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INTRODUCTION

This book is in part a dictionary, in part a collection of short mathematical essays, and in part the ruminations of a numbers man. Although it contains many entries (brief essays) arranged in alphabetical order and depicting a broad range of mathematical topics, the book differs from a standard dictionary in that its entries are less comprehensive, longer, and in some cases quite unconventional.

By necessity, this book contains more facts and principles than most essay compilations. I have nevertheless tried to retain the personal tone and unifying voice of such collections. In other words, this book was written by an individual with specific interests (not all of them mathematical), biases (math as a liberal art and not merely as a tool for technologists), and pedagogical strategies (involving storytelling and unusual applications). Although the subject is mathematics and not me, I have made no attempt to exclude myself from the picture, hoping to serve as the reader’s personal guide through a subject that is unnecessarily daunting to many. My intended audience is intelligent and literate, but largely innumerate (mathematically illiterate).

I received a surprising volume of mail from readers of my previous book Innumeracy who wrote that the book had whetted their interest in mathematics, and that they now wanted something more to satisfy their newly awakened appetite for the subject—something of similar style and texture that would take them beyond simple numeracy. I immodestly quote from one woman’s letter: “It’s innumerate to say perhaps, but I wish you would write another book that was exactly the same, only different—something that goes a little further.” I hope this book will be both appealing and helpful to her and successful in providing its readers with a nontechnical but mostly uncompromising view of mathematics and its relation to our world.

There are a lot of people who appreciate the beauty and importance of mathematics but who, short of going back to college, see no way to pursue this interest. They’ve been led to believe that without a knowledge of formalisms, theorems, and symbolic manipulations, mathematical ideas are utterly beyond them. I think this is false and even pernicious. One can learn from Montaigne, Flaubert, and Camus without reading French, and one can learn from Euler, Gauss, and Gödel without solving differential equations. What’s needed in each case is a translator fluent in both languages.

As such a would-be translator, I’ve striven to avoid as much as possible not only equations but also elaborate diagrams, tables, and formal symbols. I do include a few illustrations and brief mentions of some common mathematical notations because these are sometimes indispensable and especially useful when consulting other books. For the most part, however, the exposition uses words—English ones.

The entries range from summaries of whole disciplines (calculus, trigonometry, topology) to biographical and historical asides (Gödel, Pythagoras, non-Euclidean geometry) to bits of mathematical or quasi-mathematical folklore (infinite sets, Platonic solids, QED) well known to mathematicians but not to the educated layman and laywoman. Occasionally, I include less conventional pieces—a review of a nonexistent book, a stream-of-mathematical-consciousness car trip, brief discussions of humor or ethics. New areas are discussed (chaos and fractals, recursion, complexity) as well as more classical ones (conic sections, mathematical induction, prime numbers).

I’m guilty throughout of committing flagrant “category mistakes”: including as entries mathematical topics, pedagogical principles, little homilies, anecdotal vignettes as if they were all coordinate. I don’t apologize, since these disparate discussions illustrate the frequently overlooked fact that mathematics is a many-layered human endeavor and not just a body of formal theorems and calculations.

Writing mathematical papers is different from writing about mathematics, but I think there needn’t and shouldn’t be such a chasm between the two activities. (I’ve often daydreamed of announcing the solution to a famous unsolved problem in a popular book instead of in a traditional research journal.) With regard to the accuracy of the various entries, I’ve tried here to steer a delicate course: writing precisely enough to preclude collegial disdain (collegial disinterest in such a popular work is inevitable), yet clearly enough to avoid readers’ possible misconceptions. When clarity and precision come into conflict, as they sometimes do, I’ve opted in most cases for clarity.

A widespread misconception about mathematics is that it is completely hierarchical—first arithmetic, then algebra, then calculus, then more abstraction, then whatever. (What comes after advanced calculus? Answer: serious gum disease.) This belief in the totem pole nature of mathematics isn’t true, but it prevents many people who did poorly in seventh-grade, high school, or even college mathematics from picking up a popular book on the subject. Often very “advanced” mathematical ideas are more intuitive and comprehensible than are certain areas of elementary algebra. My point is: If you get stuck or don’t understand something, continue on and the fog will probably lift, often even in the same entry.

Finally, I recall the self-described innumerates I’ve known who have been surprised when I’ve remarked on their mathematical insight. Having a traditional computational view of mathematics, such people usually characterize their insightful comments as logic or common sense and not as mathematics; they remind me of the Molière character who was shocked to discover that he had been speaking prose all his life. This book is therefore written for unknowing mathophiles (among others) who have been thinking math all their lives without realizing it.

