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‘A lot of English writers are consigned to writing about adultery in Camden because the big themes are elsewhere’

Damon Galgut1


chapter one

 Much Ado about Everything

‘On a clear day you can see forever.’

Alan Lerner1


THE ROUGH GUIDE TO INFINITY

‘If there is a Universal and Supreme Conscience I am an idea in it. After I have died God will go on remembering me, and to be remembered by God, to have my consciousness sustained by the Supreme Conscience, is not that, perhaps, to be immortal?

Miguel de Unamuno2



THERE IS SOMETHING about infinity and books. Never-ending stories, libraries that contain all possible books, books that contain everything that has ever happened, and everything that hasn’t; books that write themselves, books about themselves, books about there being no books, and books that end before they’ve begun. So you should be no more surprised to find yourself reading a book about infinity than I am to be writing one. But for something that you can’t buy on the internet, ‘infinity’ is strangely ubiquitous. It turns up in church sermons, mathematics lectures at all the best universities, popular science books about ‘Life, the Universe and Everything’, and mysticism the world over, while historians remind us that people have been burnt at the stake for talking about it. It is at once the staple of the mystic contemplation of reality – ‘make me one with everything’ as the mystic said to the hamburger vendor – and the familiar territory of science fiction and fantasy. Can all these things really be connected? Is infinity really that big?

For thousands of years in the West there was no more seditious idea on Earth than that of infinity. The idea that things might go on and on forever, that they need have neither beginning nor end, neither centre nor boundary, was contrary to the wisdom of the West. It threatened to displace God Almighty from His uniquely infinite status, to demote the Earth from the centre of the Universe, and destroy the uniqueness and special meaning of every event in creation. It had the potential to make what was once merely the possible become inevitable.

Yet the temptation to think that way was strong and simple. Once you start doing something over and over again it’s not too hard to imagine what it would be like never to stop. Infinity is just one thing after another. And this tantalising mixture of simplicity and sophistication remains with us today. Infinity is a subtle idea to capture precisely and easy to throw into the dustbin of wishful thinking, but for the ordinary person in the street it is less surprising and more readily intelligible than any comparable abstraction. We are immune to its subtleties; protected by a strange familiarity inbred by religious traditions, or from just staring out at the dark night sky; convinced by our method of counting that there could never be a biggest number. If in doubt just add one. Or can you?

Yet infinity remains a fascinating subject. It lies at the heart of all sorts of fundamental human questions. Can you live forever? Will the Universe have an end? Did it have a beginning? Does the Universe have an ‘edge’ or is it simply unbounded in size? Although it is easy to think about lists of numbers or sequences of clock ‘ticks’ that go on forever, there are other sorts of infinity that seem to be more challenging. What about an infinite temperature or an infinite brightness – can such physical things actually be infinite? Or is infinity just a shorthand for ‘finite but awfully big’? These sorts of infinity seem more problematic than the unending futures promised to the followers of many traditional religious faiths. Eternal life doesn’t need anything infinite to happen here and now. It just means that there will always be something happening – always a there and then.

The other religiously motivated infinity is that which goes loosely with the idea of a God of limitless power and knowledge, which is a key ingredient of many Western religious traditions. This is another familiar touchstone for the concept of the infinite for everyone. You don’t need to be a mathematician to feel that this type of transcendental infinity is familiar. Or do you?

You do need to be something of a mathematician to appreciate the other type of infinity. Numbers go on and on. Infinity seems to be nothing more than where they would get to if counting went on forever. But surely it never does and mathematical infinity looks like a promise that is never fulfilled, a numerical Peter Pan, a shorthand for a goal that is never reached, a potential but not an actual, a number bigger than all numbers. Or is it?

Already we begin to sense that there are different sorts of infinity and you might believe in one but not another. In this book we are going to explore these infinities from different directions. We will see how human thinking came to embrace the idea of the infinite before recoiling from its implications. We will see how the argument raged about whether any true infinity ever materialised in our finite Universe; or whether infinities were artefacts of an inadequate description of events, are invariably relegated to happen in the infinite future, or are excluded from reality by a hidden principle that upholds the logical consistency of the Universe. We will find that eventually mathematicians became accustomed to dealing with infinities as if they were real entities, adding and subtracting them, cataloguing all the different infinities, determining their sizes, and finding that some were bigger than others – infinitely bigger. But we will mingle our story with tales that make the paradoxes of the infinite grow to become as large as life.


