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Dedication

   To my teachers and my students





   Epigraph

To unfold the secret laws and relations of those high faculties of thought by which all beyond the merely perceptive knowledge of the world and of ourselves is attained or matured, is an object which does not stand in need of commendation to a rational mind.

—GEORGE BOOLE








Introduction


Everyone has a basic understanding of how the physical world works. We learn about physics and chemistry in school, letting us explain the world around us in terms of concepts like force, acceleration, and gravity—the Laws of Nature. But we don’t have the same fluency with the concepts needed to understand the world inside us—the Laws of Thought. You have probably heard of Newton’s universal law of gravitation. But you might not have heard of Shepard’s universal law of generalization—a simple principle that describes the behavior of any intelligent organism, anywhere in the universe. While the story of how mathematics has been used to reveal the mysteries of the external world is familiar to anybody who has taken even a casual interest in science, the story of how it has been used to study our internal world is not. This book tells that story.

A little over three hundred years ago, a small group of philosophers and mathematicians began to pull together the threads that make up modern science. They developed a keen sense of observation, a talent for conducting experiments, and a new set of tools for expressing mathematical theories. Over the following centuries, observation, experiment, and mathematics have been combined to reveal both the smallest and the largest things in the physical universe in ever-increasing detail. But those philosophers and mathematicians weren’t just interested in the physical universe. They were also interested in the mind, and they wanted to use the same mathematical tools to study it. Thomas Hobbes wrote about the possibility of understanding “ratiocination” as “calculation,” asking whether we might imagine thoughts being added and subtracted. René Descartes imagined numbers being assigned to thoughts in much the same way that they are assigned to collections of physical objects. Gottfried Wilhelm Leibniz spent his life trying, and ultimately failing, to find a way to use arithmetic to describe human reason.

The first success in using mathematics to analyze thought wouldn’t appear until the middle of the nineteenth century, when George Boole cracked the problem that Leibniz hadn’t been able to solve by coming up with a new kind of algebra. That first success had far-reaching consequences, leading to the development of formal logic and computers. The first attempts to evaluate mathematical theories of thought by comparing them to human behavior wouldn’t appear until the middle of the twentieth century, in the Cognitive Revolution that launched the field of cognitive science—the interdisciplinary science of the mind. Cognitive scientists have since come to recognize the limits of formal logic as a model of human cognition, and have developed completely new mathematical approaches—artificial neural networks, which illustrate the power of continuous representations and statistical learning, and Bayesian models, which reveal how to capture prior knowledge and deal with uncertainty. Each has something to offer for understanding the mind.

In the twenty-first century, knowing the Laws of Thought is just as important to scientific literacy as knowing the Laws of Nature. Artificial intelligence systems demonstrate on a daily basis that yet another aspect of thought and language can be emulated by machines, pushing us to reconsider the way we think about ourselves. Understanding human minds and how much of them can be automated becomes critical as we plan our careers and think about the world that our children will occupy. By the end of this book you will know the basic principles behind how modern artificial intelligence systems work, and know exactly where they are likely to continue to fall short of human abilities.



The term “The Laws of Thought” comes from the nineteenth century, being the name that scholars like George Boole gave to the mathematical principles that characterize how the mind works. In this book, we are going to travel together through three centuries of research that have revealed some of those principles.

There are some important differences between what it means to study our external and internal worlds. Unlike physics, cognitive science has not yet converged on a single definitive account of its subject that every scientist accepts. In fact, this lack of consensus was one of the things that led me to become a cognitive scientist. When I was in high school (in Australia in the 1990s), physics and chemistry were taught as a series of formulas to be applied in specific situations. I liked the idea that we could use math in this way, but it seemed like many of the questions we could ask about the physical world were already settled. So when I had the chance to choose what to study at university, I chose things that still seemed truly mysterious, studying philosophy, psychology, anthropology, and ancient mythology. Philosophy might seem like the outlier among all those “ologies,” but reading a chapter in the back of one of my philosophy books one summer introduced me to the idea of artificial neural networks—mathematical systems that emulate the operation of the brain. I was amazed: You can use math to understand the mind! I spent the rest of the summer learning everything I could about the topic, drawing wild diagrams of enormous neural networks (if it helps for this training montage to have a soundtrack, the score for that summer was provided by the Smashing Pumpkins). On the first day of the semester I cornered the professor whose research seemed most related and asked if I could work in his lab. I’m not sure whether it was good judgment or just self-preservation, but he said yes. I went on to study math and the mind in graduate school at Stanford (add Philip Glass to the soundtrack) and MIT (The Shins), before becoming a professor at Brown (The Decemberists), Berkeley (Zoë Keating), and now Princeton (my daughters listen to a lot of Taylor Swift).

And the mysteries are still there: Cognitive scientists still don’t agree on how the mind works. Instead, we have developed a set of theoretical frameworks that each capture important parts of human cognition. However, over the last few years the insights offered by these different frameworks have begun to converge on a more complete picture. After three hundred years of effort, we may finally be able to sketch out the Laws of Thought.



Cognitive scientists face a unique problem: How can we apply the methods of science to thought, something that we can’t see or touch? Psychologists in the first half of the twentieth century had a solution to this problem: We don’t. Instead, we apply the methods of science to what we can see and touch, namely external behaviors and the environmental stimuli that produce them. The dominant theoretical position, behaviorism, was that a rigorous science of the mind shouldn’t mention the mind at all.

In the 1950s, researchers returned to the insight that had first come to Hobbes, Descartes, and Leibniz. They realized that there was a different way to approach a science of the mind, using the same kind of methods that physicists use to theorize about unobservable entities: mathematical theories that make precise predictions about observable phenomena. Formal logic illustrated how a simple system of rules and symbols could capture complex, intelligent behavior, and the recent development of digital computers demonstrated the power of this idea. A big part of the Cognitive Revolution was the recognition that mathematics provided a way to rigorously express hypotheses about the mind that could be tested against human behavior.

The first theoretical framework for making mathematical models of cognition took the insights of logic and applied them to a wide range of cognitive problems: reasoning, categorization, problem-solving, and language. In some ways, language was the best example of the power of this approach: Noam Chomsky showed how simple formal grammars could be used to generate complex sentences, and he used judgments that any English-speaker could make to argue for one kind of grammar over another. The capacity to generate infinitely many behaviors from a finite set of rules was compelling, as was the ability to capture the structures—hierarchies and combinations—that seem central to intelligent behavior. The critical question became, “What are the rules behind human cognition?”

However, this approach also had significant problems. Human thought seems fuzzier than logic allows (Is a lamp a piece of furniture? Is an olive a fruit?), and learning complex systems of rules proved sufficiently difficult that some (including Chomsky) would argue that it is nearly impossible. This encouraged the development of a second theoretical framework, in which the things we think about are represented as points in a psychological space, varying along continuous dimensions. The resulting mathematical models could accommodate fuzziness, but turning points in space into complex behaviors required a new kind of computation. Research on semantic networks in psychology converged with work on artificial neural networks in computer science and led to a new model of the mind.

Artificial neural networks combine continuous representations with powerful general-purpose methods for learning from data. This approach could capture many of the regularities that had led people to favor rule-based accounts of language, without needing to postulate that people use explicit rules. It also solved the problem of learning: Provided with enough data, a neural network could potentially learn to do anything. Artificial neural networks power modern artificial intelligence—from systems like AlphaGo, which can learn to play games, to systems like ChatGPT, which can carry out (mostly) informed conversations. Under this approach, the critical question became, “How much of human cognition can we explain in terms of the input data?”

The weakness of artificial neural networks is that the power to learn anything comes at a cost: Learning can require a significant amount of data. By contrast, learning from small amounts of data is one of the key characteristics of human intelligence: A child can learn a new word after hearing it used just once. Bayesian models of cognition, our third theoretical framework, offer a way to understand this. Drawing on a principle that dates back to the eighteenth century—Bayes’ rule—we can characterize what conclusion a rational agent should reach from data under different assumptions about the biases the agent brings to the problem. Bayesian models of cognition also provide a way to combine the rules of logic with the statistical learning demonstrated by neural networks, giving us new tools for answering the question of how complex intelligent behaviors might be learned. This approach gives us a new question: “How can we characterize the biases of human learners?”

