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This book is the second volume of the Theoretical Minimum series. The first volume, The Theoretical Minimum: What You Need to Know to Start Doing Physics, covered classical mechanics, which is the core of any physics education. We will refer to it from time to time simply as Volume I. This second book explains quantum mechanics and its relationship to classical mechanics. The books in this series run parallel to Leonard Susskind’s videos, available on the Web through Stanford University (see www.theoreticalminimum.com for a listing). While covering the same general topics as the videos, the books contain additional details, and topics that don’t appear in the videos.
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Preface

Albert Einstein, who was in many ways the father of quantum mechanics, had a notorious love-hate relation with the subject. His debates with Niels Bohr—Bohr completely accepting of quantum mechanics and Einstein deeply skeptical—are famous in the history of science. It was generally accepted by most physicists that Bohr won and Einstein lost. My own feeling, I think shared by a growing number of physicists, is that this attitude does not do justice to Einstein’s views.

Both Bohr and Einstein were subtle men. Einstein tried very hard to show that quantum mechanics was inconsistent; Bohr, however, was always able to counter his arguments. But in his final attack Einstein pointed to something so deep, so counterintuitive, so troubling, and yet so exciting, that at the beginning of the twenty-first century it has returned to fascinate theoretical physicists. Bohr’s only answer to Einstein’s last great discovery—the discovery of entanglement—was to ignore it.

The phenomenon of entanglement is the essential fact of quantum mechanics, the fact that makes it so different from classical physics. It brings into question our entire understanding about what is real in the physical world. Our ordinary intuition about physical systems is that if we know everything about a system, that is, everything that can in principle be known, then we know everything about its parts. If we have complete knowledge of the condition of an automobile, then we know everything about its wheels, its engine, its transmission, right down to the screws that hold the upholstery in place. It would not make sense for a mechanic to say, “I know everything about your car but unfortunately I can’t tell you anything about any of its parts.”

But that’s exactly what Einstein explained to Bohr—in quantum mechanics, one can know everything about a system and nothing about its individual parts—but Bohr failed to appreciate this fact. I might add that generations of quantum textbooks blithely ignored it.

Everyone knows that quantum mechanics is strange, but I suspect very few people could tell you exactly in what way. This book is a technical course of lectures on quantum mechanics, but it is different than most courses or most textbooks. The focus is on the logical principles and the goal is not to hide the utter strangeness of quantum logic but to bring it out into the light of day.

I remind you that this book is one of several that closely follow my Internet course series, the Theoretical Minimum. My coauthor, Art Friedman, was a student in these courses. The book benefited from the fact that Art was learning the subject and was therefore very sensitive to the issues that might be confusing to the beginner. During the course of writing, we had a lot of fun, and we’ve tried to convey some of that spirit with a bit of humor. If you don’t get it, ignore it.

Leonard Susskind

When I completed my master’s degree in computer science at Stanford, I could not have guessed that I’d return some years later to attend Leonard’s physics lectures. My short “career” in physics ended many years earlier, with the completion of my bachelor’s degree. But my interest in the subject has remained very much alive.

It appears that I have lots of company—the world seems filled with people who are genuinely, deeply interested in physics but whose lives have taken them in different directions. This book is for all of us.

Quantum mechanics can be appreciated, to some degree, on a purely qualitative level. But mathematics is what brings its beauty into sharp focus. We have tried to make this amazing body of work fully accessible to mathematically literate nonphysicists. I think we’ve done a fairly good job, and I hope you’ll agree.

No one completes a project like this without lots of help. The people at Brockman, Inc., have made the business end of things seem easy, and the production team at Perseus Books has been top-notch. My sincere thanks go to TJ Kelleher, Rachel King, and Tisse Takagi. It was our good fortune to work with a talented copy editor, John Searcy.

I’m grateful to Leonard’s (other) continuing education students for routinely raising thoughtful, provocative questions, and for many stimulating after-class conversations. Rob Colwell, Todd Craig, Monty Frost, and John Nash offered constructive comments on the manuscript. Jeremy Branscome and Russ Bryan reviewed the entire manuscript in detail, and identified a number of problems.

I thank my family and friends for their kind support and enthusiasm. I especially thank my daughter, Hannah, for minding the store.

