

CHAPTER 1

Desperately Seeking Patterns

When he was a child,1 the Austrian scientist Konrad Lorenz, enamored by tales from a book called The Wonderful Adventures of Nils—the story of a boy’s adventures with wild geese written by the Swedish novelist and winner of the Nobel Prize for Literature, Selma Lagerlöf—“yearned to become a wild goose.” Unable to indulge his fantasy, the young Lorenz settled for taking care of a day-old duckling his neighbor gave him. To the boy’s delight, the duckling began following him around: It had imprinted on him. “Imprinting” refers to the ability of many animals, including baby ducks and geese (goslings), to form bonds with the first moving thing they see upon hatching. Lorenz would go on to become an ethologist and would pioneer studies in the field of animal behavior, particularly imprinting. (He got ducklings to imprint on him;2 they followed him around as he walked, ran, swam, and even paddled away in a canoe.) He won the Nobel Prize for Physiology or Medicine in 1973, jointly with fellow ethologists Karl von Frisch and Nikolaas Tinbergen. The three were celebrated “for their discoveries concerning organization and elicitation of individual and social behavior patterns.”3

Patterns. While the ethologists were discerning them in the behavior of animals, the animals were detecting patterns of their own. Newly hatched ducklings must have the ability to make out or tell apart the properties of things they see moving around them. It turns out that ducklings can imprint not just on the first living creature they see moving, but on inanimate things as well. Mallard ducklings, for example, can imprint on a pair of moving objects that are similar in shape or color. Specifically, they imprint on the relational concept4 embodied by the objects. So, if upon birth the ducklings see5 two moving red objects, they will later follow two objects of the same color (even if those latter objects are blue, not red), but not two objects of different colors. In this case, the ducklings imprint on the idea of similarity. They also show the ability to discern dissimilarity. If the first moving objects the ducklings see are, for example, a cube and a rectangular prism, they will recognize that the objects have different shapes and will later follow two objects that are different in shape (a pyramid and a cone, for example), but they will ignore two objects that have the same shape.

Ponder this for a moment. Newborn ducklings, with the briefest of exposure to sensory stimuli, detect patterns in what they see, form abstract notions of similarity/dissimilarity, and then will recognize those abstractions in stimuli they see later and act upon them. Artificial intelligence researchers would offer an arm and a leg to know just how the ducklings pull this off.

While today’s AI is far from being able to perform such tasks with the ease and efficiency of ducklings, it does have something in common with the ducklings, and that’s the ability to pick out and learn about patterns in data. When Frank Rosenblatt invented the perceptron in the late 1950s, one reason it made such a splash was because it was the first formidable “brain-inspired” algorithm that could learn about patterns in data simply by examining the data. Most important, given certain assumptions about the data, researchers proved that Rosenblatt’s perceptron will always find the pattern hidden in the data in a finite amount of time; or, put differently, the perceptron will converge upon a solution without fail. Such certainties in computing are like gold dust. No wonder the perceptron learning algorithm created such a fuss.

But what do these terms mean? What are “patterns” in data? What does “learning about these patterns” imply? Let’s start by examining this table:




	x1
	x2
	y



	4
	2
	8



	1
	2
	5



	0
	5
	10



	2
	1
	4





Each row in the table is a triplet of values for variables x1, x2, and y. There’s a simple pattern hidden in this data: In each row, the value of y is related to the corresponding values of x1 and x2. See if you can spot it before reading further.

In this case, with a pencil, paper, and a little effort one can figure out that y equals x1 plus two times x2.


y = x1 + 2x2



A small point about notation: We are going to dispense with the multiplication sign (“×”) between two variables or between a constant and a variable. For example, we’ll write


2 × x2 as 2x2 and x1 × x2 as x1x2



Ideally, we should write 2x2 as 2x2 and x1x2 as x1 x2, with the variables subscripted. But we’ll dispense with the subscripts, too, unless it becomes absolutely necessary to use them. (Purists will cringe, but this method helps keep our text less cluttered and easy on the eye; when we do encounter subscripts, read xi as “x sub-i.”) So, keep this in mind: If there’s a symbol such as “x” followed by a digit such as “2,” giving us x2, take the entire symbol to mean one thing. If a symbol (say, x or x2) is preceded by a number (say, 9), or by another symbol (say, w1), then the number and the symbol, or the two symbols, are being multiplied. So:


2x2 = 2 × x2

x1x2 = x1 × x2

w2x1 = w2 × x1



Getting back to our equation y = x1 + 2x2, more generally, we can write this as:


y = w1x1 + w2x2, where w1 = 1 and w2 = 2



To be clear, we have found one of the many possible relationships between y and x1 and x2. There can be others. And indeed, for this example, there are, but we don’t need to worry about them for our purposes here. Finding patterns is nowhere near as simple as this example is suggesting, but it gets us going.