These three frameworks—rules and symbols, neural networks, and Bayesian models—offer complementary perspectives on the mind. Each framework highlights a different kind of mathematics that is ultimately going to be critical to understanding the Laws of Thought. In the remainder of the book, we are going to explore each in turn. I will explain the key ideas, what insights they offer, and what challenges they face, with those challenges leading us to the next framework. I will cover not just the math but also the science—the clever experiments that have been used to compare these models to how people actually behave. And I will highlight how these three different approaches need to come together to give us a more complete understanding of human cognition.

Along the way, I’m going to point out some of the differences between human minds and contemporary AI systems. Even though we have developed machines that can solve an increasingly wide range of problems, they require massive amounts of data to do so. By understanding how people learn from small amounts of data, we can start to see what might be missing from these machines—what remains uniquely human.

So let’s begin …







1
Turning Aristotle into Arithmetic



Gottfried Wilhelm Leibniz is arguably one of the most intelligent people who have ever lived. He was born in Leipzig in 1646, and his father—a professor of moral philosophy—died when Leibniz was six. Leibniz was raised by his mother, who gave him access to his father’s library. (As a parent I suspect this was because she had things to do and iPads had not yet been invented.) Leibniz devoured the sophisticated texts the library contained, enrolled in university at age fourteen, and graduated with a bachelor’s degree in philosophy a little over a year later. He went on to earn advanced degrees in philosophy and law before beginning a career that defied all boundaries, making contributions not just to these disciplines but also to mathematics, astronomy, physics, chemistry, geology, botany, psychology, medicine, natural history, jurisprudence, ethics, political philosophy, history, linguistics, and theology. He was no mathematical slouch: He developed the calculus in parallel with Isaac Newton (another candidate for Most Intelligent Person), formulated the idea of binary numbers, and invented a new kind of mechanical calculator. And yet he could not figure out how to use mathematics to describe human thought.

Logic—the idea that there might be a right way to reason—was an early passion for Leibniz. Describing his education, he wrote:


Before I reached the school-class in which logic was taught, I was deep into the historians and poets, for I began to read the historians almost as soon as I was able to read at all, and I found great pleasure and ease in verse. But as soon as I began to learn logic, I was greatly excited by the division and order of thoughts I perceived in it. I immediately noticed, to the extent that a boy of 13 could, that there must be a great deal in it.



As his mathematical skills developed, Leibniz began to consider the possibility that the elegant structure of logic might be paralleled by the elegant structure of mathematics. His university dissertation, written when he was twenty, explored the mathematics of combinations—building up concepts by combining simpler parts in different ways. A decade later, the relationship between mathematics and thought was once again pressing on his mind.

It’s not often you get to watch a great mind struggle, but a series of notes that Leibniz wrote in 1679 shows him repeatedly trying and failing to solve this problem. Leibniz was thirty-two years old and had recently moved to Hanover to become a counselor to Duke Johann Friedrich. He was in the midst of a fit of productivity—in the same period he developed a plan for a new kind of encyclopedia and a scientific organization to support it, made progress on several philosophical topics, and devised a new mathematical formulation of physical forces. But the mathematical formulation of mental forces defied him. Each note in the series has a similar structure: Leibniz comes up with a new scheme, tries it out, and shows that it seems to work, but then he hits a snag and the writing stops abruptly. Then the next note starts anew … and ends in the same way.

Nobody puts this much effort into something unless they think it’s important. So why was Leibniz pushing so hard? In this chapter, I’m going to explain what he was trying to do and how it lays the foundation for one of the major theoretical approaches in cognitive science: trying to explain the mind as a system of rules and symbols. I’m then going to introduce the person who ultimately solved Leibniz’s problem—George Boole—and explain a little bit of his solution, which provides the foundation for our first mathematical framework for understanding the mind.



Aristotle and the Syllogism

While Leibniz had vast ambitions, his attempt to cast thought in mathematics began more humbly. Rather than trying to explain all of thought, he chose to focus on a very specific subset: Aristotle’s syllogisms.

The question of how to think—and what makes a good argument—has been asked in many different cultures. Different approaches to logic were developed independently in India and China. But for Leibniz, and most of the Western world at the time, the canonical form of logic was that of Aristotle. Like Leibniz, Aristotle lived his life in close proximity to the influential figures of his era—he was a student of Plato and the tutor of Alexander the Great—but his era was two thousand years earlier. Across that gulf of time came the Prior Analytics, a manuscript in which Aristotle laid out the first systematic account of the structure of arguments.

Aristotle’s subject was the syllogism, an argument with two premises—statements that are assumed to be true—and one conclusion that potentially follows from them. Here’s an example that Leibniz gave in one of his notes:

Every wise person is pious.

Some wise person is wealthy.

Therefore, some wealthy person is pious.

Leibniz asserted that this is a valid argument, and Aristotle would agree: The conclusion follows from the premises, in the sense that if you accept that the premises are true, then you have to accept that the conclusion is also true. Aristotle wanted to know which syllogisms are valid and whether there might be a systematic way of characterizing them.

Aristotle’s first innovation was to precisely define the set of arguments under consideration. Each statement in a syllogism talks about the relationship between two things—for example, wise people and pious people. If we replace “wise person” with the letter A and “pious person” with the letter B, we could write the corresponding statement as “Every A is B.” Aristotle’s first step in defining the set of possible syllogisms was to only consider statements of four kinds: In addition to “Every A is B,” he allowed “No A is B,” “Some A is B,” and “Some A is not B.” Each of the two premises and the conclusion had to be one of these four types.

Second, the things that the statements talk about reappear throughout the argument. In Leibniz’s example, wise people appear in both premises, and pious people in the first premise and the conclusion. If we keep A for “wise person,” B for “pious person,” and use C for “wealthy person,” this argument becomes:

Every A is B.

Some A is C.

Therefore, some C is B.

If we changed around the order of these letters in the argument, for example, changing “Every A is B” to “Every B is A,” it would be a different argument. In this case, we would get the statement “Every pious person is wise,” and the argument would no longer be valid (because it could be that the wise people who are wealthy happen not to be the same as the wise people who are pious). Aristotle considered three different types of arguments that could be made by adopting different orders for A, B, and C. Aristotle referred to these different orders as “Figures.”

So, to make an Aristotelian syllogism we choose a Figure—which of the three orders to use for A, B, and C—and choose one of the four types of statements for each premise and the conclusion (Every, No, Some, and Some … is not). These choices result in a total of 192 (or 3 × 4 × 4 × 4) possible syllogisms (Leibniz would have loved all those combinations!). So which ones are good arguments? And why?

Before going any further, it’s worth spending a moment considering why we are just talking about A, B, and C rather than statements about actual objects. One of Aristotle’s key insights was that the form of an argument is what makes it valid, rather than its content. It doesn’t matter what the premises and conclusion are actually about, or whether those things are true in the real world—whether the conclusion follows from the premises is just a matter of which of these 192 patterns is being used. Leibniz’s argument about wise and pious people, for example, can be reexpressed with less plausible premises used in an introduction to logic written by Lewis Carroll, the author of Alice in Wonderland:

Every cat understands French.

Some chickens are cats.

Therefore, some chickens understand French.

Even though the premises might be false, the form of the argument remains valid.

Aristotle identified a total of fourteen valid syllogisms using a combination of intuition and proofs. The intuition was used to assert that particular arguments are obviously true (e.g., “Every A is B, Every B is C, Therefore, every A is C”). The proofs took some of the iffy cases and showed that they could be reduced to the ones he was more sure about. Aristotle also made some observations about rules that seemed to hold in general, such as the fact that no valid syllogism had two negative premises (“No A is B” or “Some A is not B”).