Besides her love, encouragement, insight, and sense of humor, my amazing wife, Margaret Sloan, contributed about a third of the diagrams and both Hilbert’s Place illustrations. Thanks, Maggie.

At the start of this project, Leonard, sensing my real motivation, remarked that one of the best ways to learn physics is to write about it. True, of course, but I had no idea how true, and I’m grateful that I had a chance to find out. Thanks a million, Leonard.

Art Friedman







Prologue

Art looks over his beer and says, “Lenny, let’s play a round of the Einstein-Bohr game.”

“OK, but I’m tired of losing. This time, you be Artstein and I’ll be L-Bore. You start.”

“Fair enough. Here’s my first shot: God doesn’t play dice. Ha-ha, L-Bore, that’s one point for me.”

“Not so fast, Artstein, not so fast. You, my friend, were the first one to point out that quantum theory is inherently probabilistic. Heh heh heh, that’s a two-pointer!”

“Well, I take it back.”

“You can’t.”

“I can.”

“You can’t.”

Few people realize that Einstein, in his 1917 paper, “On the Quantum Theory of Radiation,” argues that the emission of gamma rays is governed by a statistical law.

A Professor and a Fiddler Walk into a Bar

Volume I was punctuated by short conversations between Lenny and George, fictional personas who were loosely based on two John Steinbeck characters. The setting for this volume of the Theoretical Minimum series is inspired by the stories of Damon Runyon. It’s a world filled with crooks, con artists, degenerates, smooth operators, and do-gooders. Plus a few ordinary folks, just trying to get through the day. The action unfolds at a popular watering hole called Hilbert’s Place.

Into this setting stroll Lenny and Art, two greenhorns from California who somehow got separated from their tour bus. Wish them luck. They will need it.

What to Bring

You don’t need to be a physicist to take this journey, but you should have some basic knowledge of calculus and linear algebra. You should also know something about the material covered in Volume I. It’s OK if your math is a bit rusty. We’ll review and explain much of it as we go, especially the material on linear algebra. Volume I reviews the basic ideas of calculus.

Don’t let our lighthearted humor fool you into thinking that we’re writing for airheads. We’re not. Our goal is to make a difficult subject “as simple as possible, but no simpler,” and we hope to have a little fun along the way. See you at Hilbert’s Place.
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Introduction

Classical mechanics is intuitive; things move in predictable ways. An experienced ballplayer can take a quick look at a fly ball, and from its location and its velocity, know where to run in order to be there just in time to catch the ball. Of course a sudden unexpected gust of wind might fool him, but that’s only because he didn’t take into account all the variables. There is an obvious reason why classical mechanics is intuitive: humans, and animals before them, have been using it many times every day for survival. But no one ever used quantum mechanics before the twentieth century. Quantum mechanics describes things so small that they are completely beyond the range of the human senses. So it stands to reason that we did not evolve an intuition for the quantum world. The only way we can comprehend it is by rewiring our intuitions with abstract mathematics. Fortunately, for some odd reason, we did evolve the capacity for such rewiring.

Ordinarily, we learn classical mechanics first, before even attempting quantum mechanics. But quantum physics is much more fundamental than classical physics. As far as we know, quantum mechanics provides an exact description of every physical system, but some things are massive enough that quantum mechanics can be reliably approximated by classical mechanics. That’s all that classical mechanics is: an approximation. From a logical point of view, we should learn quantum mechanics first, but very few physics teachers would recommend that. Even this course of lectures—the Theoretical Minimum series—began with classical mechanics. Nevertheless, in these quantum lectures, classical mechanics will play almost no role except near the end, well after the basic principles of quantum mechanics have been explained. I think this is really the right way to do it, not just logically but pedagogically as well. That way we don’t fall into the trap of thinking that quantum mechanics is basically just classical mechanics with a couple of new gimmicks thrown in. By the way, quantum mechanics is technically much easier than classical mechanics.

The simplest classical system—the basic logical unit for computer science—is the two-state system. Sometimes it’s called a bit. It can represent anything that has only two states: a coin that can show heads or tails, a switch that is on or off, or a tiny magnet that is constrained to point either north or south. As you might expect, especially if you studied the first lecture of Volume I, the theory of classical two-state systems is extremely simple—boring, in fact. In this volume, we’re going to begin with the quantum version of the two-state system, called a qubit, which is far more interesting. To understand it, we will need a whole new way of thinking—a new foundation of logic.