The entries are largely independent and lightly cross-referenced.


A MATHEMATICAL ACCENT

∞

The practical importance of studying mathematics is widely acknowledged, but relatively few will grant that the mathematics of everyday life can be an engaging topic for idle thought. Mathematics, however, provides a way of viewing the world, and developing a mathematical consciousness or outlook can enhance our daily rounds.

Rather than argue for this, let me illustrate with an extended anecdote. Recently I had to drive to New York on short notice and I was a little late. Behind a line of cars on the way to the turnpike, I developed the usual murderous thoughts as I noted that the driver in the lead car was letting cars from a busy side street turn right onto the street before him (and me). There was a traffic light at the intersection, so there was no need for this bit of philanthropy, and the would-be Samaritan should have balanced his good deed against the aggravation to the drivers behind him. The mathematical integral or sum of the latter inconveniences was in this case greater. Although not a deep thought by any means, it and similar “calculations” seem to be quite foreign to many.

Finally reaching the expressway, I quickly accelerated to the prevailing speed of approximately 70 miles per hour, slowing down to something near 55 only when patrol cars appeared. Despite my rush, the inanity of the game seemed especially stark that day, and I wondered why no one had ever implemented the following simpleminded idea for curbing excessive speed on toll roads: When someone enters such a road, the ticket he or she receives is stamped with the time of entrance. The distance between the various toll booths is known, so that when the exit time is recorded later by a computer, it can easily calculate the person’s average velocity while on the toll road. The toll booth operator may then direct speeders with incriminating toll tickets to a waiting patrol car.

The method wouldn’t do away with all speeding, of course, since someone could still speed until just before the exit, stop for a cup of coffee or a full meal if they’d really been racing, and exit with a legal average velocity. Still the primary inducement for speeding would be gone. What’s wrong with this plan? Division of one number by another, the distance traveled by the time elapsed, is surely not a risky or a novel technology. Speeding tickets are presently issued on the basis of radar, which is considerably less reliable.

Turning on the radio to escape the topic, I was reminded how I would so like to hear just once a rock song that uses the word “doesn’t” rather than “don’t” as in “She don’t love me anymore” or, what was actually playing, “It don’t matter anyway.” Possibly because of the relative sensory deprivation of driving, the latter lugubrious lyric stuck with me. Maybe it didn’t matter anyway, and if so, I wondered if it mattered that it didn’t matter. If nothing mattered and that nothing mattered didn’t matter either, then why couldn’t we iterate? It didn’t matter that it didn’t matter that nothing mattered. And so on recursively.

I inhaled the fumes of the New Jersey Turnpike and further considered the situation. If nothing mattered, but that nothing mattered did matter, then we would have a rather dispiriting situation. If nothing mattered and that nothing mattered didn’t matter either, then we would have the possibility of something better—an ironic and conceivably happy approach to life. Similarly at higher levels. Reasoning formally and probably simplistically, the best situation would be for things to matter at the basic level or, failing that, to matter on no level—either complete childhood simplicity or total adult irony. (See the entry on time.)

As I neared the Hess oil refinery, my thoughts turned to writing and publishing, but my absurdist mood persisted. Was there, given the large and increasingly homogeneous reading population, less of a “need” today for writers? Assuming that people read about the same number of books, magazines, and newspapers as they always did, and that they wanted to read the “best” of whatever they did read (as determined by best-seller lists, say), and that they tended, in large part, to read material written by their countrymen, it seemed to follow that the larger the nation, the smaller the percentage of its citizens who could be authors or, what one day might become equivalent, best-selling authors.

I thought of several counter-arguments, the most interesting pointing to the larger variety of publications (especially nonfiction books, magazines, and newsletters) that catered to ever more specialized tastes and that provided more opportunities for writers. If there was any substance to these vague musings, the likelihood of attaining literary stardom was shrinking, while the chances of earning a living with one’s word processor were rising.

The radio was reporting a one-hour delay in the Lincoln Tunnel, so I decided to take the George Washington Bridge into Manhattan. This turned out to be not much better, since the victims of a minor accident were on the side of the road attracting the usual rubberneck response from passing motorists. The cumulative effect of everyone’s slowing down to see that there was really nothing to see struck me as a miniaturized version of many human problems. No evil intent, just a common impulse whose magnification was unpleasant.