INTIMATIONS OF THE INFINITE

‘think globally but act locally’

Activist bumper sticker’3



We know where the famous ‘lazy eight’ ∞ symbol for infinity came from. The Oxford mathematician John Wallis, who was famous for writing the codes for both sides in the English Civil War, first wrote down the symbol in 1655. With a few strokes of his pen he adapted the Roman representation [image: Image Missing] sometimes used instead of M for the (for them, large) number 1000. When written quickly it became ∞ and it stuck. This and other uses of this evocative symbol can be seen in Figure 1.1.

[image: Image Missing]

Fig 1.1 Some examples of the ‘lazy eight’ symbol. John Wallis used it as a symbol for mathematical infinity in 1655. Jacob Bernoulli drew the curve of the Lemniscate4 in 1696.The distinctive Cross of Saint Boniface appeared around 700 while the ancient symbol of the Ouroboros – the snake eating its tail – can be found as early as 1600 BC.

Where did the idea of infinity come from? Does it bring with it some subtle survival value that favoured those with the inclination to develop it? Evolutionary psychologists would look for some way of thinking or acting which aided survival on African savannah landscapes a million years ago and had as a by-product the liking for generalisation without end. Nothing specific is immediately obvious. Primitive life was brief and immediate. Action was needed. Contemplation was not rewarded. The inclination to think about infinity is something that happens much later in the human story and it emerges from one of many responses to the Universe around us. What are the trails that might lead to forever?

There is a single pattern to many of the intuitions that have led human minds to contemplate the infinite. Human consciousness enables us to look ahead and see patterns. This enables us to compress experience into formulas or symbols that are shorter than the experience itself. We can write histories. This compressibility and pattern in the world is what ultimately makes mathematics so useful to us: we can pick out the patterns that are evident and represent them by strings of numbers or symbols. These strings generally have the property that they require no end. A list can always be added to. They naturally give credence to the idea of sequences of events that go on forever, even if there is no physical evidence that they do.

The idea that time has no end


‘Eternity’s a terrible thought. I mean, where’s it all going to end?’

Tom Stoppard5



‘Immortality’, it has been said, ‘is the bravest gesture of our humanity towards the unknown.’6 This is not an obvious response to the nature of everyday reality. Human beings, like other living things, are mortal. You would need to be a philosopher to distinguish clearly between time and our experience of it. The easier thought is to notice that time goes on for us when others die. The seasons may come and go, but there is a constant cycle of growth and decay and regrowth. The psychological responses to this state of affairs were various. For some, the response to human mortality was to regard it as an illusion or an antechamber to a more complete form of existence which was endless. The completeness of this higher form of existence was defined by its never-ending quality. For others, human lifecycles were like those of other living things and we would be reborn as part of a cycle of changes. Both of these ideas lead to an expectation of endless existence by extrapolating from what we see around us to create a satisfying perspective on the Universe in which we occupy a meaningful place. Ideas like these can play an important role in binding groups of people together, maintaining their morale in the face of adversity, and inspiring them to give their lives in defence of their fellows.

The idea that time has an end is at least as hard to maintain as the belief that it doesn’t. What would it mean? What would it feel like? It only made sense if there was some great cataclysm in the future that would destroy everything – but even in mythologies where such a drama was played out, something always happened next. Bringing time to an end seemed to involve having no actors, no gods to determine the fate of the world. Strangely, in the Christian world we have grown up with the naturalness of a world with a beginning and an end and do not worry about the mind-stretching problems of a world with neither beginning nor end – that just always is. But it is surely the finite world that seems strangest. It needs someone or something on the outside to bring it about in order to provide it with a context and a reason to be. Take away our religious heritage and it may have been more natural to assume that earthly things go on without end. But, paradoxically, it is our Christian religious heritage that reinforces an expectation that things go on forever, with or without us . . .


‘World without end.

Amen’



Cycles


‘Like a circle in a spiral

Like a wheel within a wheel

Never ending or beginning,

On an ever spinning wheel

As the images unwind

Like the circles that you find

In the windmills of your mind.’

Alan Bergman and Michel Jean Legrand, Windmills of Your Mind7



 

In many cultures there was a strong belief that all change is cyclic. There is good reason to think so. Everyday life witnesses to it. Birth, life and death lead to rebirth; night follows day as day follows night and the seasons recur with metronomic regularity. Sleeping and waking, our lives are a continually repeating cycle. What better place to look for a picture of the ultimate pulse of the Universe?