We identified what’s called a linear relationship between y, on the one hand, and x1 and x2, on the other. (“Linear” means that y depends only on x1 and x2, and not on x1 or x2 raised to some power, or on any product of x1 and x2.) Also, I’m using the words “equation” and “relationship” interchangeably here.

The relationship between y, x1, and x2 is defined by the constants w1 and w2. These constants are called the coefficients, or weights, of the linear equation connecting y to x1 and x2. In this simple case, assuming such a linear relationship exists, we figured out the values for w1 and w2 after inspecting the data. But often, the relationship between y and (x1, x2, …) is not so straightforward, especially when it extends to more values on the right side of the equation.

For example, consider:


y = w1x1 + w2x2 + w3x3 + … + w9x9



Or, more generally, for a set of n weights, and using formal mathematical notation:

[image: Equation reads, y equals w1x1 plus w2x2 plus w3x3 and so on up to wnxn equals summation of wixi from i equals 1 to n.]
The expression on the right, using the sigma notation, is shorthand for summing all wixi, where i takes on values from 1 to n.

In the case of 9 inputs, you’d be hard-pressed to extract the values of w1 to w9 just by visually inspecting the data and doing some mental arithmetic. That’s where learning comes in. If there’s a way to algorithmically figure out the weights, then the algorithm is “learning” the weights. But what’s the point of doing that?

Well, once you have learned the weights—say, w1 and w2 in our simple, toy example—then given some value of x1 and x2 that wasn’t in our initial dataset, we can calculate the value of y. Say, x1 = 5 and x2 = 2. Plug these values into the equation y = x1 + 2x2 and you get a value of y = 9.

What’s all this got to do with real life? Take a very simple, practical, and some would say utterly boring problem. Let’s say x1 represents the number of bedrooms in a house, and x2 represents the total square footage, and y represents the price of the house. Let’s assume that there exists a linear relationship between (x1, x2) and y. Then, by learning the weights of the linear equation from some existing data about houses and their prices, we have essentially built a very simple model with which to predict the price of a house, given the number of bedrooms and the square footage.

The above example—a teeny, tiny baby step, really—is the beginning of machine learning. What we just did is a simplistic form of something called supervised learning. We were given samples of data that had hidden in them some correlation between a set of inputs and a set of outputs. Such data are said to be annotated, or labeled; they are also called the training data. Each input (x1, x2, …, xn) has a label y attached to it. So, in our earlier numerical table, the pair of numbers (4, 2) is labeled with y = 8, the pair (1, 2) with 5, and so on. We figured out the correlation. Once it is learned, we can use it to make predictions about new inputs that weren’t part of the training data.

Also, we did a very particular kind of problem solving called regression, where given some independent variables (x1, x2), we built a model (or equation) to predict the value of a dependent variable (y). There are many other types of models we could have built, and we’ll come to them in due course.

In this case, the correlation, or pattern, was so simple that we needed only a small amount of labeled data. But modern ML requires orders of magnitude more—and the availability of such data has been one of the factors fueling the AI revolution. (The ducklings, for their part, likely indulge in a more sophisticated form of learning. No parent duck sits around labeling the data for its ducklings, and yet the babies learn. How do they do it? Spoiler alert: We don’t know, but maybe by understanding why machines learn, we can one day fully understand how ducklings and, indeed, humans learn.)

It may seem implausible, but this first step we took using a laughably simple example of supervised learning sets us on a path toward understanding modern deep neural networks—one step at a time, of course (with small, gentle, and occasionally maybe not so gentle dollops of vectors, matrices, linear algebra, calculus, probability and statistics, and optimization theory served, as needed, along the way).

Rosenblatt’s perceptron, which we briefly encountered in the prologue, was for its time an astonishing example of one such learning algorithm. And because it was modeled on how neuroscientists thought human neurons worked, it came imbued with mystique and the promise that, one day, perceptrons would indeed make good on the promise of AI.

THE FIRST ARTIFICIAL NEURON

The perceptron’s roots lie in a 1943 paper by an unlikely combination of a philosophically minded neuroscientist in his mid-forties and a homeless teenager. Warren McCulloch6 was an American neurophysiologist trained in philosophy, psychology, and medicine. During the 1930s, he worked on neuroanatomy, creating maps of the connectivity of parts of monkey brains. While doing so, he also obsessed over the “logic of the brain.”7 By then, the work of mathematicians and philosophers like Alan Turing, Alfred North Whitehead, and Bertrand Russell was suggesting a deep connection between computation and logic. The statement “If P is true AND Q is true, then S is true” is an example of a logical proposition. The assertion was that all computation8 could be reduced to such logic. Given this way of thinking about computation, the question bothering McCulloch was this: If the brain is a computational device, as many think it is, how does it implement such logic?

