
	



	
	
	
	



	
	
	
	



	
	
	
	







	
	
	
	



	
	
	
	



	
	
	
	



	
	
	
	



	
	
	
	



	
	
	
	







	
	
	
	



	
	
	
	



	
	
	
	



	
	
	
	



	
	
	
	



	
	
	
	







	
	
	
	



	
	
	
	



	
	
	
	



	
	
	
	



	
	
	
	



	
	
	
	



	
	
	
	



	
	
	
	








WHY WE’RE BAD AT GUESSING THIS
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THE POISONED PIZZA PUZZLE
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FINDING A WINNING STRATEGY
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COMBINATORIAL GAMES
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