Some believed in a more specific form of cyclicity in which all living things were reincarnated on Earth in the guise of other creatures. Other religions believed in rebirth by transformation into a new body and soul. In essence all these religious ideas of resurrection and rebirth look to a future without end but with change. Like a ball bouncing forever, so they look to a future that has no end and draw from a past that had no beginning. Invariably, human beings had a part to play in that never-ending cycle of existence. Life is a process, a flow, in which we emerge temporarily but are subsumed and replaced by other living things. A beginning or an end would be a singularity, a disruption of the natural order of things. Such a hiatus would be unnatural, inexplicable without the invention of other forces at work in the Universe. Psychologically, having a place in an infinite process endows the believing participant with a part to play in the infinite scheme of things, a sense of community with all living things, and a personal trajectory that is ever renewed.

The Supreme Being


‘God is more truly imagined than expressed, and He exists more truly than He is imagined.’

St Augustine8



Many cultures had a conception of a Supreme Being who controlled the Universe. In most cases this Being was the first among many, the leader of the gods. In others he was unique in certain respects, all powerful and all knowing. If such a Deity controls everything, even space and time, He cannot be limited by them and so must be eternal or transcend time entirely. Again, we see how one is led to entertain an idea of what we would call the infinite. It is a necessary attribute of a certain type of Deity.

This type of search for the infinite is also closely linked to a human desire for something transcendent, something beyond what is seen and immediately experienced. Some would argue that this inclination arises because there is something transcending our immediate experience. This is the stance of the great religious traditions. Others argue that this is a by-product of the unusual development of the human mind. At some stage in our evolution our minds developed an ability for self-reflection. This enabled us to imagine what would happen if we took certain actions. This is a remarkable ability. Other animals don’t seem to have it. They learn by direct experience rather than by imagined experience. This type of human consciousness has all sorts of by-products, and creates fears and psychological problems from which simpler minds will not suffer. Is our tendency to extrapolate from the known to the unknown and on to the unknowable a by-product of the mind’s ceaseless attempts to correlate what we know?

Unending space


‘The eternal silence of these infinite spaces terrifies me’

Blaise Pascal, Pensées



The greatest shared experience of human beings throughout their history has been the appearance of the night sky.9 The darkness of the night sky, studded with bright celestial objects, was a remarkable feature of ancient life. It inspired stories, provided the means to navigate, and elicited worship. It gave humanity a sense of place in the greater Universe – and that place was a humble one. We appeared as an insignificant dot amidst the star-spangled blackness of the night. That blackness went on and on, perhaps forever. How could it end? Again, the idea of a cosmic edge is harder to grasp than that of its absence. What world lies beyond such an edge and where would it be? The dark night sky might be a great dark shell that surrounds us, like a celestial cave wall – with lights upon its ceiling. Or if you live on an island or a continent that is partially bordered by the sea, you will have seen that there can exist a complete change of environment. There could be an edge to space in the way that there is an edge to land at the coast. What lies beyond need not be nothingness, merely something different, something that we choose not to call space.

In the book of Genesis there is one of the greatest of stories, a heroic quest by men to reach for the sky and be like gods. The Tower of Babel10 is presented in the end by the authors of Genesis as a tale to explain the origin of human languages. Yet, this was far from what its builders intended as they planned their ziggurat ‘whose top may reach unto heaven’.11 Ever since, Babel has been a by-word for the hopeless quest, tilting at windmills, the Millennium Dome of the ancient world.

For some, the thought of unending star-spangled space is a lure, pulling humanity out of itself towards something superhuman and beyond; but, more often than not, that cosmic fascination inspires feelings of fear as much as awe. The seventeenth-century French philosopher Blaise Pascal told us of his awe and terror in the face of the potential infinity of space around us and the fleeting span of his life in the eternity of time, while the Russian artist Wassily Kandinsky talked of the ‘great silence, like a cold indestructible wall going on into the infinite’.12

Today, we understand much more about the vastness of space and the nature of what is ‘out there’. There is still a pull towards discovering the unknown, but there is also something quite different. We are the first generations of humans who have been able to see the Earth from space. The special appearance of the Earth amidst the vastness of space played an important role in accelerating the appeal of environmental movements in the 1960s. Our very finiteness in the centre of immensities made us pause to rethink the direction in which human technology was taking us and the risks that it was storing up for the finely balanced environment that makes Earth both an inhabitable and a beautiful planet.