With these questions in mind, McCulloch moved in 1941 from Yale University to the University of Illinois, where he met a prodigiously talented teenager named Walter Pitts. The youngster, already an accomplished logician (“a protégé of the eminent mathematical logician Rudolf Carnap”),9 was attending seminars run by Ukrainian mathematical physicist Nicolas Rashevsky10 in Chicago. Pitts, however, was a “mixed-up adolescent, essentially a runaway from a family that could not appreciate his genius.”11 McCulloch and his wife, Rook, gave Walter a home. “There followed endless evenings sitting around the McCulloch kitchen table trying to sort out how the brain worked, with the McCullochs’ daughter Taffy sketching little pictures,”12 wrote computer scientist Michael Arbib. Taffy’s drawings would later illustrate McCulloch and Pitts’s 1943 paper, “A Logical Calculus of the Ideas Immanent in Nervous Activity.”

In that work,13 McCulloch and Pitts proposed a simple model of a biological neuron. First, here’s an illustration of a generic biological neuron:

[image: A diagram shows a neuron shows its structure. The neuron has dendrites branching from the cell body, an axon extending from the cell body and axon terminals at the end of the axon.]
The neuron’s cell body receives inputs via its treelike projections, called dendrites. The cell body performs some computation on these inputs. Then, based on the results of that computation, it may send an electrical signal spiking along another, longer projection, called the axon. That signal travels along the axon and reaches its branching terminals, where it’s communicated to the dendrites of neighboring neurons. And so it goes. Neurons interconnected in this manner form a biological neural network.

McCulloch and Pitts turned this into a simple computational model,14 an artificial neuron. They showed how by using one such artificial neuron, or neurode (for “neuron” + “node”), one could implement certain basic Boolean logical operations such as AND, OR, NOT, and so on, which are the building blocks of digital computation. (For some Boolean operations, such as exclusive-OR, or XOR, you need more than one neurode, but more on this later.) What follows is an image of a single neurode. (Ignore the “g” and “f” inside the neuron for now; we’ll come to those in a moment.)

[image: A diagram shows an artificial neuron. Inputs x1 and x2 are processed by functions g and f inside the neuron, resulting in an output y.]
In this simple version of the McCulloch-Pitts model, x1 and x2 can be either 0 or 1. In formal notation, we can say:


x1, x2 ∈ {0, 1}



That should be read as x1 is an element of the set {0, 1} and x2 is an element of the set {0, 1}; x1 and x2 can take on only values 0 or 1 and nothing else. The neurode’s output y is calculated by first summing the inputs and then checking to see if that sum is greater than or equal to some threshold, theta (θ). If so, y equals 1; if not, y equals 0.


sum = x1 + x2

If sum ≥ θ: y = 1

Else: y = 0



Generalizing this to an arbitrary sequence of inputs, x1, x2, x3, …, xn, one can write down the formal mathematical description of the simple neurode. First, we define the function g(x)—read that as “g of x,” where x here is the set of inputs (x1, x2, x3, …, xn)—which sums up the inputs. Then we define the function f(g(x))—again, read that as “f of g of x”—which takes the summation and performs the thresholding to generate the output, y: It is zero if g(x) is less than some θ and 1 if g(x) is greater than or equal to θ.

[image: Equation reads, g(x) equals x1 plus x2 plus x3 and so on up to xn equals summation of xi from i equals 1 to n. f(z) is 0 if z is less than theta and 1 if z is greater than or equal to theta. y equals f of g(x) which is 0 if g(x) is less than theta and 1 if g(x) is greater than or equal to theta.]

With one artificial neuron as described, we can design some of the basic Boolean logic gates (AND & OR, for example). In an AND logic gate, the output y should be 1 if both x1 and x2 are equal to 1; otherwise, the output should be 0. In this case, θ = 2 does the trick. Now, the output y will be 1 only when x1 and x2 are both 1 (only then will x1 + x2 be greater than or equal to 2). You can play with the value of θ to design the other logic gates. For example, in an OR gate, the output should be 1 if either x1 or x2 is 1; otherwise, the output should be 0. What should θ be?

The simple MCP model can be extended. You can increase the number of inputs. You can let inputs be “inhibitory,” meaning x1 or x2 can be multiplied by −1. If one of the inputs to the neurode is inhibitory and you set the threshold appropriately, then the neurode will always output a 0, regardless of the value of all the other inputs. This allows you to build more complex logic. As does interconnecting multiple neurodes such that the output of one neurode serves as the input to another.

All this was amazing, and yet limited. The McCulloch-Pitts (MCP) neuron is a unit of computation, and you can use combinations of it to create any type of Boolean logic. Given that all digital computation at its most basic is a sequence of such logical operations, you can essentially mix and match MCP neurons to carry out any computation. This was an extraordinary statement to make in 1943. The mathematical roots of McCulloch and Pitts’s paper were apparent. The paper had only three references—Carnap’s The Logical Syntax of Language; David Hilbert and Wilhelm Ackermann’s Foundations of Theoretical Logic; and Whitehead and Russell’s Principia Mathematica—and none of them had to do with biology. There was no doubting the rigorous results derived in the McCulloch-Pitts paper. And yet, the upshot was simply a machine that could compute, not learn. In particular, the value of θ had to be hand-engineered; the neuron couldn’t examine the data and figure out θ.