Leibniz wanted to take this a step further. He wanted to develop a mathematical theory that automatically identified all the valid syllogisms. And in 1679 he thought he had a way to do it, using arithmetic. Under Leibniz’s scheme, every term (like “wise person” or “pious”) would be associated with two numbers, one positive and one negative. You could check the truth of the resulting statement by comparing these numbers, checking whether one set of numbers divided the other. For example, if the two numbers for “wise person” are +70 and −33 (written (+70, −33) for convenience) and “pious” has the numbers (+10, −3), you could be sure that the statement “Every wise person is pious” is true because 70 is divisible by 10 and −33 is divisible by −3. Leibniz thought that there should be a way to make this scheme work for syllogisms as a whole: that from the numbers for individual terms and statements making up the premises, rules could be found that identified valid conclusions.

Leibniz came up with various ideas along these lines, making creative use of the properties of prime numbers. He hit upon solutions that worked sometimes—for example, he showed that he could prove “Some wealthy person is pious” in the first syllogism we considered. But his solution failed on other syllogisms. For example, it would also suggest that the following is a good argument:

Every pious person is happy.

Some pious person is not wealthy.

Therefore, some wealthy person is not happy.

Aristotle wouldn’t agree, and I’m guessing you wouldn’t either!

Despite his best efforts, Leibniz just couldn’t find a way to replace Aristotle with arithmetic.



The Universal Characteristic

The approach that Leibniz took to logic was really about trying to express another mind-blowing seventeenth-century idea—that of a universal language—in mathematical terms.

Language was a topic of unusual interest in the seventeenth century. The first alphabetical dictionary in English was published in 1606, encyclopedias were popular, and scholars were thinking hard about the properties of different languages (Leibniz himself studied Chinese). As they started to remake the world around them, seventeenth-century thinkers began to consider how they might remake language itself. René Descartes, a Frenchman equally likely today to show up in a class in mathematics (Cartesian coordinates) or philosophy (Cartesian dualism), considered this possibility in a letter he wrote to the mathematician Marin Mersenne in 1629. Mersenne had sent Descartes a proposal for a scheme to rationalize language, of which Descartes was skeptical. But Descartes was nonetheless excited by the idea:


I believe, however, that it would be possible to devise a further system to enable one to make up the primitive words and their symbols in such a language so that it could be learnt very quickly. Order is what is needed: all the thoughts which can come into the human mind must be arranged in an order like the natural order of the numbers. In a single day one can learn to name every one of the infinite series of numbers, and thus to write infinitely many different words in an unknown language. The same could be done for all the other words necessary to express all the other things which fall within the purview of the human mind.



Descartes was talking about the fact that the words for numbers follow a few simple rules, making it possible to quickly generate the words that uniquely identify any particular number. One hundred and eleven, two thousand seven hundred and nineteen, or three million and twelve—even if you have never heard these particular sequences of words before, you know exactly which numbers they correspond to. Imagine if the rest of language were just as precise …

As exciting as this idea—a universal language!—seemed, Descartes recognized the challenges involved:


The discovery of such a language depends upon the true philosophy. For without that philosophy it is impossible to number and order all the thoughts of men or even to separate them out into clear and simple thoughts, which in my opinion is the great secret for acquiring true scientific knowledge. If someone were to explain correctly what are the simple ideas in the human imagination out of which all human thoughts are compounded, and if his explanation were generally received, I would dare to hope for a universal language very easy to learn, to speak, and to write.



So, just a matter of determining how to number and order all possible thoughts. But the effort might be worth it:


The greatest advantage of such a language would be the assistance it would give to men’s judgment, representing matters so clearly that it would be almost impossible to go wrong. As it is, almost all our words have confused meanings, and men’s minds are so accustomed to them that there is hardly anything which they can perfectly understand.



Just as you can instantly know that two thousand seven hundred and nineteen is less than three million and twelve, two thoughts expressed in the ideal language that Descartes imagined could be compared directly, making it easy to instantly identify assertions that are false.

The cause of developing such a universal language was taken up several times in the following decades, most prominently by the Reverend John Wilkins in his An Essay Towards a Real Character, and a Philosophical Language, published in 1668. Wilkins was an influential figure in seventeenth-century England, being the head of colleges at both Oxford and Cambridge as well as one of the founding members of the Royal Society. He also wrote the first comprehensive book on cryptography in English and is credited with planning a scientific mission to the moon. His Essay was a massive work, running to more than six hundred pages of text and tables. Within it he considered the properties of natural languages, including their written and spoken forms, and proposed a new language intended to “remedy the Curse of Confusion” caused by linguistic misunderstandings, facilitating learning, trade, and the resolution of religious differences.

Wilkins took on the challenge of numbering and ordering thoughts in a very direct way. Much of the Essay consists of lists of concepts (in his words, “those things and notions to which words are to be assigned”), carefully organized according to a system that he devised. Each concept is specified by a Genus, being broad classes such as “Element,” “Bird,” “Beast,” or “Measure.” Within each Genus are identified nine Differences, being more specific categories within this broad class—for example “Element” has Differences corresponding to “Fire,” “Water,” and so on. And even finer distinctions pick out nine different Species within each Difference—the first Species of “Fire” is “Flame.” With forty Genuses, this system potentially picks out 3,240 different concepts (40 × 9 × 9, more combinations for Leibniz!).

To each of these concepts Wilkins associated a written character—the Real Character—that captured its nature. This was done very systematically. The Genus was indicated by a horizontal line with a mark on it, requiring a total of forty different marks. The Difference was indicated by a mark that appeared on the left end of this line, and the Species by a mark that appeared on the right. Looking at the resulting symbol would thus immediately reveal the Genus, Difference, and Species of the concept it described. Other marks were used to indicate words connecting concepts. Figure 1.1 shows the translation of the Lord’s Prayer in the Real Character.

Reading through the Lord’s Prayer, it’s easy to see what Wilkins liked about the scheme. The relationships between concepts can be identified at a glance. For example, if you look closely you’ll see that the characters representing “Heaven” and “Earth” are extremely similar. They both have a horizontal line intersected with a vertical line, corresponding to the Genus “World.” The mark on the left side indicates the second Difference, “Heaven.” “Earth” then has a mark on the right side, indicating the seventh Species.

The Real Character wasn’t just a written language; it could be a spoken one too. Wilkins came up with a scheme for translating these symbols into spoken words. Each Genus was indicated by a consonant followed by a vowel, each Difference by another consonant, and each Species by a vowel. For example, “Heaven” would be “Dad” (“Da” for the Genus, “d” for the 2nd Difference) and Earth “Dady” (the “y” is for the 7th Species). The opposite of a concept would be indicated by using “o-” as a prefix, so “Hell” becomes “Odad.”

[image: An image showing rows of unique symbols or shorthand script. Below, numbered symbols are matched to English words from “The Lord’s Prayer,” such as “Our parent who art in Heaven.” It function as translation key for the script.]
Figure 1.1: The Lord’s Prayer in the Real Character, with the first two lines of its translation below.


Whether written or spoken, the Real Character has a unique property: To know the word for a thing is to know the thing itself. With knowledge of Wilkins’s system, on hearing a new word one can immediately deduce where it fits within that system. Things that are related to one another can be identified immediately, and it becomes impossible to make certain kinds of statements. For example, it would be fine to say, “A cat is a beast,” but if you said, “A cat is a fish,” it would be obvious that this sentence is false, even for somebody who knows nothing about cats and fish other than their names.

Enter Leibniz. Descartes had pointed out that thoughts needed to be numbered. Wilkins had essentially done that—each concept was assigned a number based on its Genus, Difference, and Species. But those numbers were arbitrary, other than capturing the hierarchical relationships among concepts. Leibniz imagined a scheme—the universal characteristic—where the numbers assigned to each concept captured something more intrinsic about that concept, so that statements involving those concepts could be evaluated just by applying arithmetic. Using this scheme, one person could assert, “Every wise person is pious,” and another could check that statement is true by doing a quick calculation. Given a set of true statements, another calculation could identify the valid conclusions one might draw from those statements. And if reason could be reduced to arithmetic, it could be automated.

It’s not a coincidence that one of Leibniz’s other contributions to history was the development of a new kind of mechanical calculator. The French mathematician Blaise Pascal had previously developed a mechanical calculator that could add and subtract numbers using an ingenious system of gears. Leibniz developed a way to extend this approach to support multiplication and division and presented a prototype of his calculator to a meeting of the Royal Society in 1673. Actually constructing the machine was challenging given the resources of the day, but Leibniz ultimately succeeded in creating a device that could perform impressive feats such as multiplying two eight-digit numbers.