Counting


‘The animals went in two by two,

Hurrah! Hurrah!’

Traditional children’s song



The study of ancient systems of counting and reckoning tells us a lot about what it was they liked to count as well as how they did it.13 The simplest systems began with number words for one and two which they could combine in simple ways to count larger quantities. Often the words for these low numbers were specific to the objects being counted. There would be different words for two stones and for two hands. This is something we still see today in English where there are many special words for two, depending on what is being enumerated: a brace, a duet, a pair, a double, a twosome, a couple, a doublet, and so on. Only a few ancient cultures took special interest in very large numbers and the simpler cultures were content to describe any large number by a word that might express the idea of ‘many’ either literally or graphically, say by alluding to the hairs on your head or the sand grains on the sea shore.

If you wish to do your sum on stone, or clay, or paper, then you soon become concerned with notation: the search for a succinct way to record numbers. The system we use today is beautifully simple. It was inherited from ancient India. It allows us to represent any finite quantity by using only the symbols 0, 1, 2, 3, 4, 5, 6, 7, 8, and 9. The secret is that the relative positions of these symbols carry information about their meaning. Thus, whereas for a Roman centurion III would mean the number three, for us it means one hundred and eleven (100+10+1). There is no end to the lengths of the strings of symbols we can create with the Indian decimal system.

However, there was another way of thinking about numbers without having a system of recording them. The most primitive intuition is to add or take away one from what you have got. If you put a stone on the ground every time one of your sheep enters the field in the morning and then take a stone away as each one passes back out at sundown, you can tell whether any sheep have been lost without ever counting them. If you start adding to your pile of counters, one by one, you begin to see that there is nothing to stop you adding one more. All you need is another counter. To keep on counting without stopping, you need to have a never-ending supply of counters. How you respond to this state of affairs determines whether you conclude that you can count forever. If you think the physical counters are essential, then they will run out unless the world contains an unlimited number of counters. But if you believe the latter, you already have the notion of the infinite. If you don’t think the counters are essential, then there is never anything to stop you adding one. It’s like the children’s game of the biggest number. If you choose a number, I can always find a bigger number by adding one. Yet, to implement this strategy in practice, you need to be able to express the bigger number in words and it must be evident that it is a bigger number. In our decimal system we can always make a number that is ten times bigger than the one we started with simply by adding a zero on the right-hand end of the number you have given me; so, for example, 34 grows to 340.

The never-ending list of numbers shows the vital role that has been played by the notations and symbols we have devised to represent quantities. The Indo-Arabic numeral system we employ is wonderfully economical and suggestive. It can be used to record any number, however large, given a big enough piece of paper. It does not suddenly fail when numbers reach a critical level. It does not require the invention of a new symbol. As a result it positively encourages an intuition that numbers go on forever. However, as we shall see, that is not quite the same thing as infinity.

Subdivision


‘He watched her for a long time and she knew that he was watching her and he knew that she knew he was watching her, and he knew that she knew that he knew; in a kind of regression of image that you get when two mirrors face each other and the images go on and on and on in some kind of infinity.’

Robert Pirsig, Lila14



When we hear mention of infinity we tend instinctively to think big – stars, galaxies, and the incomprehensible vastness of unending space – but there is an infinite inner space waiting in the palm of your hand. Keep cutting something in half and the fragments get smaller and smaller. How far can you go? Can you keep cutting them in half forever, or is there ultimately a smallest piece, an indivisible building block at the bedrock of things? The ancient Greeks were more enamoured of the puzzles that were created by trying to make infinitely many subdivisions of space and time than of trying to imagine the infinitely large. Indeed, we see that the idea of endless subdivision is a more manageable and familiar one than that of the ready-made concept of a limitless universe or of a space that has no edge. One can always see practical barriers to cutting things in half – you always need a smaller knife or a shorter wavelength of laser light – but it is easy enough to imagineer your way around them. You also readily see that no singular end point of zero size is ever reached. An infinitely large universe is actually infinite, but the infinitely small is always more easily seen as potentially so if it is imagined as the culmination of a cutting process that in reality never ends. In the words of William Blake, we may hope