Traffic cleared after a twenty-minute delay only to clot up again even worse due to construction. A single-lane stretch of about a mile before the bridge was needlessly peppered with Do Not Pass signs. The signs reminded me of progressive sentences in which each succeeding word is one letter longer than its predecessor, and I whiled away the time dilating on the pattern. Finally I came up with “I Do Not Pass Since Danger Expands Anywhere Unmindful Speedsters Proliferate Unmanageably,” of which I was inordinately proud.

Tiring of this, I noted the increasing frequency of MD license plates as we approached New York and remembered the statistic I had just read that there are 428 physicians in all of Ethiopia—a country of 40,000,000 people whose average life expectancy was under 40. Trying to keep my impatience at bay, I constructed biographies of people from their vanity license plates and concluded without a shred of evidence that I was right every time. This brought to mind the punch line of a license-plate joke told me by a mathematician friend: How do you spell the name “Henry”? Answer: H-E-N-3-R-Y—the 3 is silent.

On the bridge I remembered that the supporting cables take the form of a curve called a catenary unless weights are hung from them at equal intervals, in which case the shape is parabolic. I considered the likelihood of the bridge’s collapse and then the still unlikely, but vastly more probable possibility of being killed by a drunk driver, or ultimately contracting cancer from my repeated exposure to the New Jersey Turnpike, or developing high blood pressure from the frustration of being locked in a car alone with my obsessive ruminations.

I arrived in New York only five minutes late for my appointment, but that isn’t the point of the story. Its purpose was to illustrate a mathematical stream of consciousness. The topics which arose naturally were social trade-offs (the good samaritan, gawking at accidents), average velocity (speeding tickets on the turnpike), the logical level of statements (the “nothing matters” business), probability (chances of becoming a published author), wordplay (snowball sentences), and estimation (dying from a bridge collapse vs. other, more likely demises).

For most nonscientists, what’s most important in science education is not the imparting of any particular set of facts (although I don’t mean to denigrate factual knowledge), but the development of a scientific habit of mind: How would I test that? What’s the evidence for it? How does this relate to other facts and principles? The same, I think, holds true in mathematics education. Remembering this formula or that theorem is less important for most people than is the ability to look at a situation quantitatively, to note logical, probabilistic, and spatial relationships, and to muse mathematically. (See the entry on computation and rote.)

Of course, I’m not advocating an exclusive focus on such musings, just a realization that mathematics is much more than computation, that the outlook that results from studying it can illuminate aspects of our lives other than our financial or scientific concerns. At the very least it can provide an alternative way to fill our driving time.


ALGEBRA—SOME BASIC PRINCIPLES

∞

I always liked elementary algebra partly because my first teacher of it had been recruited (dragooned might be a better word) into teaching the subject even though she didn’t know a quadratic formula from an upper leg exercise regimen. Being honest, however, she didn’t try to hide this fact, and being near retirement, she depended on her better students to help her out of any mathematical difficulties. She often found some pretext to have one of us come to her classroom after school, at which time she always managed to rehearse the next day’s lesson. Happily (and necessarily) she stressed a few basic principles and left most of the details to us.

Despite knowing some mathematics, I’ll try to follow her sound pedagogical example of sketching the broad picture and avoiding technicalities as much as possible. This is especially important in algebra, whose mere mention brings back for many people miserable memories of trying to determine Henry’s age when told that he is 5 times as old as his son but will in 4 years’ time be only 3 times as old. There are many reasons for this distaste, but I sometimes wonder if one of them might not be traceable to algebra’s discovery by Al-Khowarizmi in the early ninth century. This Al-Khowarizmi, from whose name the English word “algorithm” is derived and from whose influential book Al-jabr wa’l Muqabalah we get our word “algebra,” was one of the preeminent mathematicians of a most impressive era in Arabic learning. His book deals with the solving of various simple sorts of equations, but true to what algorithm has come to mean, Al-Khowarizmi concentrated almost exclusively on recipes, formulas, rules, and procedures. To my mind, his text has little of the elegance or logical appeal of Euclid’s Elements, but like the latter it was the standard work in its field for a very long time.

Although Al-Khowarizmi did not use variables in his algebra problems for the very good reason that they would not be invented for another 750 years, elementary algebra has come to be considered a generalization of arithmetic in which variables are used to stand for unknown numbers. (See the entry on variables.) This provides for vastly greater scope since, for example, the distributive law of numbers may be expressed by the single equation A(X + Y) = AX + AY. In arithmetic only specific instances of this law may be cited: 6(7 + 2) = (6 × 7) + (6 × 2), or 11(8 + 5) = (11 × 8) + (11 × 5). (Let me interject here a common little puzzle whose solution depends on the distributive law. Pick a whole number X. Add 3 to it. Double what you get. Subtract 4 from this result. Subtract twice your original number. Add 3. The answer must always be 5. Why?)