It’s no wonder Rosenblatt’s perceptron made such a splash. It could learn its weights from data. The weights encoded some knowledge, however minimal, about patterns in the data and remembered them, in a manner of speaking.

LEARNING FROM MISTAKES

Rosenblatt’s scholarship often left his students floored. George Nagy, who came to Cornell University in Ithaca, New York, in 1960 to do his Ph.D. with Rosenblatt, recalled a walk the two of them took, during which they talked about stereo vision. Rosenblatt blew Nagy away with his mastery of the topic. “It was difficult not to feel naïve talking to him in general,”15 said Nagy, now professor emeritus at Rensselaer Polytechnic Institute in Troy, New York; Rosenblatt’s evident erudition was accentuated by his relative youth. (He was barely ten years older than Nagy.)

Rosenblatt’s youthfulness almost got the two of them into trouble during a road trip. He and Nagy had to go from Ithaca to Chicago for a conference. Rosenblatt hadn’t yet written the paper he wanted to present, so he asked Nagy to drive while he worked. Nagy had never owned a car and barely knew how to drive, but he agreed nonetheless. “Unfortunately, I drove in several lanes at once, and a policeman stopped us,” Nagy said. Rosenblatt told the cop that he was a professor and had asked his student to drive. “The cop laughed and said, ‘You are not a professor, you are a student.’” Fortunately, Rosenblatt had enough papers on him to convince the cop of his credentials, and the cop let the two go. Rosenblatt drove the rest of the way to Chicago, where he stayed up all night typing his paper, which he presented the next day. “He was able to do these things,” Nagy told me.

By the time Nagy arrived at Cornell, Rosenblatt had already built the Mark I Perceptron; we saw in the prologue that Rosenblatt had done so in 1958, leading to the coverage in The New York Times. Nagy began working on the next machine, called Tobermory (named after the talking cat created by H. H. Munro, aka Saki), a hardware neural network designed for speech recognition. Meanwhile, the Mark I Perceptron and Rosenblatt’s ideas had already garnered plenty of attention.

In the summer of 1958, the editor of the Cornell Aeronautical Laboratory’s Research Trends magazine had devoted an entire issue to Rosenblatt (“because of the unusual significance of Dr. Rosenblatt’s article,” according to the editor). The article was titled16 “The Design of an Intelligent Automaton: Introducing the Perceptron—A Machine that Senses, Recognizes, Remembers, and Responds Like the Human Mind.” Rosenblatt would eventually rue choosing the term “perceptron” to describe his work. “It became one of Rosenblatt’s great regrets that he used a word that sounds like a machine,” Nagy told me. By “perceptron,” Rosenblatt really meant a class of models of the nervous system for perception and cognition.

His emphasis on the brain wasn’t a surprise. Rosenblatt had studied with James Gibson, one of the giants in the field of visual perception. He also looked up to McCulloch and Pitts and to Donald Hebb, a Canadian psychologist who in 1949 introduced a model for how biological neurons learn—to be clear, “learning” here refers to learning about patterns in data and not to the kind of learning we usually associate with high-level human cognition. “He’d always talk highly of them,” Nagy said.

While McCulloch and Pitts had developed models of the neuron, networks of these artificial neurons could not learn. In the context of biological neurons, Hebb had proposed a mechanism17 for learning that is often succinctly, but somewhat erroneously, put as “Neurons that fire together wire together.” More precisely, according to this way of thinking, our brains learn because connections between neurons strengthen when one neuron’s output is consistently involved in the firing of another, and they weaken when this is not so. The process is called Hebbian learning.18 It was Rosenblatt who took the work of these pioneers and synthesized it into a new idea: artificial neurons that reconfigure as they learn, embodying information in the strengths of their connections.

As a psychologist, Rosenblatt didn’t have access to the kind of computer power he needed to simulate his ideas in hardware or software. So, he borrowed time on the Cornell Aeronautical Laboratory’s IBM 704, a five-ton, room-size behemoth. The collaboration proved fruitful19 when Rosenblatt’s work caught the attention of physicists, resulting in papers in journals of psychology and of the American Physical Society. Rosenblatt eventually built the Mark I Perceptron. The device had a camera that produced a 20x20-pixel image. The Mark I, when shown these images, could recognize letters of the alphabet. But saying that the Mark I “recognized” characters is missing the point, Nagy said. After all, optical character recognition systems, which had the same abilities, were commercially available by the mid-1950s. “The point is that Mark I learned to recognize letters by being zapped when it made a mistake!”20 Nagy would say in his talks.