‘To see a World in a Grain of Sand,

And a Heaven in a Wild Flower,

Hold Infinity in the palm of your hand

And Eternity in an hour.’15



Subdivision is special because it has a practical dimension. There are advantages to making small things and thin surfaces – narrow blades and pieces of miniature design. As you do this you begin to realise that there is a practical barrier to making thinking smaller. This barrier arrives rather more quickly that you might expect. Take an ordinary piece of A4 paper and try folding it in half more than seven times. You won’t be able to do it. Halving moves quickly and soon the thickness of the paper becomes the same size as its diameter. Instead, try cutting the paper in half time after time. You’ll get to about twenty-two cuts and then start to struggle. Eventually the size of the cutting instrument starts to be a limiting factor. So it must have been for any process of breaking rocks or wood. Subdivision brings you face to face with the limitations of the actual, no matter how much you might think about a process that could go on potentially forever.

[image: Image Missing]

Fig 1.2 Some ancient Islamic tilings.16

Patterns


‘The number you have dialled is complex. Please rotate your phone through ninety degrees and redial.’

Answer-phone message



One of the most persistent suggestions of the infinite in finite human affairs has been our universal aesthetic sense. All human cultures have displayed a desire to create art and music. Empty spaces are a provocation to make patterns and designs, to create images and patterns that inspire, instruct and illuminate. In some cultures there have been religious vetoes on the representation of living things which channelled the creative impetus into a fascinating exploration of the infinite in finite form (Figure 1.2). The most impressive ancient examples are to be found in the Islamic world where the tessellation of flat and curved spaces explored all of the mathematical symmetries that we now know to be possible.

[image: Image Missing]

These designs suggest the infinite in two ways. First, explicitly by the recipe for indefinite repetition. The repeating of the same design, side by side, over and over again is an algorithm that reaches out to infinity. It needs no boundary to complete it. It was once thought that if you wanted to tile a flat surface with tiles of one or two shapes, then the resulting pattern would have to be periodic, repeating just the same over and over again. The simplest example – that you have probably used on a floor or a wall somewhere in your own house – is just to use a single square tile; but you can be a bit more adventurous and use equilateral triangles or even hexagons (Figure 1.3).

However, not all regular polygons will do the same trick. You will not be able to tile your bathroom floor with regular 5-sided tiles. No matter how you shift them around there will always be some unfilled surfaces.

In 1974 Roger Penrose discovered the remarkable fact that two tile shapes can be used to cover a flat surface of infinite extent without simple periodic repetitions. One of Penrose’s tiling pairs is called the dart and kite and is shown in Figure 1.4.

Second, and more subtly, we now appreciate how to build up patterns by means of repetition that changes its scale at each application. These designs are called fractals and they can be found all over the natural world, in the patterns of branching trees, plants, and clouds. Anywhere, in fact, where a volume needs to be enclosed by a very large surface. By making the surface wiggly and crenellated it is possible to enlarge the surface and increase the capacity to cool, to absorb nutrients, or to interact with other things without a proportionate increase in volume or weight. In Nature the repetitive process that creates a fractal never repeats infinitely often, but it creates a process of pattern creation that points to infinity. As an example, we can see what happens if we make an equal-sided triangular notch from the middle third of each side of an equal-sided triangle and then keep on repeating this process. Curiously, it turns out that the area that is enclosed by the zig-zag boundary line is always finite, while the length of the boundary line becomes as long as one likes. Again, the creation of a design process points to a never-ending sequence of steps which has a final outcome that can easily be imagined.

[image: Image Missing]

Fig 1.3 Periodic tilings of a flat surface by pentagons which combine in force to form hexagons.

[image: Image Missing]

Fig 1.4 Roger Penrose’s infinite but non-periodic tiling of the plane using darts and kites.17

There is an ancient curiosity about infinite patterns that is as striking today as when it was first appreciated nearly 2500 years ago. Suppose that we think about the world of two dimensions that exists flat on the surface of this page. Now ask how many possible figures, ‘polygons’, there are with numbers of equal straight sides that can be drawn on it. Start with three sides and there is a triangle, then with four sides – a square, then the five-sided pentagon, and so it goes on forever. We have drawn some of them in Figure 1.5. Notice that as the number of sides gets bigger, so the figure looks more and more like a circle.18

It is clear from these pictures that there is no end to the number of flat polygons that can be drawn with numbers of equal sides. But now let’s ask the same question in three dimensions. How many solids are there with flat sides of equal area? The simplest of these polyhedra, with four faces, each triangular, is a tetrahedron. Next comes the cube, with six faces. Then comes the surprise, first discovered long ago by the early Greeks: there are only three more, the octahedron (eight faces), the dodecahedron (twelve faces), and the icosahedron (twenty faces). The names come from the number of faces and they are all shown in Figure 1.6.