Lecture 1

Systems and Experiments

Lenny and Art wander into Hilbert’s Place.

Art: What is this, the Twilight Zone? Or some kind of fun house? I can’t get my bearings.

Lenny: Take a breath. You’ll get used to it.

Art: Which way is up?

1.1    Quantum Mechanics Is Different

What is so special about quantum mechanics? Why is it so hard to understand? It would be easy to blame the “hard mathematics,” and there may be some truth in that idea. But that can’t be the whole story. Lots of nonphysicists are able to master classical mechanics and field theory, which also require hard mathematics.

Quantum mechanics deals with the behavior of objects so small that we humans are ill equipped to visualize them at all. Individual atoms are near the upper end of this scale in terms of size. Electrons are frequently used as objects of study. Our sensory organs are simply not built to perceive the motion of an electron. The best we can do is to try to understand electrons and their motion as mathematical abstractions.

“So what?” says the skeptic. “Classical mechanics is filled to the brim with mathematical abstractions—point masses, rigid bodies, inertial reference frames, positions, momenta, fields, waves—the list goes on and on. There’s nothing new about mathematical abstractions.” This is actually a fair point, and indeed the classical and quantum worlds have some important things in common. Quantum mechanics, however, is different in two ways:

      1.  Different Abstractions. Quantum abstractions are fundamentally different from classical ones. For example, we’ll see that the idea of a state in quantum mechanics is conceptually very different from its classical counterpart. States are represented by different mathematical objects and have a different logical structure.

      2.  States and Measurements. In the classical world, the relationship between the state of a system and the result of a measurement on that system is very straightforward. In fact, it’s trivial. The labels that describe a state (the position and momentum of a particle, for example) are the same labels that characterize measurements of that state. To put it another way, one can perform an experiment to determine the state of a system. In the quantum world, this is not true. States and measurements are two different things, and the relationship between them is subtle and nonintuitive.

These ideas are crucial, and we’ll come back to them again and again.

1.2    Spins and Qubits

The concept of spin is derived from particle physics. Particles have properties in addition to their location in space. For example, they may or may not have electric charge, or mass. An electron is not the same as a quark or a neutrino. But even a specific type of particle, such as an electron, is not completely specified by its location. Attached to the electron is an extra degree of freedom called its spin. Naively, the spin can be pictured as a little arrow that points in some direction, but that naive picture is too classical to accurately represent the real situation. The spin of an electron is about as quantum mechanical as a system can be, and any attempt to visualize it classically will badly miss the point.

We can and will abstract the idea of a spin, and forget that it is attached to an electron. The quantum spin is a system that can be studied in its own right. In fact, the quantum spin, isolated from the electron that carries it through space, is both the simplest and the most quantum of systems.

The isolated quantum spin is an example of the general class of simple systems we call qubits—quantum bits—that play the same role in the quantum world as logical bits play in defining the state of your computer. Many systems—maybe even all systems—can be built up by combining qubits. Thus in learning about them, we are learning about a great deal more.

1.3    An Experiment

Let’s make these ideas concrete, using the simplest example we can find. In the first lecture of Volume I, we began by discussing a very simple deterministic system: a coin that can show either heads (H) or tails (T). We can call this a two-state system, or a bit, with the two states being H and T. More formally we invent a “degree of freedom” called σ that can take on two values, namely +1 and −1. The state H is replaced by

[image: ]

and the state T by

[image: ]

Classically, that’s all there is to the space of states. The system is either in state σ = +1 or σ = −1 and there is nothing in between. In quantum mechanics, we’ll think of this system as a qubit.

Volume I also discussed simple evolution laws that tell us how to update the state from instant to instant. The simplest law is just that nothing happens. In that case, if we go from one discrete instant (n) to the next (n + 1), the law of evolution is

[image: ]

Let’s expose a hidden assumption that we were careless about in Volume I. An experiment involves more than just a system to study. It also involves an apparatus [image: ][image: ] to make measurements and record the results of the measurements. In the case of the two-state system, the apparatus interacts with the system (the spin) and records the value of σ. Think of the apparatus as a black box1 with a window that displays the result of a measurement. There is also a “this end up” arrow on the apparatus. The up-arrow is important because it shows how the apparatus is oriented in space, and its direction will affect the outcomes of our measurements. We begin by pointing it along the z axis (Fig. 1.1). Initially, we have no knowledge of whether σ = +1 or σ = −1. Our purpose is to do an experiment to find out the value of σ.