But what exactly is a perceptron, and how does it learn? In its simplest form, a perceptron is an augmented1 McCulloch-Pitts neuron imbued with a learning algorithm. What follows is an example with two inputs. Note that each input is being multiplied by its corresponding weight. (There is also an extra input, b, the reason for which will soon become clear.)

[image: A simple neural network model. Inputs b, w1x1 and w2x2 enter a summation node, represented by a circle with a sigma symbol, then pass through an activation function f, resulting in output y.]
The computation carried out by the perceptron goes like this:


sum = w1x1 + w2x2 + b

If sum > 0: y = 1

Else: y = −1



More generally and in mathematical notation:

[image: Equation reads, g(x) equals w1x1 plus w2x2 and so on up to wnxn plus b equals summation of wixi from i equals 1 to n plus b. f(z) is negative 1 if z is less than or equal to 0 and 1 if z is greater than 0. y equals f of g(x) which is negative 1 if g(x) is less than or equal to 0 and 1 if g(x) is greater than 0.]
The main difference from the MCP model presented earlier is that the perceptron’s inputs don’t have to be binary (0 or 1), but can take on any value. Also, these inputs are multiplied by their corresponding weights, so we now have a weighted sum. Added to that is an additional term b, the bias. The output, y, is either −1 or +1 (instead of 0 or 1, as in the MCP neuron). Crucially, unlike with the MCP neuron, the perceptron can learn the correct value for the weights and the bias for solving some problem.

To understand how this works, consider a perceptron that seeks to classify someone as obese, y = +1, or not-obese, y = −1. The inputs are a person’s body weight, x1, and height, x2. Let’s say that the dataset contains a hundred entries, with each entry comprising a person’s body weight and height and a label saying whether a doctor thinks the person is obese according to guidelines set by the National Heart, Lung, and Blood Institute. A perceptron’s task is to learn the values for w1 and w2 and the value of the bias term b, such that it correctly classifies each person in the dataset as “obese” or “not-obese.” Note: We are analyzing a person’s body weight and height while also talking about the perceptron’s weights (w1 and w2); keep in mind these two different meanings of the word “weight” while reading further.

Once the perceptron has learned the correct values for w1 and w2 and the bias term, it’s ready to make predictions. Given another person’s body weight and height—this person was not in the original dataset, so it’s not a simple matter of consulting a table of entries—the perceptron can classify the person as obese or not-obese. Of course, a few assumptions underlie this model, many of them to do with probability distributions, which we’ll come to in subsequent chapters. But the perceptron makes one basic assumption: It assumes that there exists a clear, linear divide between the categories of people classified as obese and those classified as not-obese.

In the context of this simple example, if you were to plot the body weights and heights of people on an xy graph, with weights on the x-axis and heights on the y-axis, such that each person was a point on the graph, then the “clear divide” assumption states that there would exist a straight line separating the points representing the obese from the points representing the not-obese. If so, the dataset is said to be linearly separable.

Here’s a graphical look at what happens as the perceptron learns. We start with two sets of data points, one characterized by black circles (y = +1, obese) and another by black triangles (y = −1, not-obese). Each data point is characterized by a pair of values (x1, x2), where x1 is the body weight of the person in kilograms, plotted along the x-axis, and x2 is the height in centimeters, plotted along the y-axis.

[image: A graph shows a scatter plot with weight in kilogram on the horizontal axis and height in centimetre on the vertical axis. Data points are represented by circles and triangles. Two lines separate the data points, indicating classification boundaries.]
The perceptron starts with its weights, w1 and w2, and the bias initialized to zero. The weights and bias represent a line in the xy plane. The perceptron then tries to find a separating line, defined by some set of values for its weights and bias, that attempts to classify the points. In the beginning, it classifies some points correctly and others incorrectly. Two of the incorrect attempts are shown as the gray dashed lines. In this case, you can see that in one attempt, all the points lie to one side of the dashed line, so the triangles are classified correctly, but the circles are not; and in another attempt, it gets the circles correct but some of the triangles wrong. The perceptron learns from its mistakes and adjusts its weights and bias. After numerous passes through the data, the perceptron eventually discovers at least one set of correct values of its weights and its bias term. It finds a line that delineates the clusters: The circles and the triangles lie on opposite sides. This is shown as a solid black line separating the coordinate space into two regions (one of which is shaded gray). The weights learned by the perceptron dictate the slope of the line; the bias determines the distance, or offset, of the line from the origin.

Once the perceptron has learned the correlation between the physical characteristics of a person (body weight and height) and whether that person is obese (y = +1 or −1), you can give it the body weight and height of a person whose data weren’t used during training, and the perceptron can tell you whether that person should be classified as obese. Of course, now the perceptron is making its best prediction, having learned its weights and bias, but the prediction can be wrong. Can you figure out why? See if you can spot the problem just by looking at the graph. (Hint: How many different lines can you draw that succeed in separating the circles from the triangles?) As we’ll see, much of machine learning comes down to minimizing prediction error.