The title Al-jabr wa’l Muqabalah means something like “restoration and balancing” and refers to the basic algebraic insight that the solving of equations requires that one “balance” both sides of the equation, that if one performs an operation on one side of the equation, then one must “restore” equality by performing this same operation on the other side as well.

A review of this process appears later, but since you probably don’t care that Henry is 20 and became a father at 16, consider the following more practical problem which arose out of the labyrinthine complexity of my financial empire. I was trying to decide recently where to put some money for a short term of 3 months—into a fund that paid 9% for the first month and then reverted to whatever the treasury bill rate would be for the next two months, or into a fund that paid 5.3% tax-free. I wondered what the average treasury bill rate, R, would have to be for the second and third month in order to break even with the fund’s tax-free rate. This led to the equation .72[(.09 + R + R)/3] = .053, the .72 reflecting my 28% tax bracket. Similar equations arise in many areas of business, science, and everyday life, and the simple techniques used in solving them enabled me to find R = 6.54%, far enough below the then treasury bill rate that I put my money into the taxed fund.

Algebra deals also with methods for solving quadratic equations (X2 + 5X + 3 = 0, for example), cubic equations (X3 + 8X2 − 5X + 1=0), and equations of higher degree (XN + 5X(N−1) … − 11.2X3 + 7) as well as with equations involving two or more variables and with collections of such equations. (See the entries on the quadratic and other formulas and linear programming.) In all these, variants and refinements of Al-Khowarizmi’s fundamental principle of “restoring and balancing” are employed, as is the crucial understanding that the variables stand for numbers and hence manipulations of them must be governed by the same arithmetic rules that govern numbers.

There is another mathematical discipline that goes by the name of algebra (sometimes called abstract algebra to distinguish it from elementary algebra), but its logic, historical roots, and flavor are sufficiently different that I’ll reserve discussion of it to the entry on groups. Algebraists whose specialty is the study of abstract algebraic structures are often slightly chagrined when nonmathematicians assume that they’re busy solving quadratic equations.

[Derivation of Henry’s age from the fact that he’s 5 times as old as his son but 4 years hence will be only 3 times as old: Start by supposing X is the present age of Henry’s son. (I have a friend who claims to have begun an explanation in this way only to have someone at the back of the class respond with a jeering “Yeah, but suppose X ain’t his age.”) Then 5X must be Henry’s present age. In 4 years the son will be (X + 4) years old, while Henry will be (5X + 4) years old. We’re told that at this point the father will be only 3 times as old as his son. Stated algebraically, the relation translates into the equation 5X + 4 = 3(X + 4). Here we must use the distributive law to write 3(X + 4) as 3X + 12. Thus 5X + 4 = 3X + 12. Now we do our restoring and balancing. To preserve equality and simplify the equation, we subtract 4 from both sides of it and obtain 5X = 3X + 8. For the same reasons we subtract 3X from both sides of this equation and get 2X = 8. Finally we divide both sides by 2 to find that X = 4. Since X is the son’s age, we conclude further that 5X = 20 is Henry’s age.

[The solution to the other puzzle: If X is the original number, then the subsequent transformations of it are (X + 3); 2(X + 3) or (2X + 6); (2X + 2); 2; 5.]


ANALYTIC GEOMETRY

∞

As is the case with many fundamental discoveries, the insight that led to analytic geometry is in retrospect very simple and obvious to all, and to cabdrivers in particular. In taxi terms this insight can be phrased: Every intersection corresponds to a street and an avenue, and every street and avenue correspond to an intersection. A more mathematical rendering states that every point corresponds to an ordered pair of numbers, and every ordered pair of numbers corresponds to a point.

Invented by French mathematician-philosopher René Descartes and independently by his countryman, lawyer Pierre Fermat, in the early seventeenth century, analytic geometry unites algebra and geometry via the above correspondences. The point (3,8), for example, is the point which is 3 units to the right and 8 units up from a fixed point called the origin. The numbers 3 and 8 are called, respectively, the point’s x-coordinate and y-coordinate, and indicate a point different from that named by the numbers (8,3), the latter point’s position being 8 units to the right and 3 units up from the origin. The origin’s coordinates are, naturally enough, (0,0). The importance of the order of the numbers is clear to the cabdriver since (3,8), 3rd Avenue and 8th Street, is not the same as (8,3), 8th Avenue and 3rd Street. The intersection of the primary north-south avenue (the y-axis in mathematical terms) with the primary east-west street (the x-axis) is taken to be the cabdriver’s reference point or origin.

