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  Chapter 1
Introduction to Partial Differential Equations


  Overview:




  This foundational chapter introduces the core concepts and terminology of partial differential equations, setting the stage for the detailed methods and applications covered in later chapters. The chapter begins with a clear breakdown of essential ideas such as dependent and independent variables, order and degree, and the distinction between linear and nonlinear partial differential equations. Special attention is paid to the classification of equations and the symmetry of mixed derivatives (Clairaut’s Theorem).




  The chapter then guides through the formation of partial differential equations from relations involving arbitrary constants and arbitrary functions, which is an essential skill for modeling real-world phenomena. Various types of initial and boundary conditions are explained in depth, including Dirichlet, Neumann, Robin, and periodic conditions, all of which are vital for understanding physical applications.




  The chapter concludes with a discussion of the physical origin of partial differential equations and the superposition principle, illustrating how these equations emerge in heat flow, wave motion, and other fundamental processes.


  1.1  What is a Partial Differential Equation?




  A partial differential equation is an equation that involves partial derivatives of an unknown function with respect to two or more variables.




  ( In contrast, an ordinary differential equation involves derivatives of a function with respect to only one variable.)




  Examples:


  
    	

    [image: ∂u- ∂t] = 3[image: ∂2u- ∂x2] [[image: u(x,t)] is the unknown variable]



    	

    [image: ∂2v- ∂t2] = 6[image: ∂2v- ∂x2] [[image: u(x,t)] is the unknown variable]



    	

    [image: ∂2w --2- ∂x] + [image: ∂2w ---2 ∂y] = 0 [[image: u(x,t)] is the unknown variable]


  


  1.2  Basic Concepts


  1.2.1  Independent Variables and Dependent Variable




  The variables with respect to which the partial differentiation is performed are called independent variables.




  The dependent variable is the unknown function that depends on the independent variables.


  1.2.2  Order and Degree




  The order of a partial differential equation is the highest order of the partial derivative that appears in the equation.




  Examples:


  
    	

    First-order partial differential equation:


    
      [image: ∂u-+  ∂u-= 0 ∂x    ∂y]
    



    	

    Second-order partial differential equation:


    
      [image: ∂2u-  ∂u- ∂x2 + ∂y = 0]
    


  




  The degree of a partial differential equation is the highest power (exponent) of the highest-order partial derivative in the equation, provided the equation is polynomial in all its derivatives. If the partial differential equation is not polynomial (for example, transcendental or fractional in its derivatives), the degree is undefined.




  Examples:




  Consider the partial differential equation:


  
    [image: ∂u-  ∂2u- ∂t +  ∂x = 0]
  




  Here, all derivatives are raised to the power 1. So, the degree of the partial differential equation is 1.




  Consider the partial differential equation:


  
    [image: (     )   ∂2u  2   ∂u   ---2   + ---= 0   ∂x       ∂t]
  




  Here, the highest-order derivative is [image:  2 ∂∂xu2], and its exponent is 2. So, the degree of the partial differential equation is 2.


  1.2.3  Homogeneity and Non-homogeneity




  A homogeneous partial differential equation contains no term that is independent of the unknown function or its derivatives.




  Example:


  
    [image:         2 ∂u-= α ∂-u- ∂t     ∂x2]
  




  is a homogeneous heat equation.




  A nonhomogeneous partial differential equation includes one or more terms that are independent of the unknown function or its derivatives.




  Example:


  
    [image:          2 ∂u- = α∂--u+  sinx  ∂t    ∂x2]
  




  is a nonhomogeneous ([image: sin x] is independent of u) heat equation.


  1.2.4  Linearity and Nonlinearity




  A partial differential equation is said to be linear if the dependent variable and all its derivatives appear linearly.


  
    	

    Example 1:


    
      [image: ∂u-   ∂u- ∂t + c∂x  = 0  (where c is an arbitrary constant)]
    



    	

    Example 2:


    
      [image: ∂u-   ∂2u- ∂x − a∂y2 = 0   (where a is an arbitrary constant)]
    



    	

    Example 3:


    
      [image: ∂2u-    ∂2u- ∂x2 = c ∂y2  (where c is an arbitrary constant)]
    


  




  A partial differential equation is said to be nonlinear if the dependent variable or its derivatives appear nonlinearly.