To Leibniz, the universal characteristic—and the automation of its underlying mathematics—seemed to have revolutionary potential. As he wrote in what seems to be his introduction to a planned book on this topic:


Once the characteristic numbers of most notions are determined, the human race will have a new kind of tool, a tool that will increase the power of the mind much more than optical lenses helped our eyes, a tool that will be as far superior to microscopes or telescopes as reason is to vision. […] When we have the true characteristic numbers of things, then at last, without any mental effort or danger of error, we will be able to judge whether arguments are indeed materially sound and draw the right conclusions.



Of course, that book was never completed. Leibniz continued to explore ideas about how mathematics could be used to describe aspects of thought—in 1686 and 1690 he began to move beyond arithmetic, writing notes in which he used abstract symbols to denote classes and novel mathematical operations to describe their relationships, anticipating subsequent developments in mathematical logic. But he never produced a complete system that satisfied him. Toward the end of his life Leibniz lamented this fact, writing to a friend that he would still have hoped to complete it “if I had been less distracted, or if I were younger or had talented young men to help me.”

But what he did do, along with Descartes and Wilkins, was introduce a new way of thinking about the mind: as a system of rules and symbols.



Formal Systems

Descartes, Wilkins, and Leibniz proposed ideas that we will see being repeatedly reinvented in the following pages, such as assigning numbers to concepts and organizing those concepts into hierarchies. But more fundamentally, they were suggesting that a mysterious process—thought—could be reduced to a more familiar one—arithmetic. In doing so, they were arguing that the mind can be understood as what modern cognitive scientists would call a “formal system.”

A formal system is simply a more precise way to specify what we might intuitively describe as a system of rules and symbols. To use a popular definition, a formal system has three properties: It is a token manipulation system, it is digital, and it is medium independent.

Even though this might sound fairly abstract, I am willing to bet that you are intimately familiar with a variety of formal systems. In fact, if you have ever played a board game, you have interacted with a formal system. A token manipulation system can be described using three things: a set of tokens, initial positions for those tokens, and a set of rules that indicates how the tokens can be manipulated. That’s basically just the rules of a board game.

Consider the game of chess. The tokens are the playing pieces—pawns, knights, bishops, and so on. The initial positions are the familiar starting position for a game, with the pawns in a row in front of the other pieces. The rules of chess specify how these tokens can be manipulated—from the starting state you move to a new state by moving a pawn or a knight, the pawn can move forward one or two squares, and so on. By following these rules, you can generate all possible games of chess.

The game of chess can also be used to illustrate the other properties of a formal system. It is digital—there are no in-between states. A chess piece is either on a particular square or not (and if it isn’t, something has gone wrong and needs to be fixed before the game can proceed). You don’t need to watch a slow-motion replay to determine whether a move is legal or not—either it is or it isn’t. For this reason, you can perfectly re-create a game of chess played over a hundred years ago.

Contrast this with fencing. Fencing has rules, it has complex strategies (leading some to call it “physical chess”). But it’s not digital—what happens in a fencing match depends intimately upon the precise positions of the fencers, has enough ambiguity that it requires a human to adjudicate each point, could sometimes benefit from a slow-motion replay, and can never be perfectly reproduced. Fencers have developed a language for describing various positions, but there’s a lot of room to disagree in practice about whether any particular action is, for example, a feint or an attack. The non-digital nature of fencing is a significant challenge for enthusiasts of historical fencing, who try to reconstruct how people fenced hundreds of years ago from archaic manuals, just as the gap between written notes and performance is a challenge for people trying to re-create early pieces of music.

Finally, chess is medium independent. While we’re used to chess pieces looking like castles and horses, there’s nothing in the rules that says that the playing pieces need to have any particular form. Reflecting this, you can buy chess sets where the pieces are characters from the TV show South Park (appropriately, the pawn is Kenny), exotic birds, or baseball players. You don’t even need a physical board—you can play chess on a computer, where the rules are represented and executed by silicon chips. Experts can even play without a board at all, using neurons to simulate games inside their heads.

Of course, formal systems go well beyond board games. Arithmetic is also a formal system. Here there are many possible initial positions—sequences of numbers, operators (+, −, ×, ÷), and parentheses that define a valid arithmetic problem. For example, 4 × (3 + 2). The rules of arithmetic specify in what order you should execute operations to solve this problem, in this case starting with the addition in the parentheses, and what the solution to that addition problem is (3 + 2 = 5). Substituting this result, we obtain a new problem (4 × 5), and apply our rules again to solve it. From these initial positions and rules we can specify and solve any arithmetic problem.

The tokens in a formal system acquire meaning—become symbols—when we take them to stand in relationship to something else. Pawns are foot soldiers, the king the precious leader. The character 3 means “three things”—three peaches, or the three dollars you pay for those peaches at the supermarket. The formal system itself now acquires new import, as chess becomes a tool for teaching battlefield strategy and arithmetic the guide to what to expect at the supermarket checkout.

A lot of what we do in science involves establishing correspondences between particular formal systems and the world around us. For example, Newton’s physics was successful because it created a new link between the formal system of Euclidean geometry and the behavior of objects like planets and comets. In your calculus class, x is just a token to be manipulated. But when you go down the hall for your physics class, x becomes a symbol denoting the location of a planet.

In 1679, Leibniz was trying to take an existing formal system— arithmetic—and establish a new correspondence between its tokens—numbers—and human thought. The fact that this didn’t work doesn’t mean that there is no way to describe thought as a formal system. It just means that he hadn’t found the right formal system.

The next breakthrough in solving that problem wouldn’t take place for over a hundred years.



An Algebraic Insight

Walking through a field one day, a seventeen-year-old schoolteacher named George Boole had a vision. His head was full of abstract mathematics—ideas about how to use algebra to solve complex calculus problems. Suddenly, he was struck with a flash of insight: that thought itself might be expressed in algebraic form.

Boole was born on November 2, 1815, at four o’clock in the afternoon, in Lincoln, England. He was the first child of John Boole, a shoemaker, and his wife, Mary Ann. But John was no ordinary shoemaker—he was an enthusiast of science and mathematics, as likely to be making telescopes as shoes. Appropriately, his son George received a quality education, studying the classics as well as mathematics and learning to play the flute and piano. He quickly became fluent in Latin and Greek, and his translations of classical poems were published in the local newspaper when he was fourteen (creating some controversy when a reader refused to believe they were the work of a schoolboy). When his father’s business began to fail a couple of years later, George became a teacher at a school in Doncaster. He began to read more deeply about mathematics—in part because it helped him stay within his book-buying budget as it took so long to work through each book.

The vision Boole had when walking through that field was arguably partly due to his idiosyncratic education. He had learned calculus from books by French mathematicians—Lacroix, Lagrange, and Laplace—who were part of a tradition that followed the approach to calculus introduced by Leibniz. This was more abstract and algebraic than the geometric approach taken by Newton that was favored in England, disposing him to think about systems that were richer than mere arithmetic. But Boole wasn’t able to immediately pursue his vision. His teaching job led to the opportunity to become the head of another school closer to his family, and ultimately to found a school of his own in Lincoln at age nineteen. Once his family was on a stronger financial footing, Boole began to publish a remarkable series of papers in mathematics. He used his algebraic perspective on calculus to good effect, publishing papers with titles like “Researches on the Theory of Analytical Transformations, with a Special Application to the Reduction of the General Equation of the Second Order” and “On the Integration of Linear Differential Equations with Constant Coefficients” in the Cambridge Mathematical Journal. Soon the lowly schoolteacher, who had never attended university, was corresponding with leading mathematicians. He then hit upon a bigger idea—a method for solving certain tricky differential equations—which he published as “On a General Method in Analysis” in the prestigious Proceedings of the Royal Society in 1844. The paper was so impressive that the Royal Society awarded Boole the first ever Gold Medal in Mathematics.

These papers secured Boole’s reputation as a mathematician, but working on them also gave him the tools that he needed to pursue what would become his life’s work: developing a mathematical theory of logic.