Before the apparatus interacts with the spin, the window is blank (labeled with a question mark in our diagrams). After it measures σ, the window shows a +1 or a −1. By looking at the apparatus, we determine the value of σ. That whole process constitutes a very simple experiment designed to measure σ.

[image: Figure 1.1: (A) Spin and cat-free apparatus before any measurement is made. (B) Spin and apparatus after one measurement has been made, resulting in σz = +1. The spin is now prepared in the σz = +1 state. If the spin is not disturbed and the apparatus keeps the same orientation, all subsequent measurements will give the same result. Coordinate axes show our convention for labeling the directions of space.]

Figure 1.1: (A) Spin and cat-free apparatus before any measurement is made. (B) Spin and apparatus after one measurement has been made, resulting in σz = +1. The spin is now prepared in the σz = +1 state. If the spin is not disturbed and the apparatus keeps the same orientation, all subsequent measurements will give the same result. Coordinate axes show our convention for labeling the directions of space.

Now that we’ve measured σ, let’s reset the apparatus to neutral and, without disturbing the spin, measure σ again. Assuming the simple law of Eq. 1.1, we should get the same answer as we did the first time. The result σ = +1 will be followed by σ = +1. Likewise for σ = −1. The same will be true for any number of repetitions. This is good because it allows us to confirm the result of an experiment. We can also say this in the following way: The first interaction with the apparatus [image: ][image: ] prepares the system in one of the two states. Subsequent experiments confirm that state. So far, there is no difference between classical and quantum physics.

[image: Figure 1.2: The apparatus is flipped without disturbing the previously measured spin. A new measurement results in σz = -1.]

Figure 1.2: The apparatus is flipped without disturbing the previously measured spin. A new measurement results in σz = −1.

Now let’s do something new. After preparing the spin by measuring it with [image: ][image: ], we turn the apparatus upside down and then measure σ again (Fig. 1.2). What we find is that if we originally prepared σ = +1, the upside down apparatus records σ = −1. Similarly, if we originally prepared σ = −1, the upside down apparatus records σ = +1. In other words, turning the apparatus over interchanges σ = +1 and σ = −1. From these results, we might conclude that σ is a degree of freedom that is associated with a sense of direction in space. For example, if σ were an oriented vector of some sort, then it would be natural to expect that turning the apparatus over would reverse the reading. A simple explanation is that the apparatus measures the component of the vector along an axis embedded in the apparatus. Is this explanation correct for all configurations?

If we are convinced that the spin is a vector, we would naturally describe it by three components: σz, σx, and σy. When the apparatus is upright along the z axis, it is positioned to measure σz.

[image: Figure 1.3: The apparatus rotated by 90°. A new measurement results in σx = −1 with 50 percent probability.]

Figure 1.3: The apparatus rotated by 90°. A new measurement results in σx = −1 with 50 percent probability.

So far, there is still no difference between classical physics and quantum physics. The difference only becomes apparent when we rotate the apparatus through an arbitrary angle, say [image: ][image: ] radians (90 degrees). The apparatus begins in the upright position (with the up-arrow along the z axis). A spin is prepared with σ = +1. Next, rotate [image: ][image: ] so that the up-arrow points along the x axis (Fig. 1.3), and then make a measurement of what is presumably the x component of the spin, σx.

If in fact σ really represents the component of a vector along the up-arrow, one would expect to get zero. Why? Initially, we confirmed that σ was directed along the z axis, suggesting that its component along x must be zero. But we get a surprise when we measure σx: Instead of giving σx = 0, the apparatus gives either σx = +1 or σx = −1. [image: ][image: ] is very stubborn—no matter which way it is oriented, it refuses to give any answer other than σ = ±1. If the spin really is a vector, it is a very peculiar one indeed.

Nevertheless, we do find something interesting. Suppose we repeat the operation many times, each time following the same procedure, that is:

       •  Beginning with [image: ][image: ] along the z axis, prepare σ = +1.

       •  Rotate the apparatus so that it is oriented along the x axis.

       •  Measure σ.