What’s described above is a single perceptron unit, or one artificial neuron. It seems simple, and you may wonder what all the fuss is about. Well, imagine if the number of inputs to the perceptron went beyond two: (x1, x2, x3, x4, and so on), with each input (xi) getting its own axis. You can no longer do simple mental arithmetic and solve the problem. A line is no longer sufficient to separate the two clusters, which now exist in much higher dimensions than just two. For example, when you have three points (x1, x2, x3), the data is three-dimensional: you need a 2D plane to separate the data points. In dimensions of four or more, you need a hyperplane (which we cannot visualize with our 3D minds). In general, this higher-dimensional equivalent of a 1D straight line or a 2D plane is called a hyperplane.

Now think back to 1958. Rosenblatt built his Mark I Perceptron with numerous such units. It could process a 20x20-pixel image—for a total of 400 pixels, with each pixel corresponding to an x input value. So, the Mark I took as input a long row of values: x1, x2, x3, …, x400. A complex arrangement of artificial neurons, both with fixed, random weights and weights that could be learned, turned this vector of 400 values into an output signal that could be used to discern the pattern in the image. (This is an oversimplified description. Some of the computing was complex enough that it needed an IBM 704. We’ll get a glimpse of the architectural details in chapter 10.) The Mark I could learn to categorize the letters of the alphabet encoded in those pixel values. All the logic just described, scaled up to handle 400 inputs, was built-in hardware. The machine, once it had learned (we’ll see how in the next chapter), contained knowledge in the strengths (weights) of its connections. It’s little wonder that everyone let their imagination run wild.

But if you closely examine what the perceptron learns, its limitations—in hindsight, of course—become obvious. The algorithm is helping the perceptron learn about correlations between values of (x1, x2, …, x400) and the corresponding value of y, if such correlations exist in the data. Sure, it learns the correlations without being explicitly told what they are, but these are correlations nonetheless. Is identifying correlations the same thing as thinking and reasoning? Surely, if the Mark I distinguished the letter “B” from the letter “G,” it was simply going by the patterns and did not attach any meaning to those letters that would engender further reasoning. Such questions are at the heart of the modern debate over the limits of deep neural networks, the astonishing descendants of perceptrons. There is a path connecting these early perceptrons to the technology of large language models or the AI being developed for, say, self-driving cars. That path is not a straight one; rather, it’s long and winding, with false turns and dead ends. But it’s a fascinating, intriguing path nonetheless, and we are setting off on it now.

Building the perceptron device was a major accomplishment. An even bigger achievement was the mathematical proof that a single layer of perceptrons will always find a linearly separating hyperplane, if the data are linearly separable. Understanding this proof will require us to get our first taste of vectors and how they form the backbone of methods used to represent data in machine learning. It’s our first mathematical pit stop.




CHAPTER 2

We Are All Just Numbers Here …

Less than a month before his death in September 1865, the Irish mathematician William Rowan Hamilton wrote a letter in four paragraphs1 to his son. In that letter, Hamilton recalled, among other things, a walk along the Royal Canal in Dublin, Ireland. It was October 16, 1843. Hamilton was on his way to attend a meeting of the Royal Irish Academy. His wife was with him. When the couple came underneath the Brougham Bridge, Hamilton, who had been struggling for more than a decade with some deep mathematical questions, had a flash of inspiration. “An electric circuit seemed to close; and a spark flashed forth … I [could not] resist the impulse—unphilosophical as it may have been—to cut with a knife on a stone of Brougham Bridge, as we passed it, the fundamental formula with the symbols, i, j, k; namely, i2 = j2 = k2 = ijk = −1.”2

Hamilton signed off the letter to his son with these words: “With this quaternion of paragraphs [emphasis mine] I close this letter … Your affectionate father, William Rowan Hamilton.”3 The use of the word “quaternion” was deliberate. A quaternion is a mathematical entity composed of four elements with very strange and special properties, which Hamilton discovered on that fateful day beneath Brougham Bridge. The equation he etched on the stone there, representing the general form of the quaternion, is one of the most famous examples of mathematical graffiti; the original, which has long since been defaced, was replaced by an official plaque reading:


Here as he walked by

on the 16th of October 1843

Sir William Rowan Hamilton

in a flash of genius discovered

the fundamental formula for

quaternion multiplication

i² = j² = k² = ijk = −1

& cut it on a stone of this bridge.4



Quaternions are exotic entities, and they don’t concern us. But to create the algebra for manipulating quaternions, Hamilton developed some other mathematical ideas that have become central to machine learning. In particular, he introduced the terms “scalar” and “vector.”5 These days, most of us would likely not have heard of Hamilton, but we are intuitively familiar with the notion of scalars and vectors, even if not their formal definitions. Here’s a quick primer.