[image: Image Missing]

Fig 1.5 Some of the regular polygons. There are an infinite umber of varieties and they can have any number of sides, exceeding two.

[image: Image Missing]

Fig 1.6 There are only five regular solid polyhedra – the so called ‘Platonic solids’.

These five, the only possible regular solids, are known as the Platonic solids. What is so striking is that stepping up from flatland into three dimensions, seemingly into a space where there is much more ‘room’, turns out to be hugely constraining. What is an infinite collection in two dimensions becomes small and finite in three dimensions.

Possibilities


‘The will is infinite and the execution confined. The desire is boundless and the act is a slave to limit.’

William Shakespeare, Troilus and Cressida



If you have the virtue of consciousness, so that you can think about the future and not merely let it happen to you, then intimations of the infinite can creep up on you in another way. Freewill is a funny thing. We can’t help thinking we have it. We seem to be able to think what we like. There is no obvious limit on what we can think and the imaginations of our minds. They may not be remarkable; they may not be useful; but they seem to be always slightly different. New experiences, new contexts and new interactions create a continuous spectrum of different impressions and pictures of the world. This I believe is an important motivation to think that there are limitless possibilities and an infinite store of possibilities that we can dip into. Of course, despite feelings to the contrary, there are only a finite number of thoughts that we can have. The number is huge – the biggest number you have probably ever seen – but it is none the less finite. By counting the number of neural configurations that the human brain can accommodate, it has been estimated that it can represent about 1070,000,000,000,000 possible ‘thoughts’ – for comparison there are only about 1080 atoms in the entire visible Universe.19 The brain is rather small, it contains only about 1027 atoms, but the feeling of limitless thinking that we possess derives not from this number alone but from the vastness of the numbers of possible connections that can exist between groups of atoms. This is what we mean by complexity, and it is the complexity of our minds that gives rise to that feeling that we are at the centre of unbounded immensities. We should not be surprised. Were our mind significantly simpler, then we would be too simple to know it.20


ZENO HOUR

‘There was an old lady who swallowed a fly’

Nursery rhyme



While there are subtle intimations of the infinite in the things we do and see, there are also deep paradoxes that lie very close to the surface of things. The most ancient and the most famous of these are also the most enduring and the most striking. They were created by the remarkable Zeno of Elea in about 450 BC. Zeno was a disciple of a local philosopher called Parmenides who held that the Universe was just one thing and that it consisted of just a single thing. This one thing was timeless and changeless. This led to the immediate conclusion that nothing really moves because this would require more than one thing, or state, to exist: one before the movement occurred and another after it had finished. All the movement we see, claimed Parmenides, was just an illusion on the surface of things. Deep down, the Universe was a single changeless reality.

At first, Parmenides does not seem to have been taken too seriously. This is not a convincing view to defend in the face of motion here, there, and everywhere seemingly witnessing to the contrary. Indeed, his views about motion seemed to be just simply wrong and rather obviously so.

This is where Zeno came to his teacher’s rescue. Influenced no doubt by what he had learned from Parmenides, and appreciating the subtlety of his views, he set out to show that the idea that motion is possible is not quite so obvious at all. He produced four arguments to show that motion is impossible. These arguments, or ‘Zeno’s Paradoxes’ as they became known, were never refuted in ancient times and continue to attract serious attention even today. The first two21 draw on the mystery of the infinite in order to begin with something so simple that no one would think it remotely controversial and draw from it a conclusion that no one would believe.

Zeno’s First Paradox purports to show that motion is impossible because if you want to walk from one point to another you must first cross half the distance, then half the remaining distance, then half the remainder, and so on (see Figure 1.7). If the two points are one kilometre apart you will first reach ½ km from your start, then ¾ km from your start, then ⅞. After you have taken N steps of the journey you will have gone a distance equal to 1–½N kilometres. No matter how big N becomes, Zeno argues, this distance will always be less than 1 and you will never arrive at your destination! The same argument applies to any motion over any distance, however small. You could only arrive if you took an infinite number of steps. Zeno rejected the infinite and so he rejected motion as well.