The Laws of Thought

In retrospect, it’s easy to see Boole as having been perfectly prepared to take on Leibniz’s challenge of arithmetizing Aristotle—his mathematical adventures had left him deeply steeped in algebra, and his study of classics meant that he was able to read Aristotle in the original Greek. However, he came to the challenge completely independently of Leibniz, only discovering their shared passion later in life. Instead, Boole was spurred to revisit his teenage vision by a debate between his friend the mathematician Augustus De Morgan and the philosopher William Hamilton. Both had arrived at a way of extending logic but disdained the methods of the other: De Morgan wanted a mathematical solution, while Hamilton focused on verbal arguments. At one point, Hamilton even accused De Morgan of plagiarism. Boole saw a way of shortcutting the debate, pursuing a mathematical approach in the spirit of De Morgan that formalized the intuitions of Hamilton.

Boole was consumed by the idea of putting logic on a solid mathematical foundation. As his sister MaryAnn described it:


When he first began to work at The Mathematical Analysis of Logic, his absorption was so extreme it seemed as if his brain was never at rest; by day he moved about like one in a dream, and at night lay awake for hours thinking out what had been before him as a vision all his life and many a time unable to sleep had he risen in the dead of the winter night and, wrapping himself in a cloak, descended to the family sitting room to write down the fast-coming trains of thought that would not be repressed.



Boole published The Mathematical Analysis of Logic as a short book only weeks after he started working on it. Aristotle’s syllogisms take pride of place—the book lays out an algebraic scheme for specifying the relationships between classes of objects, making it possible to derive new conclusions by checking whether certain equations follow from others, which Boole showed could be used to derive the valid syllogisms. The book was a breakthrough—but Boole also felt it had been written too hastily, and spent the next seven years perfecting his system and finally publishing the much longer book An Investigation of the Laws of Thought.

Boole was clear about his goals in the very first paragraph of his book:


The design of the following treatise is to investigate the fundamental laws of those operations of the mind by which reasoning is performed; to give expression to them in the symbolical language of a Calculus, and upon this foundation to establish the science of Logic and construct its method; to make that method itself the basis of a general method for the application of the mathematical doctrine of Probabilities; and, finally, to collect from the various elements of truth brought to view in the course of these inquiries some probable intimations concerning the nature and constitution of the human mind.



His path toward this goal was based on a simple idea: Let a symbol, x, denote a class of things. Now the machinery of algebra can be applied: “Thus if x alone stand for ‘white things,’ and y for ‘sheep,’ let xy stand for ‘white sheep.’” Writing two algebraic symbols like this is a shorthand for multiplication, so what Boole is really saying is that we can write the class of white sheep as x × y. With this simple move, Boole began to identify the rules for manipulating these symbols. First, it is clear that xy = yx, as the class of sheep that are white is the same as the class of white things that are sheep. Second, if x and y are the same class of things, then it is reasonable to assert that xy = x, since white things that are white are just white things. We can then rewrite this as xx = x, or x2 = x, which is the first hint that we are entering unusual territory. It’s certainly not the case that x2 = x for all possible values of x in the settings where we typically use algebra.

So when does x2 = x? Well, this expression is true if x = 1 or x = 0, which suggests that 1 and 0 are going to play a special role in this system. In fact, Boole noted that the rules of his algebra of logic followed the rules of our more familiar arithmetic when that arithmetic is restricted to variables that take the value 1 or 0. The symbols 1 and 0 also have clear meanings: 1 denotes the class of all things, so 1x = x, and 0 denotes the class that contains nothing, so 0x = 0.

Boole extended this analysis to another operation—if the classes x and y are distinct (with no members in common, so xy = 0), then x + y is the class of things that are in either x or y. Likewise x − y is the class of things in x but not in y. The operations represented here as multiplication and addition combine together in the familiar way, so x(y + z) = xy + xz.

With that, believe it or not, we’re ready to tackle some Aristotle. Remember, Aristotle expressed his syllogisms using four different kinds of statements: “Every A is B,” “No A is B,” “Some A is B,” and “Some A is not B.” Boole found algebraic expressions that captured each of these statements. For example, Boole’s system can be used to express “Every A is B” as a = ab (since everything that is A is B, the set of things that are both A and B is the same as the set of things that are A). Proving a syllogism to be valid is just a matter of algebraically manipulating the equations that express its premises to produce something equivalent to its conclusion. So, for example, for Aristotle’s argument “Every A is B, Every B is C, Therefore, every A is C” our first step is translating the premises to a = ab and b = bc. We can then prove the syllogism is valid by replacing the b in the first premise with bc to obtain a = abc, and then replacing the ab with a to get a = ac, which is equivalent to “Every A is C.” Boole exhibited similar proofs for the other syllogisms.

An Investigation of the Laws of Thought went much further than this, developing a similar mathematical system for statements that were not explicitly about classes of objects. Boole’s system certainly had flaws—for example, the logician and economist William Stanley Jevons was unsatisfied with the fact that x + y could only be applied when x and y are distinct, and defined a revised system that addressed this problem. Boole’s proofs also contained errors that took many years to discover. But his work is nonetheless the first meaningful instantiation of what Descartes and Leibniz had dreamed of—a formal system that describes aspects of human thought.



Why Logic Matters

Okay, clearly I’m excited about logic. Not as excited as Boole—I’m still mostly sleeping at night—but excited enough to have read through a big pile of old books to tell you about it. So what’s the big deal? Why should you be excited about logic?

To answer this question, we’re going to fast-forward through another hundred years of developments—work by folks like Gottlob Frege, Bertrand Russell, Ludwig Wittgenstein, and Emil Post—to get to the point where we have something that’s a little easier to understand.

We’re going to focus on propositional logic, which is the logic of simple statements that are either true or false. I’m going to use symbols like P and Q to stand for those statements, which are called propositions. For example, P might be the statement “It rained in the night” and Q the statement “The grass is wet.” Like Boole, we are going to be interested in combining statements together, but unlike Boole we aren’t going to use the symbols of arithmetic for this purpose. Instead, for “P and Q” we will write P ˄ Q and for “P or Q” we will write P ˅ Q.

What do ˄ and ˅ mean? Well, we are going to define them in a way that tries to capture the intuitive meanings of “and” and “or.” The statement “It rained in the night and the grass is wet” is true when the statements “It rained in the night” and “The grass is wet” are both true. It is false if either of these statements is false. We can summarize the meaning of ˄ in a truth table, showing whether P ˄ Q is true (T) or false (F) depending on whether P and Q are true or false:
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We can do the same thing to define P ˅ Q, which we will take to be true when either P or Q is true, with the resulting truth table:
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It’s worth noting that this doesn’t capture all uses of “or” in English: Somebody saying you can eat cake or you can eat ice cream is not going to be happy if you eat both. Because ˅ includes the case where both P and Q are true, it is referred to as an inclusive or, as opposed to the exclusive or of cake or ice cream.

To complete our logic, we’re going to define three more special symbols. We will represent “not P” with the symbol ¬P and the truth table:
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This says ¬P is true when P is false and false when P is true, which captures the intuitive relationship between statements like “It rained in the night” and “It didn’t rain in the night.” Next, we will write statements of the form “If P then Q” as P → Q, with the truth table:
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Again, this doesn’t map perfectly to our use of “if” in English: P → Q is true whenever P is false, which is a little counterintuitive. The way to interpret this is that when somebody says “If it rained in the night then the grass is wet” they are making the strong claim that we shouldn’t see a situation where it rains and the grass is dry, but they aren’t saying anything about what will happen to the grass if it doesn’t rain. We can capture other uses of “if” in English with the logical symbol for “if and only if”—we write “P if and only if Q” as P ↔ Q, with the truth table:
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in which P and Q must either both be true or both be false. When we say things like “I will go to the party if you go” the “if” is really an “if and only if”: Both of us are going, or neither.

We can build more complex statements from these simple parts. Based on our definition of ˄, the statement (P ˅ Q) ˄ R is true when P ˅ Q is true and R is true. This more complex statement results in a bigger truth table:
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When we just had two basic propositions—P and Q—our truth table had only four rows. When we add a third—R—we have eight rows. Each basic proposition doubles the size of our truth table. With two or three basic propositions we can still write everything down pretty easily, but consider how many facts you know—how many basic propositions could be true or false about the actual world. Doubling the size of our truth table for each fact quickly becomes unwieldy.