  Example:


  
    [image: ∂u-=  ∂2u2- ∂x    ∂2y2]
  




  is a nonlinear partial differential equation.


  1.3  Classification by Nonlinearity




  Partial differential equations can be classified on the basis of how the dependent variable and its derivatives appear in the equation.


  1.3.1  Quasi-linear partial differential equation




  A quasi-linear partial differential equation is one in which the equation is linear in the highest-order derivatives, but the coefficients of those derivatives may depend on the dependent variable or its lower-order derivatives.


  
    	

    Example 1:


    
      [image: ∂u- + u∂u-=  0 ∂x     ∂y]
    



    	

    Example 2:


    
      [image:   ∂2u-  ∂2u- u ∂x2 + ∂y2 = 0]
    


  


  1.3.2  Semi-linear partial differential equation




  A semi-linear partial differential equation is linear in highest-order derivatives, but nonlinearity may appear in the dependent variable or its lower-order derivatives.


  
    	

    Example:


    
      [image: ∂u-    2  ∂t + u =  0]
    


  


  1.3.3  Fully Nonlinear Partial Differential Equation




  In a fully nonlinear partial differential equation, nonlinearity appears in the highest-order derivatives.


  
    	

    Example:


    
      [image:  2    2 ∂-u-⋅ ∂-u-= 0 ∂x2  ∂y2]
    


  


  1.4  Clairaut’s Theorem




  Clairaut’s Theorem, also known as Schwarz’s Theorem, states that if the mixed partial derivatives of a function are continuous in a neighborhood of a point, then the order of differentiation does not matter at that point.




  Let [image: f(x,y)] be a function defined in an open region in ℝ2. If the second-order mixed partial derivatives


  
    [image:  ∂2f          ∂2f -----  and   ----- ∂x ∂y        ∂y∂x]
  




  are continuous near a point [image: (x ,y )   0  0], then at that point:


  
    [image: ∂2f     ∂2f ∂x∂y-=  ∂y∂x-]
  




  Interpretation: The order in which we take partial derivatives does not affect the result, provided that the mixed partial derivatives are continuous. This theorem plays an important role in the study of partial differential equations, specifically when simplifying or verifying the form of equations.




  Example:




  Let [image: f(x,y) = x2y + sin(xy)].Then


  
    [image: ∂f-                   -∂2f- ∂x =  2xy+y cos(xy),  ∂y∂x =  2x+cos(xy)− xysin(xy)]
  




  


  
    [image:                        2 ∂f-=  x2+x cos(xy ),   ∂--f-= 2x+cos (xy)− xysin(xy) ∂y                   ∂x∂y]
  




  Thus,


  
    [image: ∂2f     ∂2f -----=  ----- ∂y∂x    ∂x∂y]
  




  Note: The continuity of second-order partial derivatives is a sufficient but not necessary condition for the equality of mixed partial derivatives. There exist functions whose mixed partial derivatives exist but are not equal due to a lack of continuity.


  1.5  Formation of Partial Differential Equations


  1.5.1  Elimination of Arbitrary Constants




  Consider the following equation:


  
    [image: z = ax + by + c,]
  




  where [image: a,b,c] are arbitrary constants.




  Partially differentiating with respect to [image: y], we obtain


  
    [image: ∂z- ∂y = b]
  




  Partially differentiating this equation with respect to [image: x], we obtain


  
    [image:   2 ∂--z-= 0 ∂x∂y]
  




  This is a partial differential equation obtained by eliminating arbitrary constants.




  Note: One may also proceed by partially differentiating with respect to [image: x] first and then with respect to [image: y]. This yields the following result:


  
    [image: -∂2z- ∂y ∂x = 0,]
  




  which is the same as


  
    [image:   2 -∂-z- = 0  (by Clairaut’s Theorem ) ∂x ∂y]
  


  1.5.2  Elimination of Arbitrary Functions




  Consider the following equation:


  
    [image: z,] = f([image: x,] + [image: y,]) + g([image: x,] − [image: y,])
  




  where f and g are arbitrary functions.