[image: Image Missing]

Fig 1.7 Zeno’s First Paradox: each step taken is half the length of the previous one. If you aim to walk a distance of one metre then you must first traverse half a metre, then a quarter of a metre, then an eighth of a metre, then a sixteenth of a metre, and so on forever, and it will take you an infinite time to complete the walk. So you will never arrive, Zeno argues!

Zeno’s Second Paradox creates the scenario of a race between the famous athlete Achilles and a slower rival that legend has turned into a tortoise. Achilles starts at position 0 while the tortoise, who can only run at half the speed of Achilles, has a head start and begins at the same time from the one kilometre mark.

You might have thought that Achilles, running twice as fast as the tortoise, would overtake it at the 2 kilometre mark. However, when Achilles reaches the 1 km mark the tortoise has already gone 1+½ km; when Achilles reaches the 1½ km point the tortoise has reached 1+½+¼ km; and so on. When, after N steps, Achilles reaches a distance 2 – ½N-1 from the start the tortoise is still in the lead because it is at a distance 2 – ½N+1 from the start. No matter how big N (the number of divisions of the journey) becomes, Achilles never overtakes the tortoise!

From these examples it would be easy to think that the infinite means nothing but paradox and a world that is restricted to the finite makes life simpler for everyone. Alas, finiteness has its own paradoxes that did not escape the attention of the ancients. A universe that is finite appears to need an edge, so what will happen if a stone is thrown across the boundary of the finite universe? Does it cease to exist as it passes the border? And what is on the outside? And if time is not infinite how can it begin and end? As we shall see, modern cosmology allows us to cure the ills of the infinite and assuage these paradoxes of the finite as well.


chapter two

 Infinity, Almost and Actual, Fictitious and Factual

‘We know that the infinite exists without knowing its nature, just as we know that it is untrue that numbers are finite. Thus it is true that there is an infinite number, but we do not know what it is.’

Blaise Pascal1


DARKNESS AT NOON

‘Mathematics is the science of the infinite’

Hermann Weyl2



ALL OF THE intimations of the infinite that we have introduced provide attractive reasons why humans are drawn to the idea of things without end. Our minds evolved to make fruitful use of the ability to recognise pattern so as to be able to imagine the future rather than merely to experience it. The unfettered extension of that ability results in our imaginings of sequences without end. Nor do we have to run our imaginations through all the steps. We can jump in at the deep end and think about what lies beyond.

Equally important is our innate sense of the transcendental: that there is something greater than ourselves – perhaps something greater than everything. Here, perhaps the runaway imagination gets a little help from the cosmic environment in which we find ourselves.

If we look out into the dark night sky from a campsite far from the city lights, we recapture something of the ancient experience of being a human being on planet Earth. The dark night sky, threaded with beads of light from the distant stars and planets, must have been an impressive source of wonder. Its regularities enabled time to be kept and days and months to be clocked. But why is the sky so dark? At first you might think that the answer is simply that the Sun goes down. But this is not sufficient to explain what is seen. Looking out into the Universe should result in every line of sight ending on the surface of a star, just as a view into dense forest ends always on the trunk of a tree. The result should be a night sky that looks everywhere like the shining surface of a star. Why is it not so? The answer is provided by modern astronomy. The sky is dark because the Universe is so old and so big and hence so empty. It must be billions of years old in order for stars to form and provide the life-supporting elements that are needed for atom-based life to evolve and persist. And because it is expanding the Universe necessarily grows billions of light years in size and has a very low density of matter – barely one atom in every cubic metre of space on the average. If all this matter was turned into radiation we would hardly notice. It is far too small to illuminate the night sky.

We see that there is an unusual chain of connections. The huge age and size of the Universe are needed for life to be possible within it. If conscious life does arise on a planetary surface, then it must find itself in a cosmic environment that inspires thoughts about the largeness and transcendental nature of space beyond. Does the vastness of dark and almost empty space go on forever or not?

Early thinkers grappled with this question and came up with many possible answers. These were not really based on any type of observation of the Universe – how could they be in an age without telescopes – but on trying to produce a harmonious and self-consistent story that placed what could be seen around us in a meaningful context. Everything needed to have a place and a significance. Chance and randomness were not valid forms of explanation. They were shorthand for the actions of the gods.3 However, opinions differed as to what was meaningful. The most influential of the early Western thinkers was Aristotle who believed that the Universe of matter was finite yet surrounded by an infinite void. In many ways this was just another opinion among many, albeit with a particular philosophical reason behind it. The Earth needed to be at the centre of things and only a finite system allowed the existence of a single centre. Yet, Aristotle had other influential things to say about the whole concept of infinity. As is often the case with Aristotle, they make precise the perceptions of things that would be the commonsense view of the world.