Consider a man who walks five miles. Given that statement, the only thing we can say about what the man did is denoted by a single number: the distance walked. This is a scalar quantity, a stand-alone number. Now, if we were told that the man walked five miles in a northeasterly direction, we would have two pieces of information: the distance and the direction. This can be represented by a vector. A vector, then, has both a length (magnitude) and a direction. In the following graph, the vector is an arrow of magnitude 5.

If you closely examine the vector, you’ll see that it has two components: one along the x-axis and another along the y-axis. It’s equivalent to saying that the man went four miles in the direction due east and three miles in the direction due north. The vector representing the actual walk is an arrow going from (0, 0) to (4, 3), giving both the direction and the distance. The magnitude of the vector is simply the length of the hypotenuse of the right-angled triangle formed by the vector and its components along the x- and y-axes. So, the vector’s magnitude, or length, is equal to [image: Equation reads, square root of 4 squared plus 3 squared equals 5.]

[image: A graph shows a vector in a coordinate plane with directions north and east. The vector starts from the origin and ends at the point (4, 3), indicating movement in the north-east direction.]
Thinking in terms of vectors, without using formal ways of representing and manipulating them, predates Hamilton. For example, by the late 1600s, Isaac Newton was already using geometric ways of thinking about vector-like entities such as acceleration and force. Newton’s Second Law of Motion says that the acceleration experienced by an object is proportional to the force acting upon it and that the object’s acceleration and the force have the same direction. The first corollary to Newton’s Laws of Motion, in his Principia, states, “A body by two forces conjoined will describe the diagonal of a parallelogram, in the same time that it would describe the sides, by those forces apart.”6 This is a statement about using geometry to add two vectors, even though Newton didn’t call the quantities vectors.

To understand vector addition, we can go back to our man who walked five miles, represented by a vector going from (0, 0) to (4, 3). After reaching the destination, the man turns more northward such that in the coordinate plane, he reaches (6, 9): He has effectively walked two more miles in the direction due east and six more miles in the direction due north. This is represented by a second vector, an arrow drawn from (4, 3) to (6, 9). This new vector has an x component of 2 and a y component of 6. What is the total distance the man walked? And what is the net distance in the xy coordinate space, from origin to the final destination? This graph shows you the answers to both:

[image: A graph shows vectors in a coordinate plane with directions north and east. The vector (4, 3) starts from the origin and ends at (4, 3), while the vector (6, 9) starts from the origin and ends at (6, 9). Both vectors indicate movement in the north-east direction.]
The magnitude of the two individual vectors, or walks, is [image: Equation reads, Square root of 4 squared plus 3 squared equals the square root of 25, which equals 5.] and [image: Equation reads, square root of 2 squared plus 6 squared equals square root of 4 plus 36, which equals the square root of 40, which equals 6.32.] So, the total distance the man walks is 5 + 6.32 = 11.32 miles.

The resultant vector is an arrow drawn from the origin to the final destination, which is (6, 9), and its magnitude is [image: Equation reads, square root of 6 squared plus 9 squared equals square root of 36 plus 81, which equals square root of 117, which equals 10.82.] The net distance in the xy coordinate space is 10.82 miles.

This now helps us make sense of what Newton was saying. Let’s say the acceleration caused by one force acting upon an object is given by the vector (2, 6) and that the acceleration caused by another force on the same object is given by the vector (4, 3). Both forces are acting on the object at the same time. What is the total acceleration of the object? According to Newton’s corollary, the geometric interpretation involves drawing a parallelogram, as shown in the following figure; the net acceleration, then, is given by the diagonal vector (6, 9):

[image: A graph shows vectors in a coordinate plane with directions north and east. The vectors (4, 3), (6, 9) and (2, 3) start from the origin and end at their respective points, indicating movement in the north-east direction.]
If the acceleration is in units of meters per second per second (m/s2), then the net acceleration is given by the magnitude of the vector (6, 9), which equals 10.82 m/s2, in the direction of the arrow.

I have chosen to add the same vectors in this case as in the example of the man walking, but here the two vectors represent acceleration, not distance, and they both have their tails at (0, 0). What this tells you is that the vector (2, 6) is the same vector regardless of whether its tail is at (0, 0) or at (4, 3), as in the previous example. An important property of vectors is that we can move the arrow representing a vector in the coordinate space, and if we don’t change the length of the arrow and its orientation, it’s the same vector. Why? Well, because we haven’t changed its length or its direction, the two properties that define the vector.

None of this was formally understood as the beginnings of vector analysis when Newton published his Principia in 1687. His contemporary Gottfried Wilhelm Leibniz (1646–1716), however, had more than an inkling about this new way of thinking. In 1679, in a letter to another luminous contemporary, Christiaan Huygens, Leibniz wrote, “I believe that I have found the way … that we can represent figures and even machines and movements by characters, as algebra represents numbers or magnitudes.”7 Leibniz never quite formalized his intuition, but his prescience—as we’ll see when we understand the importance of vectors for machine learning—was astounding. Following Leibniz, a host of other mathematicians, including Johann Carl Friedrich Gauss (1777–1855), developed methods for the geometric representation of certain types of numbers in two dimensions, setting the stage for Hamilton’s discovery of quaternions and the formalization of vector analysis.