  Partially differentiating with respect to [image: x] and [image: y], we obtain


  
    
      
        	
          [image: ∂z- ∂x]
        

        	
          = f′([image: x,] + [image: y,]) + g′([image: x,] − [image: y,])
        

        	
          (1.1)
        
      


      
        	
          [image: ∂z- ∂y]
        

        	
          = f′([image: x,] + [image: y,]) − g′([image: x,] − [image: y,])
        

        	
          (1.2)
        
      

    
  




  Now, partially differentiating (1.1) with respect to [image: x], and (1.2) with respect to [image: y], we obtain


  
    
      
        	
          [image: ∂2z ---2 ∂x] = f′′([image: x,] + [image: y,]) + g′′([image: x,] − [image: y,])
        

        	

        	
          (1.3)
        
      


      
        	
          [image:   2 ∂--z ∂y2] = f′′([image: x,] + [image: y,]) + g′′([image: x,] − [image: y,])
        

        	

        	
          (1.4)
        
      

    
  




  Subtracting (1.4) from (1.3), we obtain




  


  
    [image: ∂2z-   ∂2z- ∂x2 −  ∂y2 = 0]
  




  which is the required partial differential equation.


  1.6  Solutions of Partial Differential Equations


  General Solution




  A general solution of a partial differential equation contains arbitrary functions and represents a family of solutions.


  Particular Solution




  A particular solution is obtained from the general solution by applying initial and/or boundary conditions.


  Initial Conditions




  Initial conditions specify the values of the dependent variable or its derivatives at an initial time (usually [image: t = 0]).


  Boundary Conditions




  Boundary conditions describe the behavior of the solution at the domain boundaries.


  1.7  Well-Posed Problem (Hadamard Criteria)




  The concept of a well-posed problem was formalized by the French mathematician Jacques Hadamard in the early 20th century.




  A problem involving a partial differential equation with initial and/or boundary conditions is said to be well-posed if it satisfies the following three conditions:


  
    	

    Existence: The problem must have at least one solution.



    	

    Uniqueness: The solution is the only one that satisfies the partial differential equation and the given conditions.



    	

    Stability: The solution depends continuously on the initial and boundary data.


  


  1.8  Types of Initial Conditions




  Initial conditions are essential for solving time-dependent partial differential equations such as the heat, wave, and Schrödinger equations. They describe the state of the system at the initial time. There are two major types of initial conditions.


  1.8.1  First Initial Condition


  This condition specifies the value of the unknown function at the initial time.




  Mathematically,


  
    [image: u(x,0) = f(x),]
  




  where


  
    	

    [image: u (x, t)] is the unknown function



    	

    [image: f (x)] is a given function that defines the initial state of the system



    	

    [image: x] is the spatial variable



    	

    [image: t] is the time variable


  




  This type of initial condition is required when the partial differential equation involves a first-order time derivative. For example, first initial condition is required to solve the heat equation:


  
    [image: ∂u-    ∂2u- ∂t = α ∂x2]
  


  1.8.2  Second Initial Condition


  This condition specifies the initial rate of change of the unknown function with respect to time.




  Mathematically,


  
    [image: ∂u- ∂t(x,0) = g(x),]
  




  where


  
    	

    [image: u (x, t)] is the unknown function



    	

    [image: g (x )] is a given function representing the initial time derivative



    	

    [image: t = 0] is the initial time


  




  This condition is required when the partial differential equation involves a second-order time derivative. For example, second initial condition is required to solve the wave equation:


  
    [image: ∂2u    2∂2u ∂t2-= c ∂x2-]
  




  To fully determine the solution in such cases, both the first and second initial conditions:


  
    [image:                 ∂u u(x,0) = f(x),  ∂t-(x,0 ) = g(x)]
  




  are required.


  1.9  Types of Boundary Conditions




  Boundary conditions are essential for defining a well-posed problem. They specify how the solution behaves at the boundaries of the spatial domain and ensure existence, uniqueness, and stability of the solution.


  1.9.1  Dirichlet Boundary Condition


  The Dirichlet boundary condition, also known as the value condition, specifies the value of the solution at the boundary.




  For an unknown function [image: u (x, t)], defined on the spatial domain [image: [a,b]], the Dirichlet boundary condition is


  
    [image: u(a,t) = f1(t),  u(b,t) = f2(t),]
  




  where [image: f (t),f(t)  1     2] are known functions describing values of [image: u]at the boundary points [image: x = a] and [image: x = a], respectively.




  This condition fixes the value of the unknown function at the boundaries.