Truth tables can also be used to check the validity of logical arguments. For example, let’s say P → Q and P are both true. Does it follow that Q is also true? Here’s the truth table for P → Q again, with numbers on the rows:
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Each row corresponds to a possible world we might be in—one where P and Q are both true, another where P is true and Q is false, and so on. If P → Q is true, that narrows down the possible worlds to numbers 1, 3, or 4. If P is also true, then only world number 1 remains. In that world, Q is true. So whenever P → Q and P are both true, Q must also be true, because there are no possible worlds where P → Q and P are both true and Q is false.

This doesn’t seem like a giant leap for any particular propositions P and Q, but the same analysis works for any propositions that are related in the same way: If R → S and R are true, then S has to be true. We have shown that a particular kind of argument, based on the relationship between propositions, is valid. We can write this as:



 
 
 
 
 
 P → Q
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The horizontal line separates the premises from the conclusion, like the “Therefore,” in our syllogisms. This argument says that anytime we know P → Q and P, we can infer Q. This is actually a famous form of argument in logic, called modus ponens.

Not every argument is valid. For example, assume P → Q and Q are true. Does it follow that P is true? It’s worth trying this as an exercise before you turn the page, looking at the truth table for P → Q and checking what worlds we might be in if Q is true.

The answer is no. There are two possible worlds consistent with P → Q and Q being true (numbers 1 and 3). In one of those worlds P is true and in the other P is false. So we don’t know for sure that P is true—this argument is invalid. In fact, this form of reasoning is a famous logical fallacy, called affirming the consequent.

By analyzing truth tables, we can show that there are many other simple arguments that are valid. Here are some examples:
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If you don’t trust me, you know how to check! These simple arguments are called inference rules, as they tell us when we can make a valid inference.

We are now ready to see what makes logic special.

A basic problem faced by any intelligent system is knowing what to believe. What facts are true about the world we live in? If we know some facts are true, are there any other facts that we should also believe? Logic provides a way to answer this question. Crucially, it lets us do so without having to do the arduous work of thinking about the very large number of possible worlds we could live in.

How does logic do this? By building complex arguments out of simple pieces that we know are valid. For example, let’s imagine we know two statements about our world are true:




 
 
 
 
 
 (P∨Q)→R
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Is it the case that R is true? We could write out the truth table, consider all sixteen possible worlds, work out which are consistent with the statements we know to be true, and see whether R is true in all of those worlds. But we can avoid all that, and just use some of the simple arguments identified above. First, we can conclude that P is true, because we know P ˄ S is true so both P and S must be true. Then, we can conclude that P ˅ Q is true, because if P is true then P ˅ Q has to be true. Finally, we can conclude R is true by applying modus ponens: If (P ˅ Q) → R and P ˅ Q are both true, then R is true. We have shown R is true without having to think about possible worlds at all!

This is what is exciting about logic: It reduces a semantic question, about what is true in the world we live in, to a syntactic procedure, defined purely by the formulas we use to describe that world. Just as Descartes and Leibniz had imagined, we can use a formal system—a token manipulation system—to determine what to believe. Identifying the truth or falsehood of a statement is just a matter of following the rules of a game, where the pieces are P, Q, ˄, ˅, and so on, and the moves involve applying inference rules like modus ponens.

Reducing semantics to syntax—reducing discovering truth to following rules—was a massive first step toward demystifying the nature of thought. If we can just write down the right set of rules, thought stops being something that just happens inside human heads and becomes something that can happen on the page, on a game board, or inside a machine.



The Remarkable Booles

On the strength of his mathematical publications, George Boole left his school in Lincoln and became the first professor of mathematics at the University of Cork, in Ireland, in 1849. Shortly after publishing An Investigation of the Laws of Thought, he married Mary Everest, the niece of the explorer and surveyor after whom Earth’s highest mountain is named. Even though they differed significantly in age—George was thirty-nine, Mary twenty-three—they had a shared interest in mathematics and spirituality. Mary helped George in preparing his next book, A Treatise on Differential Equations. In the process she attended his lectures on differential equations at the University of Cork, possibly becoming the first woman to attend a university course in Ireland. The Booles had five daughters, born between 1856 and 1864.

Unfortunately, this happy family life was not to last long. George Boole died on December 8, 1864, at the age of forty-nine. He had struggled with his health for most of his life, partly as a consequence of overwork as he juggled his careers as a teacher and a mathematician. The final straw was a long walk home through the rain after giving a lecture, which led to him contracting pneumonia. (This might be a bit of a cautionary tale for preoccupied professors—after hearing this story, one of my students expressed concern upon seeing me arrive at a lecture on a rainy day without appropriate wet-weather gear.)

George Boole left behind a substantial legacy—not just his books and papers but his family. Mary Boole and her daughters went on to have an extraordinary impact on our society. Men will play the leading roles in much of the story I tell in this book. There are notable exceptions, and you will meet them in later chapters. But in general this imbalance reflects social, economic, and institutional biases that have made it difficult for women and other groups to participate in science. To try to address this, I will highlight some less well-known historical figures along the way—with the remarkable Booles being a perfect example—and introduce you to some modern cognitive scientists at the end of the book.

After George’s death, Mary took a position as librarian and subsequently tutor in arithmetic and geometry at Queen’s College, London, where she would teach classes in George’s logic. She then became the secretary of the surgeon James Hinton. Over the course of her life she wrote extensively about a wide range of topics, from spirituality to mathematics education, corresponded with Charles Darwin, and worked hard to use George’s logic to explain psychological phenomena (making her one of the first people to deserve the title of “mathematical psychologist”). Her collected works run to four volumes.

Mary Boole also raised their five girls on her own. The youngest, Ethel, became a novelist and wrote a book called The Gadfly that was successful in England and became a cultural phenomenon in Russia. She married Wilfrid Voynich, the discoverer of the mysterious Voynich manuscript—a fifteenth-century book with fantastic illustrations, written entirely in a code that is yet to be deciphered.

The next youngest, Lucy, became a research chemist. She was the first woman to become a fellow of the Royal Institute of Chemistry and the first woman to become a professor at the London School of Medicine for Women.

The middle child, Alicia, was a brilliant intuitive mathematician. She developed the ability to visualize four-dimensional space and was able to catalog and build physical models of the regular polytopes in four dimensions (the generalization of the familiar regular polygons in two dimensions and polyhedra in three dimensions). As a result, she was able to characterize the properties of these mathematical objects before mathematicians using more conventional methods.

The second-eldest, Margaret, married the artist Edward Ingram Taylor. Their eldest son, Geoffrey, became a mathematical physicist and worked on the Manhattan Project. He was knighted and received the Copley Medal from the Royal Society, exactly one hundred years after his grandfather had received his own medal.

Finally, the eldest, Mary Ellen, married Charles Howard Hinton, the son of James Hinton. Charles was a mathematician fascinated by the fourth dimension—he developed innovative techniques for visualizing the higher dimensions and had taught Alicia how to do so. The Hintons moved to the United States, where Charles became a professor at Princeton (and designer of a gunpowder-powered pitching machine used by the baseball team). Their descendants include Joan Hinton, a nuclear physicist and one of the few women to participate in the Manhattan Project. And this is not the last we will hear about the Hintons …

George Boole fundamentally changed our understanding of logic, showing how reason could be captured by a formal system. But it would take another hundred years for logic to be put to the test as a theory of human thought, as psychologists and linguists began to use the ideas behind formal systems to explain people’s behavior.








2
Computing a Cognitive Revolution



As they started to fill the conference room at the Massachusetts Institute of Technology on the morning of September 11, 1956, the attendees of the Symposium on Information Theory had no idea they were about to participate in one of the most significant days in the history of cognitive science.

The first half of the twentieth century was a difficult time to be a scientist interested in studying the mind. The science of psychology had been launched at the end of the nineteenth century by luminaries such as Wilhelm Wundt in Germany and William James (the brother of the novelist Henry James) in the United States. But as this field developed, its practitioners began to feel some anxiety about their subject matter.