The repeated experiment spits out a random series of plus-ones and minus-ones. Determinism has broken down, but in a particular way. If we do many repetitions, we will find that the numbers of σ = +1 events and σ = −1 events are statistically equal. In other words, the average value of σ is zero. Instead of the classical result—namely, that the component of σ along the x axis is zero—we find that the average of these repeated measurements is zero.

[image: Figure 1.4: The apparatus rotated by an arbitrary angle within the x–z plane. Average measurement result is ]

Figure 1.4: The apparatus rotated by an arbitrary angle within the x–z plane. Average measurement result is [image: ][image: ].

Now let’s do the whole thing over again, but instead of rotating [image: ][image: ] to lie on the x axis, rotate it to an arbitrary direction along the unit vector2 [image: ][image: ]. Classically, if σ were a vector, we would expect the result of the experiment to be the component of σ along the [image: ][image: ] axis. If [image: ][image: ] lies at an angle θ with respect to z, the classical answer would be σ = cos θ. But as you might guess, each time we do the experiment we get σ = +1 or σ = −1. However, the result is statistically biased so that the average value is cos θ.

The situation is of course more general. We did not have to start with [image: ][image: ] oriented along z. Pick any direction [image: ][image: ] and start with the up-arrow pointing along [image: ][image: ]. Prepare a spin so that the apparatus reads +1. Then, without disturbing the spin, rotate the apparatus to the direction [image: ][image: ], as shown in Fig. 1.4. A new experiment on the same spin will give random results ±1, but with an average value equal to the cosine of the angle between [image: ][image: ] and [image: ][image: ]. In other words, the average will be [image: ][image: ].

The quantum mechanical notation for the statistical average of a quantity Q is Dirac’s bracket notation 〈Q〉. We may summarize the results of our experimental investigation as follows: If we begin with [image: ][image: ] oriented along [image: ][image: ] and confirm that σ = +1, then subsequent measurement with [image: ][image: ] oriented along [image: ][image: ] gives the statistical result

[image: ]

What we are learning is that quantum mechanical systems are not deterministic—the results of experiments can be statistically random—but if we repeat an experiment many times, average quantities can follow the expectations of classical physics, at least up to a point.

1.4    Experiments Are Never Gentle

Every experiment involves an outside system—an apparatus—that must interact with the system in order to record a result. In that sense, every experiment is invasive. This is true in both classical and quantum physics, but only quantum physics makes a big deal out of it. Why is that so? Classically, an ideal measuring apparatus has a vanishingly small effect on the system it is measuring. Classical experiments can be arbitrarily gentle and still accurately and reproducibly record the results of the experiment. For example, the direction of an arrow can be determined by reflecting light off the arrow and focusing it to form an image. While it is true that the light must have a small enough wavelength to form an image, there is nothing in classical physics that prevents the image from being made with arbitrarily weak light. In other words, the light can have an arbitrarily small energy content.

In quantum mechanics, the situation is fundamentally different. Any interaction that is strong enough to measure some aspect of a system is necessarily strong enough to disrupt some other aspect of the same system. Thus, you can learn nothing about a quantum system without changing something else.

This should be evident in the examples involving  and σ. Suppose we begin with σ = +1 along the z axis. If we measure σ again with  oriented along z, we will confirm the previous value. We can do this over and over without changing the result. But consider this possibility: Between successive measurements along the z axis, we turn  through 90 degrees, make an intermediate measurement, and turn it back to its original direction. Will a subsequent measurement along the z axis confirm the original measurement? The answer is


























































































































































































Here’s what else you need to know to start doing physics!

The Theoretical Minimum: What You Need to Know to Start Doing Physics by Leonard Susskind and George Hrabovsky. A New York Times bestseller. World-famous physicist Leonard Susskind and hacker-scientist George Hrabovsky offer a first course in classical mechanics.

Special Relativity and Classical Field Theory: The Theoretical Minimum by Leonard Susskind and Art Friedman. Leonard Susskind and Art Friedman introduce readers to the physics and mathematics of light, with Einstein’s special theory of relativity and Maxwell’s classical field theory.

General Relativity: The Theoretical Minimum by Leonard Susskind and André Cabannes. Leonard Susskind and André Cabannes explore the theory and mathematics of gravity in Einstein’s crowning achievement, the general theory of relativity.
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