  1.9.2   Neumann Boundary Condition


  The Neumann boundary condition, also called the flux condition, specifies the normal derivative (for example, heat flux, gradient, rate of change) at the boundary.




  For an unknown function [image: u (x, t)], defined on the spatial domain [image: [a,b]], the Neumann boundary condition is


  
    [image: ∂u               ∂u ∂x-(a,t) = g1(t),  ∂x-(b,t) = g2(t),]
  




  where [image: g (t),g (t)  1    2] are known functions.




  If [image: ∂∂ux] = 0 at a boundary, it represents an insulated or no-flux condition, often used in heat transfer problems.


  1.9.3  Robin Boundary Condition


  The Robin boundary condition is a linear combination of Dirichlet and Neumann conditions. It is used to describe processes like convection, radiation, or contact at interfaces.




  For an unknown function [image: u (x, t)] defined on the interval [image: [a,b]], the Robin boundary condition is


  
    [image: α u(a,t)+β  ∂u(a,t) = h (t),  α u(b,t)+β ∂u-(b,t) = h (t),  1        1 ∂x         1      2        2∂x         2]
  




  where [image: α ,α  ,β ,β   1  2  1  2] are known constants and [image: h (t),h (t)  1     2] are given functions of time.


  1.9.4  Periodic Boundary Condition




  A Periodic boundary condition specifies that the solution and its derivatives are periodic across the boundary.




  For an unknown function [image: u (x, t)], defined on the spatial domain [image: [a,b]], the periodic boundary condition is


  
    [image: u(a,t) = u (b,t), ∂u-(a,t) = ∂u-(b,t)                  ∂x        ∂x]
  




  This condition is commonly used in problems involving waves, heat, and diffusion in circular or repeating domains.


  1.10  Physical Origin




  Many partial differential equations arise from fundamental physical laws. For example,


  
    	

    The heat equation is derived from Fourier’s law of heat conduction and energy conservation.



    	

    The wave equation is obtained by applying Newton’s second law to a vibrating string or an elastic medium.



    	

    Laplace and Poisson’s equations arise in electrostatics, fluid flow, and gravitational potential theory, where in these contexts they follow from inverse-square field laws.


  




  As an illustration, consider the flow of heat in a one-dimensional rod.




  Let [image: u (x, t)] denote the temperature at position [image: x] and time [image: t].




  The heat equation:


  
    [image: ∂u     2∂2u ∂t-= α  ∂x2,]
  




  where [image: α2] is the thermal diffusivity, expresses that changes in temperature over time are proportional to the curvature [image: ( 2 )  ∂∂xu2] of the temperature profile in space. This reflects the physical principle that heat flows from regions of higher temperature to regions of lower temperature.


  1.11  Superposition Principle




  The superposition principle states that if [image: u1] and [image: u2] are solutions to a linear, homogeneous partial differential equation, then any linear combination:

[image: u = c1u1 + c2u2] (where [image: c1] and [image: c2] are arbitrary constants)

is also a solution to the partial differential equation.




  Example:




  Consider the wave equation:


  
    [image: ∂2u-   ∂2u- ∂t2 =  ∂x2]
  




  The functions:


  
    [image: u  (x,t) = sin xcost  and   u (x,t) = cosx sin t   1                        2]
  




  are solutions of this equation.




  By the superposition principle, the linear combination


  
    [image: u(x,t) = 3u1(x,t)− 2u2 (x, t)]
  




  is also a solution to the wave equation.


  1.12  Exercises




  


  
    	1.


    	Identify the dependent and independent variables in the partial differential equation: 

    
      [image: ∂2z-   ∂2z- ∂x2 +  ∂y2 = 0]
    



    	2.


    	Find the order and check linearity and homogeneity of the following partial differential equations: 

    
      	[image: ∂∂ux + ∂∂uy = 0]


      	[image:    ∂2u   ∂u u ⋅∂x2 = ∂y]


      	[image: ∂2u + u⋅ ∂u=  x2 ∂x2      ∂y]

    



    	3.


    	Form a partial differential equation by eliminating arbitrary constants [image: a] and [image: b] from [image: z = ax2 + by2]


    	4.


    	Form a partial differential equation by eliminating arbitrary constants [image: a,b,c] from [image: z = axy + bx + c]


    	5.


    	Eliminate arbitrary functions in [image: u = f(x + y + z) + g(x− y)] to form a partial differential equation.