As I mentioned in the introduction, psychology is an unusual science in that its subject can neither be seen nor touched. Physics deals with things that are very far away or very small, but we can still see them using telescopes and microscopes and touch them with space probes and particle accelerators. No matter how good our telescopes and particle accelerators get, they will never let us see a thought or touch a feeling.

The first psychologists got around this problem by measuring behavior—the downstream consequence of thoughts and feelings—and then making inferences back to the thoughts and feelings behind it. For example, Wilhelm Wundt studied how long it takes people to react to sounds, with the goal of measuring how information is transmitted through the nervous system. An experimental participant would sit in a quiet room in front of a special device with a button on it. An electrical signal would trigger a sound and start a timer, which would be stopped by the participant pushing the button. Using this device, reaction time—the time between the sound and the button press—could be measured very precisely. Precisely enough, in fact, to observe a strange phenomenon: Sometimes the participants would react at the exact time the sound was played, anticipating it. Wundt wrote eloquently about the mental state—the thoughts and feelings—behind this phenomenon:


We seek to make our own feelings of touch and innervation objectively contemporaneous with the signal which we hear; and experience shows that in many cases we approximately succeed. In these cases we have a distinct consciousness of hearing the signal, reacting upon it, and feeling our reaction take place,—all at one and the same moment.



William James used results like this to develop a theory of attention—“the taking possession by the mind, in clear and vivid form, of one out of what seems several simultaneously possible objects or trains of thought”—based on the idea that attending to a signal makes it possible to respond to it more quickly.

Making inferences about consciousness and attention from how long it takes people to push a button after hearing a sound might seem like a stretch. To some psychologists, concerned about the scientific rigor of their discipline, it was a stretch too far. This was the start of the behaviorist movement, founded on the idea that the subject of psychology should be just those things we can see and touch: the environments that people occupy and the behaviors they produce. Some behaviorists would go even farther, seeing consciousness and attention not just as troublesome concepts to be eliminated from scientific discourse but as illusions that would be replaced by a more complete understanding of psychology.

On the morning of September 11, 1956, behaviorism was the dominant theoretical framework in psychology. But by the end of the day, the people in the room had found a new solution to the problem of how to rigorously theorize about the mind.


The Rise of Behaviorism

Behaviorism is such a counterintuitive idea that it’s worth spending a moment trying to understand it.

Forty years before the Symposium on Information Theory, on a winter’s day in 1913, John B. Watson took the stage at the meeting of the New York branch of the American Psychological Association. At the time Watson was a thirty-five-year-old professor at Johns Hopkins University, having made a name for himself as a scientist despite an impoverished and strictly religious upbringing in South Carolina. The meeting that Watson spoke at was held at Columbia University and attended by the intellectual descendants of Wundt and James, psychologists who were happy to rely on the reports of thoughts and feelings—the introspections—produced by their experimental participants. To this audience, Watson boldly declared:


Psychology as the behaviorist views it is a purely objective experimental branch of natural science. Its theoretical goal is the prediction and control of behavior. Introspection forms no essential part of its methods, nor is the scientific value of its data dependent upon the readiness with which they lend themselves to interpretation in terms of consciousness. The behaviorist, in his efforts to get a unitary scheme of animal response, recognizes no dividing line between man and brute. The behavior of man, with all of its refinement and complexity, forms only a part of the behaviorist’s total scheme of investigation.



Or at least that’s how he wrote it down in his paper “Psychology as the Behaviorist Views It,” which was published later that year in Psychological Review, the leading theoretical journal in psychology.

Watson’s argument for behaviorism was partly based on trying to make psychology a more rigorous science, but it was also partly based on his own experience working with animals, where studying behavior seemed like it was sufficient to gain insight into psychological phenomena. This was as much a personal preference as it was a scientific commitment. In his autobiography, he wrote that even in graduate school: “I never wanted to use human subjects. I hated to serve as a subject. I didn’t like the stuffy, artificial instructions given to subjects. I always was uncomfortable and acted unnaturally. With animals I was at home. I felt that, in studying them, I was keeping close to biology with my feet on the ground.”

















Glimpses of Mind














A Mechanical Interlude












The Turing Machine















[image: A diagram of a Turing machine. It shows a list of states and a tape of 0s and 1s. A rule changes the current state from 2 to 3, writes a 0 to the tape, and moves the read/write head. It illustrates how a computer processes data.]

























Claude Shannon and Boolean Circuits









	


	


	





	

	


	





	


	


	





	


	


	





	





	





	















	
	
	






	
	
	



	
	
	



	
	
	



	
	
	











	


	


	





	


	


	





	


	


	





	


	


	





	





	





	















	
	
	






	
	
	



	
	
	



	
	
	



	
	
	














From Abstract Machines to Digital Computers

















Mathematics and the Mind










[image: A grid of nine rectangles containing different symbols. The symbols include squares, crosses and circles. Some rectangles have one symbol, while others have two or three, The shapes very in color and pattern, such as solid black or striped.]
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A Compelling Answer







[image: Four simple diagrams (a-d) showing neural connections between triangle-shaped neurons. Lines represent axons ending in dots. They show basic circuits single connections, multiple inputs to one neuron, and inhibitory branching.]
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		Figure 2.3: McCulloch and Pitts’s illustrations of neural circuits implementing logical rules. The curved triangular shapes are the bodies of neurons (with numbers to refer to them), and the lines show input from one neuron to another. A filled circle indicates an excitatory connection (each dot adds 1 to the input of the receiving neuron). An unfilled circle indicates an inhibitory connection (subtracting 1 from the input of the receiving neuron). A neuron will “fire” when its input is 2 or more. (a) shows how a neuron can make another neuron fire, with neuron 2 firing when neuron 1 fires. (b) is a logical “or” (˅), with neuron 3 firing when either neuron 1 or neuron 2 fires. (c) is a logical “and” (˄), with neuron 3 firing only when both neuron 1 and neuron 2 fire. (d) shows how inhibition can implement a logical “not” (¬), with neuron 3 firing when neuron 1 fires and neuron 2 does not.



		Figure 4.1: Claude Shannon’s exploration of approximations to English based on counting the frequencies of individual letters, pairs of letters, triplets of letters, individual words, and pairs of words. Each piece of text is generated using those frequencies, producing an increasingly close approximation to English. These examples appear in his classic 1948 paper “A Mathematical Theory of Communication.”



		Figure 4.2: A simple finite-state grammar represented as a board game. To generate a sentence, put your playing piece at the START position and move following the arrows, writing down the word corresponding to each move you make. Your sentence is complete once you reach the FINISH position.



		Figure 4.3: A finite-state grammar that generates infinitely many sentences.



		Figure 4.4: Three situations that can arise in language learning. The true language is depicted as a dark gray circle, the learner’s current hypothesis as a light gray circle, and example sentences in the language as black dots. (a) The learner’s hypothesis overlaps with the true language but neither is a subset of the other. In this case, the learner can observe example sentences that reveal their hypothesis is incorrect (i.e., some black dots are not contained in the light gray circle). (b) The learner’s hypothesis is a subset of the true language. Again, observing example sentences will reveal that this hypothesis is incorrect. (c) The true language is a subset of the learner’s hypothesis. In this case, the learner cannot observe sentences that are inconsistent with their current hypothesis and thus cannot definitively discover that their hypothesis is incorrect.



		Figure 5.1: A picture of a woman.



		Figure 5.2: A visual illusion created by vision scientist Edward H. Adelson. The squares labeled A and B are the same color, but B appears lighter because your brain automatically compensates for the shadow cast by the cylinder.



		Figure 6.1: Two ways to measure distance. In Euclidean geometry, distance corresponds to the length of a straight line between two points (left). Non-Euclidean geometries use different distance measures, such as Manhattan distance (right). Here, distance is measured by adding how far you have to travel along each axis (or how many blocks you have to walk in each direction). The gray line shows the path to the point used to measure its distance, and the dotted line shows the set of points that are the same distance from where the axes cross. If you are in Manhattan, being on the same street or avenue as your destination makes for a shorter walk even if the distance on a map is the same. Attneave showed that people seem to use the Manhattan distance when assessing the similarity between things that have identifiable dimensions, such as the size or redness of a shape.