Although they are quite different points, both (3,8) and (8,3) are to the right (east of) and above (north of) the origin. By convention, points to the left (west of) or below (south of) the origin require negative coordinates. Thus a point 5 units to the left and 11 units up from the origin has coordinates (− 5,11), one 5 units to the left and 11 units down from the origin has coordinates (− 5, −11), and one 5 units to the right and 11 down from the origin has coordinates (5, − 11). (Don’t think of New York as a model since the avenue numbers there increase as you go west.)

So what? There certainly must be more to analytic geometry than this, or universities would automatically award three credits to matriculating cabdrivers. Well, once Descartes and Fermat associated points with ordered pairs of numbers, they further observed, and this is crucial, that algebraic equations corresponded to geometric figures. To cite an easy example, we note that the set of points whose respective x- and y-coordinates make the equation Y = X true constitute a straight line. That is, the points (1,1), (2,2), (3,3) and so on (which satisfy or make true the equation Y = X) form a line at a 45-degree angle with the x-axis. Equivalently, the intersections of 1st Avenue and 1st Street, 2nd Avenue and 2nd Street, 3rd Avenue and 3rd Street, and so on constitute a line (or diagonal boulevard) forming a 45-degree angle with the primary east-west reference street.

The graph of the equation Y = 2X is determined in a similar manner but is a line which forms a larger angle with the x-axis. Since the points (1,2), (2,4), (3,6) satisfy the equation (each is such that when its x-coordinate is substituted for X and its y-coordinate is substituted for Y, a true statement results), the intersections of 1st Avenue and 2nd Street, 2nd Avenue and 4th Street, 3rd Avenue and 6th Street, and so on lie along this line. Of course, we needn’t restrict ourselves to whole numbers; (1.8, 3.6) also lies on the above line as does (− 2.7, − 5.4), although neither corresponds to an intersection. Likewise, the equation Y = 2X + 3 has a graph passing through the points (0,3), (1,5), (2,7), (3.1,9.2), and so on. By graphing two equations on the same pair of axes, we can determine where they cross. This point is called the equations’ simultaneous solution, although, since mathematics is timeless, a better word might be “homolocal.”

More complicated equations give rise to more interesting curves (points on which may always be plotted by finding ordered pairs of numbers which make the equation in question true). The graph of the equation Y = X2 is a curve known as a parabola, that of X2 + Y2 = 9 is a circle, and that of 4X2 + 9Y2 = 36, an ellipse. By exploiting techniques which develop this algebraic/geometric rapprochement, problems in geometry can be rephrased algebraically while algebraic relations can be given a geometric meaning. The unity which results laid the framework for the development of calculus later in the seventeenth century and provided a sort of mathematical lingua franca that is still in use today. (Still in use, I might add, even among the Farsi-, Spanish-, Greek-, Hebrew-, and Russian-speaking cabdrivers in New York. The source for this cabdriver talk dates from an experience I had driving a taxi while a graduate student at the University of Wisconsin in Madison. The dispatcher insisted on using military time and mathematical coordinates to guide the neophyte drivers, many of them foreigners, to their destinations. The problem was that Madison is a small city sandwiched among four lakes, and there simply is no coherent system of rectangular coordinates, just curving diagonals slicing between this lake and that peninsula. The drivers regularly got lost until a dispatcher innocent of analytic geometry took over and directed more conventionally via traffic lights, convenience stores, and gas stations.)
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Straight line, parabola, and ellipse



For three dimensions, the generalization is straightforward. Just as any point in the plane can be thought of as an ordered pair of numbers, any point in space can be thought of as an ordered triple of numbers. The point (4,7,5), for example, is 4 units to the east of, 7 units to the north of, and 5 units above some fixed reference point having coordinates (0,0,0); the coordinates simply indicate the distances along the x-axis, y-axis, and z-axis, respectively (rather than just along the first two of these perpendicular axes). Reverting to our cabdriver’s perspective, we imagine that (4,7,5) is on the fifth floor of a building at the intersection of 4th Avenue and 7th Street while (4,7, − 1) is in the basement of the same building. The points which satisfy equations in three variables form surfaces in space rather than curves in the plane. The graph of Z = X2 + Y2, for example, is a paraboloid, a shape something like a rounded coffee cup without a handle, while X2 + Y2 + Z2 = 25 has a spherical graph.
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A paraboloid



Generalizations exist for higher-dimensional spaces as well, and the idea of assigning numbers to each of the many dimensions of some entity or other is commonplace in myriad nonmathematical contexts. Thus, the “vector” (4,7, − 1,14) might indicate the aforementioned basement of the building at 4th Avenue and 7th Street at 2 p.m. (1400 hours), while (4,10,9,16) indicates the 9th floor of a building 3 blocks north and 2 hours later.