    	6.


    	Classify and interpret the condition: [image: -∂u (0,t) = 0 ∂x].


    	7.


    	Identify the type of boundary condition: [image: u (0,t) = sin t].


    	8.


    	Explain why specifying only initial conditions does not always ensure the uniqueness of a solution to a partial differential equation.


    	9.


    	Show that the functions [image: u1 = sin (x )e− t] and [image: u2 = sin(2x)e−2t] are solutions of the heat equation: 

    
      [image: ∂u    ∂2u -∂t = ∂x2-]
    



    	10.


    	Use the superposition principle to write the general solution to the equation in the last exercise as 

    
      [image: u (x, t) = Ae− tsin x+ Be −2tsin2x]
    


 where [image: A, B] are constants determined by initial or boundary conditions.

  


  1.13  Answers


  
    	1.


    	Dependent variable: [image: z]; Independent variables: [image: x,y]


    	2.


    	
      	Order: 1; Linear: Yes; Homogeneous: Yes


      	Order: 2; Linear: No; Homogeneous: Yes


      	Order: 2; Linear: No; Homogeneous: No

    



    	3.


    	[image: ∂z  1  ∂z  1 ∂x ⋅ x + ∂y ⋅y = 0]


    	4.


    	[image:  2 ∂∂xz∂y-= 0]


    	5.


    	[image:  2    2 ∂∂ux2 − ∂∂yu2 = 0]


    	6.


    	Type: Neumann boundary condition Interpretation: No flux or insulation at [image: x = 0]


    	7.


    	Type: Dirichlet boundary condition


    	8.


    	Because partial differential equations generally require both initial and boundary conditions to ensure a unique solution; initial conditions alone may permit infinitely many solutions unless boundary conditions are specified.


    	9.


    	Both functions satisfy the given equation.


    	10.


    	[image: u (x, t) = Ae− tsin x+ Be −2tsin2x]

  




  
    

  




  
    
  


  Chapter 2
First-Order Partial Differential Equations


  Overview:




  This chapter presents a systematic study of first-order partial differential equations. The focus is on both the analytical structure of these equations and the methods used to solve them, along with the selected applications in physical systems.




  We begin with the general form of first-order partial differential equations and proceed to core solution techniques. The method of characteristics, a primary method for solving linear and quasi-linear equations, is discussed in detail. This is followed by the Lagrange’s method, which establishes a structured geometric approach, and the Charpit’s method, which extends the approach to fully nonlinear first-order partial differential equations.




  We also study compatible systems of partial differential equations, exploring the conditions under which multiple first-order equations can be solved simultaneously. The theory then leads to the Cauchy problem, in which initial data is specified along curves or surfaces, and the existence and uniqueness of solutions are examined.




  Several important physical applications are explored, including transport problems, which model the flow of particles or energy in a medium. This leads to the discussion of the inviscid Burgers’ equation, a nonlinear partial differential equation that exhibits shock formation and is a prototypical model in fluid dynamics.


  2.1  First-Order Partial Differential Equations in Two Variables




  A first-order partial differential equation in two independent variables [image: x] and [image: y], with unknown function [image: u (x, t)] is given by


  
    [image:         ∂u-           ∂u- a(x,y,u)∂x  + b(x, y,u)∂y = c(x,y,u),]
  




  where [image: a], [image: b], and [image: c] are known functions of [image: x], [image: y], and [image: u].


  2.2  Method of Characteristics




  The method of characteristics transforms a partial differential equation into a system of ordinary differential equations along certain curves called characteristic curves.




  For the first-order partial differential equation:


  
    [image:         ∂u            ∂u a(x,y,u)--- + b(x, y,u)---= c(x,y,u),         ∂x            ∂y]
  




  the associated characteristic system is


  
    [image: dx-= a(x,y,u),  dy-=  b(x,y,u ),   du-= c(x,y,u), ds              ds               ds]
  




  where [image: s] is a parameter along the characteristic curves.




  Solving this system gives the general solution to the original partial differential equation.


  2.2.1  Step by Step Approach




  

  
    	(i)


    	Identify the characteristic equations from the partial differential equation.


    	(ii)


    	Solve the ordinary differential equation system to find (x(s),y(s),u(s)).


    	(iii)


    	Eliminate the parameter s to express u as a function of x and y.