		Figure 6.2: Color circles generated by Isaac Newton (left) and Roger Shepard (right). Shepard’s color circle was produced by applying multidimensional scaling to people’s similarity judgments. Each point corresponds to a color, represented by its wavelength in nanometers, and points that are closer together are considered more similar.



		Figure 6.3: Geometric representations of color Eleanor Rosch found by applying multidimensional scaling to similarity judgments by the Dani (left) and Harvard undergraduates (right). Points correspond to different colors, and those that are closer in space are considered to be more similar to one another. Each circle corresponds to a color wheel, varying in hue, with lighter colors at the top and darker at the bottom. The Dani, whose color terms differentiate light/warm and dark/cool colors, perceive those colors as being more similar, as reflected in the smaller circles at the top and bottom of the figure when compared to Harvard undergraduates.



		Figure 6.4: Categorization using prototypes. The letters C and D indicate the locations of objects belonging to two categories—cats and dogs—in a psychological space representing two of the many dimensions on which these objects might differ. The circles show the location of prototypes of those categories, in this case the average of all the points in the corresponding category. Categorization is performed by selecting the category with the closest prototype. The line in the middle indicates the boundary between the two categories—everything to the left is closer to the cat prototype, and everything to the right is closer to the dog prototype. If all we care about is distance to the prototypes, the boundary is always a straight line. In this case, that means one cat is mistaken for a dog.



		Figure 7.1: Rosenblatt’s illustration of the perceptron, with a retina of sensory units feeding information to an array of association units, which in turn pass information to response units.



		Figure 7.2: A simple perceptron, with just two association units and one response unit. The sensory units aren’t shown but provide the input to the association units.



		Figure 7.3: The input to the response unit of our simple perceptron is a linear function of the activation of the association units, forming a plane. The boundary between classes is the set of points where this plane has value zero, which form a straight line. The boundary shown here is for our simple perceptron with weights of −0.1 and 0.4.



		Figure 7.4: Linear boundaries and logical relationships. One association unit is assumed to encode P, the other Q. Each dot corresponds to an assignment of truth values to P and Q. When these propositions are true, the corresponding association unit has activation 1, otherwise 0. The desired response is indicated by the shading of the dot, with white (false) being −1 and black (true) being 1. For both “and” and “or” we can draw a line separating the sets of true and false points, with an example shown with a dotted line. For “exclusive or” (XOR), no such line exists.



		Figure 7.5: An example of connectedness drawn by Minsky and Papert. The figure on the right is connected, the one on the left is not (it consists of two spirals that don’t touch each other).



		Figure 7.6: A challenge for perceptrons. (a) These figures are only connected if one of the lines on the side appears on the top and the other appears on the bottom. (b) If the perceptron’s association units receive input from a local region of the image, such as one side of these figures, evaluating connectedness requires calculating an exclusive or. It is possible to get around this by receiving input from both sides, but this would require those units to cover an arbitrary amount of the image as the figures can be stretched as much as we want.



		Figure 8.1: Collins and Quillian’s illustration of a fragment of a semantic network capturing the hierarchical relationships among animals and their properties.



		Figure 8.2: The kind of semantic network imagined by Collins and Loftus, with words linked by their associations.



		Figure 8.3: McClelland’s illustration of the cascade model, which assumed that information about the identity of a word propagated through a series of stages, evocative of neural network and spreading activation models.



		Figure 8.4: An example used by McClelland and Rumelhart to show how letters inform our inferences about words, but words also inform our inferences about letters. Here the last letter could be an R or a K, but the rest of the letters and our knowledge about words help to resolve the ambiguity.



		Figure 8.5: Rumelhart and McClelland’s illustration of the interactive activation model of reading. Lines ending in arrows represent excitatory connections, increasing the activation of the unit they connect to. Lines ending in dots represent inhibitory connections, decreasing the activation of the unit they connect to.



		Figure 8.6: Two very different models of thought. (a) In logic, our current mental state is a set of facts, and thought is the process of applying inference rules. (b) In a semantic network or the interactive activation model, our current mental state is a point in a space whose axes correspond to the activation of different words or concepts, and thought is movement through this space as a result of spreading activation.



		Figure 9.1: A perceptron with multiple layers of weights. In modern parlance, information flows from the input units, through the hidden units, to the output unit. This can be thought of as a transformation from a space representing the activations of the input units to a space representing the activations of the hidden units and from there to the output.



		Figure 9.2: Gradient descent is a simple algorithm for finding a minimum of a function—in this case, finding the weight that results in the least error. The gradient is the slope of a line that touches the function at a particular point, indicating how quickly the function is going up or down. We start with some initial guess at the weight, then increase the weight if the gradient is negative (the line goes down) or decrease it if the gradient is positive (the line goes up). The gradient is zero (the line is flat) at a minimum, so this procedure stops when we find one. However, it is only guaranteed to find a local minimum—a point that is lower than its neighbors. If we started the algorithm in the smaller dip on the right, it would stop once it found that minimum instead.



		Figure 9.3: Activation functions used in the hidden units of multilayer perceptrons. The threshold function, shown on the left, was used by Rosenblatt but cannot be differentiated. Rumelhart focused on the sigmoid activation function in the middle, which is like a smooth threshold and is differentiable. Modern deep neural networks often use the rectified linear unit, or ReLU, activation function shown on the right because it helps to prevent gradients from getting too small when there are many layers of weights.



		Figure 9.4: Examples of variation in features and interpolation. As shown on the left, a neural network with two input units and two output units, with a linear activation function, has been trained to predict “cat” (a point in the activation space of the output units) when hearing a “meow” (a point in the activation space of the input units), and “dog” when hearing a “bark.” The plots in the middle show that sounds that are not exactly the same as a meow or a bark nonetheless result in similar predictions. On the right, we see that hearing a sound somewhere between a meow and a bark results in a prediction somewhere between a cat and a dog—perhaps a fox?



		Figure 9.5: Number of kilobytes (i.e., thousands of characters) of email exchanged on the Connectionists mailing list from 1988 to 2023.



		Figure 10.1: A simple recurrent network of the kind used by Elman. The hidden unit activations are copied to a set of “context units” and then fed back as extra inputs when processing the next word.



		Figure 13.1: Shepard’s universal law of generalization: The degree of generalization from one object to another falls off as an exponential function of distance in psychological space. This holds for a variety of stimuli and organisms, from humans evaluating Morse code signals to pigeons assessing colors.



		Figure 13.2: The figure from Rumelhart’s paper that inspired Judea Pearl. Note “Sematic” is a typo and should be “Semantic.”



		Figure 13.3: A Bayesian network for reading. The arrows indicate the generative process: Choose a word, then choose letters based on that word, then choose strokes based on the letters.



		Figure 13.4: The Bayesian network on the left shows a situation where the features of an object are generated independently based on the category. In this case, a simple perceptron as shown on the right can calculate Bayes’ rule, inferring the category from the features. The weights for the perceptron simply communicate how much evidence each feature provides about the category.



		Figure 13.5: A Bayesian network that captures the fact that flying depends on having wings, so finding out that an animal can fly is not informative about whether it might be a bird if you already know it has wings.



		Figure 14.1: Probabilistic models of language, illustrated as Bayesian networks. On top is the Markov model that Chomsky argued against, where each word is generated based on the previous word. On the bottom is a hidden Markov model, where the (unobservable) syntactic class of each word is generated based on the previous word, and then the word is generated based on the class.



		Figure 14.2: Subsets revisited. The true language is depicted as a dark gray circle, the learner’s current hypothesis as a light gray circle, and example sentences in the language as black dots. (a) The logical problem of language acquisition: When the true language is a subset of the learner’s hypothesis, the learner cannot observe sentences that are inconsistent with their current hypothesis and thus cannot definitively discover that their hypothesis is incorrect. (b) If example sentences are sampled from a probability distribution corresponding to the correct hypothesis, then as more example sentences are observed it becomes less probable that the current hypothesis is correct. (c) With even more samples, the evidence for the correct hypothesis is overwhelming.
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