Like our Hindu-Arabic number system, analytic geometry and its offshoots are so seemingly natural and thus so taken for granted that it sometimes requires a special effort to remember that they’re inventions of human beings and not innate aspects of our biological or conceptual makeup. (The great German philosopher Immanuel Kant might disagree with this last remark, but since we’re not yet at non-Euclidean geometry, we don’t have to pay any attention to him right now.)


ARABIC NUMERALS

∞

A German merchant of the fifteenth century asked an eminent professor where he should send his son for a good business education. The professor responded that German universities would be sufficient to teach the boy addition and subtraction but he would have to go to Italy to learn multiplication and division. Before you smile indulgently, try multiplying or even just adding the Roman numerals CCLXIV, MDCCCIX, DCL, and MLXXXI without first translating them.

Numbers may be eternal and invariant, but numerals, the symbols used to represent numbers, are not, and the above anecdote illustrates how easy it is to take for granted the Hindu-Arabic numerals we use today. The history of numeration systems is a long one extending from prehistoric times to the adoption in the Renaissance of our present system. The heroes of the story are the nameless scribes, accountants, priests, and astronomers who discovered the principles of representing numbers systematically.

These principles—abstract symbolization (as opposed to concrete representations with pebbles, say), positional notation (826 is very different from 628 or 682), a multiplicative base for the system [the numeral 3,243 in our base 10 system, for example, is interpreted as (3 × 103) + (2 × 102) + (4 × 10) + (3 × 1), in contrast to its interpretation in a base 5 system, where it would indicate 448: (3 × 53) + (2 × 52) + (4 × 5) + (3 × 1)], and the holy grail, zero (allowing one to distinguish easily between 36, 306, 360, and 3,006)—are an essential though almost invisible part of our cultural heritage.

[One unconventional “application” of numbers expressed in a different base arises when people celebrate an unwelcome birthday, say their 40th. In a base 12 system, 40 would be written 34: (3 × 12) + (4 × 1). With a different base the birthday loses some of its artificial significance. Similar remarks hold with regard to the outbreak of numerological fatuity I expect will be connected to the turn of the millennium in 2000, or 2001 for purists. Changing the base won’t always work, however. The senselessness surrounding 666 would probably have attached itself to some other number in a base 5 world where 666 would be innocuously expressed as 10,031 (1 × 54) + (0 × 53) + (1 × 52) + (3 × 51) + (1 × 1). By an application of the principle of conservation of superstition, 444−124 in our base 10 system—might have acquired mystical significance in such a world.]

Many concrete means of indicating numbers have been used—pebbles of different sizes, knotted skeins of colored threads, the ubiquitous abacus and counting board, and finally the most personal of personal computers: human hands and feet. Counting on our fingers or on our fingers and toes (floppy digits?) is an almost universal phenomenon that ultimately gave rise to the most commonly used written bases. Our base 10 system is certainly a consequence of this, while the French words for 20, 80, and 90—vingt, quatre-vingts, and quatre-vingt-dix—suggest an older base 20 system. The Mayas, one of the four peoples to invent the principle of positional notation, also used a base 20 system 1,500 years ago to create calendars more accurate than the Gregorian one we use today. Even the ancient Babylonian-Sumerian base 60 system, which survives in our measurement of time, angles, and geographic position, was probably derived from finger counting.

Continuing our sketch, we note that about 2,000 years ago the Chinese invented a written positional numeration system based on powers of 10. About 500 years later the people of southern India independently made the same discovery, but soon thereafter went further and invented zero, a symbol that forever transformed the art of representing and manipulating numbers. Before it received its name, zero was often suggested by an empty space in a numeral or on a counting board. Afterward, the symbol indicated that a space was present or, equivalently, that something was absent. Finally, it became clear that numbers are defined by their properties and that zero was as “propertied” as any other number.

The Chinese borrowed the notion of zero from the Indians, as did the Arabs, who eventually communicated the whole system to Western Europe. The invention of the Hindu-Arabic numeral system can fairly be said to be one of the most important technical discoveries of mankind, ranking with the invention of the wheel, fire, and agriculture.