    	(iv)


    	Use initial conditions (if given) to determine any arbitrary constants.

  


  2.2.2  Geometric Interpretation




  Characteristic Curves: Geometrically, the method of characteristics reveals that solutions propagate along curves in the xy-plane, determined by the governing partial differential equation. These curves serve as the pathways along which information from the initial data is transmitted.




  Envelopes of Initial Data: The shape and orientation of the initial data influence the global structure of the solution.




  Shocks and Breakdowns: In nonlinear equations, characteristic curves may intersect, leading to discontinuities such as shock waves or the breakdown of smooth solutions.


  2.3  Lagrange’s Method




  The Lagrange’s method is used to solve a first-order partial differential equation of the form:


  
    
      
        	
          P(x,y,z)[image: ∂z --- ∂x] + Q(x,y,z)[image: ∂z --- ∂y] = R(x,y,z)
        

        	

        	
          (2.1)
        
      

    
  




  where


  
    	

    [image: z]is the unknown function of [image: x] and [image: y]



    	

    [image: P, Q,R] are given functions of [image: x,y,z]


  


  2.3.1  Step by Step Approach




  Step 1: Write the auxiliary equations




  From equation (2.1), write the following:


  
    
      
        	
          [image: dx --- P] = [image: dy ---  Q] = [image: dz --- R]
        

        	

        	
          (2.2)
        
      

    
  




  This system is called Lagrange’s auxiliary equations. They yield characteristic curves along which the solution surface lies.




  Step 2: Find the first integral




  Solve any two ratios from equation (2.2) to obtain the first integral (say [image: ϕ(x,y,z) = constant]).




  Step 3: Find the second integral




  Solve another pair of ratios from equation (2.2) to get a second integral (say [image: ψ(x,y,z) = constant]).




  Step 4: General solution




  The general solution of the partial differential equation is given implicitly by:


  
    [image: F(ϕ,ψ ) = 0]
  




  or explicitly as


  
    [image: ϕ = f(ψ),]
  




  where [image: F] or [image: f] is an arbitrary function.


  2.4  Charpit’s Method




  Many nonlinear first-order partial differential equations cannot be solved using the method of characteristics alone, specifically when the equation is fully nonlinear. That is, nonlinear in the first-order derivatives [image: ∂∂zx] and [image: ∂∂yz]. In such cases, 




  

  2.4.1  General Form and Notation




  

  



  

  



  

  



  

  2.4.2  Charpit’s System of Equations




  

  

  2.4.3  Step by Step Approach




  

  
    	(i)


    	Write the given partial differential equation in the form [image: F (x, y,z,p,q) = 0]


    	(ii)


    	Compute the partial derivatives: 

    


    	(iii)


    	Form the Charpit’s system of equations as shown in (2.4.2).


    	(iv)


    	Integrate the system using known techniques for ordinary differential equations.


    	(v)


    	Eliminate auxiliary variables and parameters to obtain a relation of the form: 

    



    

  


  2.5  Compatible Systems of First-Order Partial Differential Equations




  



  

  
    
      
        	
          
        

        	
          (2.3)
        
      

    
  




  



  

  2.5.1  Analytical Condition for Compatibility




  



  

  



  

  



  

  



  

  2.5.2  Jacobian Condition for Compatibility




  



  

  



  



  

  



  

  



  



  



  

  



  

  2.6  Cauchy Problems




  



  

  



  



  

  



  

  2.7  Applications to Transport Problems




  



  

  



  



  



  

  
    	

    


    	

    


    	

    

  


  2.8  Burgers’ Equation




  

  



  

  Step 1: Recognize the form




  

  Step 2: Characteristic equations




  

  

  Step 3: Solve the system




  



  

  



  



  

  

  Step 4: Implicit Solution




  

  



  



  

  2.9  Shock Formation and Breakdown




  



  

  



  

  

  2.9.1  Rankine–Hugoniot Condition




  



  

  



  

  
    
      
        	
          s′(t) = [image: f(uR) − f(uL) ---u--−-u-----     R    L],
        

        	

        	
          (2.4)
        
      

    
  




  



  

  

  2.9.2  Entropy Condition




  



  

  



  



  

  2.10  Worked Examples


  Example 1:




  

  

  Solution:




  

  



  

  
    
      
        	
          x = s + C1
        

        	

        	
          (2.5)
        