One of the earliest and most influential considerations about infinities was that of the difference between what Aristotle called ‘actual’ and ‘potential’ infinities. In general, the Greeks had a fear of admitting infinity into their system of mathematics in the same way that they avoided the introduction of the zero.4 Zero threatened to allow ‘nothing’ to be regarded as something and so smuggle a contradiction like a Trojan horse into their system of logic. Infinity looked rather similar. It could not be combined with other numbers in the usual way – add one to infinity and it is still infinity – and its appearance seemed to be disturbingly linked to the concept of ‘nothing’. Divide any number by nothing and the answer is infinity. This is the route by which the early Indian mathematician, Brahmagupta, having defined a zero symbol in his decimal system of arithmetic, was able to write down equations like

Infinity = 1/0 and 0 = 1/infinity

in  AD 628, unperturbed by any wider philosophical ramifications of the concepts of either zero or infinity.

The potential to create infinities by continually increasing the size of something, or by diminishing it, was a very ancient intuition. Amongst the pre-Socratic philosophers, it is elegantly stated by Anaxagoras (500–428  BC), who tells us that


‘There is no smallest among the small and no largest among the large but always something still smaller and something still larger.’



The Greeks came very close to accepting the infinite into their mathematical system, but they could never quite take the final leap needed to embrace it. They were happy to consider processes that continued without stopping, but were influenced by the famous paradoxes of Zeno who signalled the dangers inherent in following the path all the way to infinity. As a result, the appearance of the infinite was saddled with the expectation of paradox and puzzlement. It would be a brave philosopher who dealt with the problems of infinity head on.


A PURELY ARISTOTELIAN RELATIONSHIP

‘We hold these truths to be self evident’

The American Declaration of Independence



Aristotle was never one to avoid any area of human inquiry because it was problematic. As befits the student of Plato and the supervisor of Alexander the Great, he had something to say about every subject under the Sun, and many beyond it too. His view about infinities was succinctly and plainly put:


‘The infinite has a potential existence . . . There will not be an actual infinite’5



What did he mean? We are familiar with sequences that can be continued without end. Count the whole numbers, 1, 2, 3, 4, 5, 6, 7, . . . There is no largest number (if you think there is, just add one to it) and we see an example of a potential infinity: a sequence without end. Aristotle recognised this as a form of process, an infinity that was never actually completed by any counter, a listing that was always actually finite despite its asymptotic promise of infinity to come. It could never be grasped and viewed as a whole. Many other examples can be found of such limitless sequences. They don’t all have to disappear off into the future, they can arrive from the past, with beginning or cause. Think of all the negative numbers – an infinite sequence that ends with –1 – that runs . . . –6, –5, –4, –3, –2, –1. Again the infinity to the left is potential in nature, we cannot see the whole sequence or dredge up its beginning, for it has none.

Aristotle argued that there could not be any object that was infinitely large. Yet, he did not want to outlaw infinite time sequences because otherwise time would have to have a beginning and an end, and the sequences of negative and positive numbers would have to have a first and a last member. It would also mean that there was a smallest piece of matter that could not be divided in half and that seemed as odd as the idea that there might be a biggest number. He explains in more detail:


‘A thing may be said to be either potentially or actually, and a thing may be infinite either by addition or by division. Now we have said that no magnitude is actually infinite, but magnitudes are infinite by division (for the thesis that there are indivisible lines is easily refuted), and therefore they must be potentially infinite. But their being potentially infinite must not be understood as implying that they will at some time be actually infinite in the same way as what is potentially a statue will at some time be a statue. For being has many senses and the sense in which a thing is infinite is the sense in which there is a day or a contest, namely by one thing coming into existence after another. For indeed in these cases too we
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Fig 2.1 A line and a circle. As a circle increases in diameter it looks more and more like a straight line locally.





Fig 2.2 Blaise Pascal (1623–62).15




Fig 2.3 The pay-offs that result from two different beliefs about God’s existence in the two different situations that might actually be the truth.
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