[By the way, the numbers mentioned in the first paragraph add up to MMMDCCCIV. What’s their product?]


AREAS AND VOLUMES

∞

Did you ever read a mammoth generational saga near the end of which a character utters some perfectly vacuous truism which nevertheless resonates deeply with the rest of the book and makes you review everything in its light? My reaction to the formula for the area of a rectangle is somewhat similar. I’m conscious of its obviousness, yet aware as well of its connections to splendid seams of mathematical gold. Let’s skip the gold, however, and turn to a more pallid color—manila. A manila envelope lies before me; its dimensions are 10 inches by 13 inches, and thus its area is 130 square inches. Being extraordinarily clever, I didn’t count out 130 inch-wide squares to determine this area; all I did was to multiply the envelope’s length by its width.

Clear enough, but every other formula for the area of a figure in the plane is a consequence of the simple fact that the area of a rectangle is equal to the length of its base times that of its height; in equation form, A = BH. A few important examples follow, a couple of them, like the above, as old as mathematical knowledge itself (pre-Egyptian).

Since a square has a base and height which are equal, the formula for the area of a square is A = S2, S being the length of the square’s side. (The corresponding formulas for the perimeters of rectangles and squares are, respectively, P = 2B + 2H and P = 4S.)

Although its name may suggest two closely bound letters sent through the mail together, a parallelogram is a four-sided figure—in Latin English a quadrilateral—whose opposite sides are parallel. Its area can also be found by using the formula, A = BH, where B is again the length of the base or bottom, but H this time is the shortest distance from the top to the bottom (extended if need be), the perpendicular height as opposed to the slant height.

Since any triangle can be considered to be half of a rectangle or parallelogram (a triangular chip off the old rectangular block), the formula for the area of a triangle is simply A = 1/2 × BH, where, as before, B is the base of the triangle and H is the shortest distance from the top vertex to the base (extended if need be).


[image: ]

Since the hexagon may be divided into triangles, its area equals ½TP, where T is the distance from its center to one of its sides and P is its perimeter.




[image: ]

But as the number of sides in the inscribed polygon increases, T approaches the circle’s radius R and the perimeter P approaches its circumference C.




[image: ]

Thus the area of the circle equals ½R(2πR) or, more familiarly, πR2. A = πR2.



Basic area formulas



Whether wallpapering an odd-shaped room or painting the walls of a Gothic cathedral, you may find the area of any plane figure that is bounded by straight lines simply by dividing and conquering: Partition the figure into triangles and rectangles, find the area of each of these triangles and rectangles, and then add up these areas to get the area of the whole figure. Using this method on regular polygons (a polygon such as a triangle, quadrilateral, pentagon, or dodecagon all of whose sides and angles are equal), one can derive the formula A = 1/2 × TP, where P is the perimeter or distance around the regular polygon, and T is the perpendicular distance from the central point of the polygon to a side.

Also, since a circle can be considered to be the limiting figure toward which a sequence of inscribed regular polygons converges, we can use the notions of partitioning and limits to prove that the area of a circle is also given by A = 1/2 × TP, where, as before, T is the distance from the “central point” or center of the circle to a “side” of the circle, and P is the “perimeter” of the circle. Since the perimeter of a circle is its circumference, 2π times the radius R of the circle (see the entry on pi), and since T is equal to R, we find that when we substitute these terms into the above formula, we get the more familiar A = 1/2 × R × 2πR, or A = πR2 for the area of a circle of radius R (which explains, among other things, why an 8-inch pizza is almost 80% bigger than a 6-inch one).

In general, to find the area of a figure bounded by curved lines of any sort, it is necessary to approximate the figure in question with one whose boundaries are straight lines. Then calculate the area of the straight-sided figure by partitioning it into triangles and rectangles and adding up the areas of these simpler shapes. To obtain a more accurate answer, make the approximating line segments shorter in order to conform more closely to the curved lines, and then partition and add once again. This “method of exhaustion” or successive approximation of curved areas with rectangles and triangles goes back to Archimedes and is the idea behind the definite integral, defined to be the limiting value of these approximating sums, and, incidentally, a concept at the base of much of the applicability of calculus and mathematical analysis.

A similar approach may be taken to the volume of figures in space. The basic building block of such figures is the rectangular box whose volume V is determined by multiplying its length times its width times its height, V = LWH; V = S3 for a cube of side S. The volume of a parallelepiped, the six-sided figure whose opposite faces are parallelograms, is given by the same formula but, once again, we interpret width and height to mean the perpendicular distance between opposite sides. Other useful volume formulas are those for a cylindrical can (a phrase as redundant as “new innovation”)—V = πR2H, where R is the radius of the can and H is its height; for a cone—1/3 × πR2H, where R is the radius of the base of the cone and H is its perpendicular height; and for a sphere—4/3 × πR5, where R is the sphere’s radius.