      


      
        	
          y = s + C2
        

        	

        	
          (2.6)
        
      


      
        	
          u(x,y) = C3
        

        	

        	
          (2.7)
        
      

    
  




  



  

  



  



  



  

  



  



  

  Example 2:




  

  

  Solution:




  

  



  

  
    
      
        	
          [image: dx- 1] = [image: dy-  1] = [image: dz- 0]
        

        	

        	
          (2.8)
        
      

    
  




  

  



  



  

  



  

  

  Example 3:




  

  

  Solution:




  

  



  

  
    
      
        	
          [image:  dx ----- x + y] = [image:   dy ----- x − y] = [image: dz ---  z]
        

        	

        	
          (2.9)
        
      

    
  




  

  



  



  

  



  

  

  Example 4:




  

  



  

  

  Solution:




  

  



  

  



  



  

  
    
      
        	
          [image: dx --- dt]
        

        	
          = 2p
        

        	
          (2.10)
        
      


      
        	
          [image: dy- dt]
        

        	
          = 2q
        

        	
          (2.11)
        
      


      
        	
          [image: dz- dt]
        

        	
          = 2p2 + 2q2
        

        	
          (2.12)
        
      


      
        	
          [image: dp- dt]
        

        	
          = 0
        

        	
          (2.13)
        
      


      
        	
          [image: dq dt-]
        

        	
          = 0
        

        	
          (2.14)
        
      

    
  




  

  



  

  
    
      
        	
          x = 2at + C1
        

        	

        	
      


      
        	
          y = 2bt + C2
        

        	

        	
      


      
        	
          z = 2t + C3
        

        	

        	
      

    
  




  



  

  



  

  Example 5:




  

  



  



  



  



  



  

  



  

  



  

  



  



  

  Example 6:




  

  

  Solution:




  

  



  

  



  

  



  

  



  

  
    
      
        	
          [image: du --- ds]
        

        	
          = 0 ⇒ [image: u]= [image: x0]
        

        	
          (2.15)
        
      


      
        	
          [image: dy- ds]
        

        	
          = 1 ⇒ [image: y]= [image: s]
        

        	
          (2.16)
        
      


      
        	
          [image: dx- ds]
        

        	
          = [image: x0] ⇒ [image: x]= [image: x0]([image: s]+ 1)
        

        	
          (2.17)
        
      

    
  




  

  
    
      
        	
          [image: x0] = [image: --x-- y + 1]
        

        	

        	
          (2.18)
        
      

    
  




  

  



  

  Example 7:




  

  

  Solution:




  

  



  



  

  
    
      
        	
          [image: u(x,t) = f(x−  ct)]
        

        	

        	
      

    
  




  



  

  



  

  



  



  

  

  Example 8:




  

  



  

  
    
      
        	
          [image: dx- dt] = u
        

        	

        	
          (2.19)
        
      


      
        	
          [image: du- dt] = 0
        

        	

        	
          (2.20)
        
      

    
  




  

  



  

  
    
      
        	
          u(t)
        

        	
          = 1 − x02
        

        	

        	
      


      
        	
          x(t)
        

        	
          = x0 + (1 − x02)t
        

        	

        	
      

    
  




  

  



  



  

  2.11  Exercises




  

  
    	1.


    	Find the characteristic equations for the partial differential equation: 

    


    	2.


    	Use Lagrange’s method to solve the equation: 

    


    	3.


    	Consider the system: 

    



    



    


    	4.


    	Solve [image: ∂∂ut + 3∂∂ux = 0,  u(x,0) = cosx].


    	5.


    	Solve [image: ∂∂ux + y∂∂uy = 0,  u(x,1) = ln x].


    	6.


    	Solve [image: ∂∂ux − u∂∂uy = 0,  u(x,0) = sin x].


    	7.


    	Determine whether shocks form for: 

    



    

  


  2.12  Answers


  
    	1.


    	[image: dx=  dy-= dz 1    −1   0]


    	2.


    	[image: z = x ⋅f (y)           x]


    	3.


    	Not compatible


    	4.


    	[image: u (x, t) = cos(x− 3t)]


    	5.


    	[image: u (x, y) = ln(x + lny)]


    	6.


    	[image: u (x, y) = sin(x + y ⋅sinx)]


    	7.


    	Shock forms at finite time
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