[image: ]

Basic volume formulas



As with area, the exact volume of a more complicated figure may be calculated by finding the limit of successive approximations to the figure with rectangular boxes; i.e., by again using Archimedes’ method of exhaustion as formalized in the integral calculus. There are, it should also be mentioned, natural generalizations of area and volume formulas to higher-dimensional hyperspace (hypercubes being the basic building blocks) as well as more theoretical issues concerning the nature and properties of areas and volumes (of surfaces, solids, and arbitrarily chosen sets).

There is an intriguing interplay among the notions of area, volume, and basic physics. Note that the support needed by people, animals, and general structures to stand upright is proportional to their cross-sectional areas, while their weight is proportional to their volumes. For example, quadrupling the height of a structure and preserving its proportions and material makeup will result in a 64-fold (43) increase in its weight, but only a 16-fold (42) increase in its ability to support the weight. This is why any 25-foot-tall monster ambling about the Himalayas or sunning himself on some beach in the Bermuda Triangle could not possibly be proportioned as we are. This relation also puts constraints on the heights, proportions, and materials of trees, buildings, and bridges. Related considerations help to explain other structural features (including the surface area of lung and intestine tissues) of plants, animals, and inanimate objects. (See the entry on fractals.)
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A two-dimensional representation of a hypercube



I repeat what I said at the beginning of this entry. Although the formula A = BH is trivial in one sense (just the archetypal illustration of multiplication), variants, refinements, and applications of it resound throughout mathematics.

Finally, knowledge of these formulas for areas and volume does not always guarantee a gut feel for expanse and voluminosity. One example: The Grand Canyon in Arizona is 217 miles long, ranges in width between 4 and 18 miles, and is up to 1 mile deep. If we conservatively take its average width to be 6 miles and its average depth to be .3 mile, then its volume is 390.6 cubic miles, which, upon multiplication by 5,2803, yields 5.75 × 1013 cubic feet. If we divide this figure by 5 billion, the human population of the earth, we come up with approximately 11,500 cubic feet of space in the Grand Canyon for every human being on earth. Calculating the cube root of this figure to be about 22.5 feet, I conclude that there would be room in the Grand Tenement for 5 billion cubicle apartments 22.5 feet on a side.


BINARY NUMBERS AND CODES

∞

Binary numbers are ones that consist entirely of 1’s and 0’s. Although known to ancient Chinese mathematicians, they were first seriously investigated by the German mathematician and philosopher Gottfried Wilhelm von Leibniz, who was motivated by metaphysical considerations of being vs. nonbeing. Because many (all?) phenomena can be reduced to complex sequences of on-off, open-shut, yes-no dichotomies, and because at least computers function in this way, binary numbers and codes have long since descended from the metaphysical realm to the mundane.

In any case, how do we fit our Arabic numerals into this more austere garb of 0’s and 1’s? Examples serve better than explanation here. The number 53 is expressed as 32 + 16 + 4 + 1, each of the terms being a power of 2 (1 is thought of as the zeroth power of 2, 20). We hence define 110101 to be the binary representation of 53, each 1 or 0 indicating the presence or absence of a power of 2. I.e., 53 = (1 × 25) + (1 × 24) + (0 × 23) + (1 × 22) + (0 × 21) + (1 × 20). As with Arabic numerals, the positions of the digits determine their value.

More examples: The number 83 = 64 + 16 + 2 + 1, so, expressed in binary terms, it is 1010011—(1 × 26) + (0 × 25) + (1 × 24) + (0 × 23) + (0 × 22) + (1 × 21) + (1 × 20). Likewise, 217 = 11011001. The numbers from 1 to 16 expressed in binary form are: 1, 10, 11, 100, 101, 110, 111, 1000, 1001, 1010, 1011, 1100, 1101, 1110, 1111, 10000. Moving in the other direction, we translate 110100 as 52, 1111100 as 124, and 1000000000 as 512 (29). Once Arabic numbers are expressed in binary form, we use the same arithmetic rules and algorithms (e.g., “carrying”) to work with them, remembering only that we’re dealing with powers of 2 and not powers of 10.

Not limited to numbers alone, binary codes can also be used quite generally and in different ways. For example, if statements
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