VECTORS BY THE NUMBERS

Vector analysis doesn’t have to be geometric. It can come down to manipulating numbers written in a certain format. And in fact, for machine learning, that’s how we need to think about vectors. For example, the accelerations caused by the two forces in the previous example are simply arrays of two numbers each, [4, 3] and [2, 6], respectively. Adding them is the same as adding the individual components of each vector (stacked vertically, as a column). You don’t have to fuss with arrows:

[image: Equation reads, the vector [4, 3] plus the vector [2, 6] equals the vector [6, 9].]
Subtracting vectors is similar.

[image: Equation reads, the vector [4, 3] minus the vector [2, 6] equals the vector [2, negative 3].]
What just happened? Why is the y component of the resultant vector negative? If these numbers still represent acceleration, then subtraction meant that the second force was acting against the first force; along the x-axis, the acceleration is just a little bit less than when we were adding the two vectors, but it is still positive; along the y-axis, however, the force is now acting against the initial direction of motion, resulting in a deceleration.

One can multiply a vector by a scalar—simply multiply each element of the vector by the scalar.

[image: Equation reads, 5 times the vector [4, 3] equals the vector [20, 15].]
Geometrically, that’s the same as stretching the arrow (or vector) five times in the same direction. The magnitude of the original vector is 5. Scaling it 5 times gives us a new magnitude of 25. If you were to calculate the magnitude of the new vector using its scaled-up coordinates, you’d again get:

[image: Equation reads, square root of 20 squared plus 15 squared equals square root of 400 plus 225, which equals square root of 625, which equals 25.]
There’s yet another way to represent vectors. Restricting ourselves to two dimensions, think of a vector of length one, i, along the x-axis and a vector of length one, j, along the y-axis. Note that i and j are in lowercase and boldface; this signifies that they are vectors. So, i can be thought of as an arrow that points from (0, 0) to (1, 0) and j as an arrow that points from (0, 0) to (0, 1). Each has a magnitude of 1 and is also called a unit vector. Given this, the vectors (4, 3) and (2, 6), in Cartesian coordinates, can be written as 4i + 3j and 2i + 6j, respectively. That’s the same as saying that the vector (4, 3) is 4 units along the x-axis and 3 units along the y-axis and that the vector (2, 6) is 2 units along the x-axis and 6 units along the y-axis. The use of i and j is shorthand for representing vectors. It’s also important to point out that a unit vector is simply a vector with a magnitude of 1; it doesn’t have to lie along the perpendicular axes of some coordinate space.

These ideas apply to higher dimensions, too, and we’ll come to that. For now, getting a handle on the mathematical manipulation of 2D vectors and their corresponding geometric meanings will go a long way toward helping us understand the role of their higher-dimensional counterparts in machine learning.

THE DOT PRODUCT

Another important operation with vectors is something called the dot product. Consider vector (4, 0), call it a, and vector (5, 5), call it b. (Again, the boldface and lowercase for letters a and b signify that they are vectors.) Conceptually, the dot product a.b—read that as “a dot b”— is defined as the magnitude of a multiplied by the projection of b onto a, where the projection can be thought of as the “shadow cast”8 by one vector onto another.

[image: A graph shows a vector in a coordinate plane with directions north and east. The vector starts from the origin and ends at the point (5, 5). An angle theta is marked between the vector and the horizontal axis, indicating direction.]
The magnitude of a is denoted by [image: Equation reads, norm of vector a or absolute value of a.] The projection of b onto a is given by the magnitude of b, or [image: Equation reads, norm of vector b.] multiplied by the cosine of the angle between the two vectors. For the vectors we have chosen, the angle between them is 45 degrees (or [image: Equation reads, pi over 4.] radians, as shown in the preceding graph. So:

[image: Equation reads, a dot b equals magnitude of a times magnitude of b times cosine of pi over 4. Cosine of pi over 4 equals 1 over square root of 2. Magnitude of a equals square root of 4 squared plus 0 squared, which equals 4. Magnitude of b equals square root of 5 squared plus 5 squared, which equals square root of 50, which equals 5 square root of 2. Therefore, a dot b equals 4 times 5 square root of 2 times 1 over square root of 2, which equals 20.]
Note: the symbol ⇒ means “which implies that.”

Now let’s make a couple of small tweaks. Let the vector a be given by (1, 0), vector b by (3, 3). Vector a has a magnitude of 1, so it’s a “unit vector.” Now, if you were to take the dot product a.b, you’d get:

[image: Equation reads, a dot b equals magnitude of a times magnitude of b times cosine of pi over 4 equals 1 times 3 square root of 2 times cosine of pi over 4 equals 1 times 3 square root of 2 times 1 over square root of 2 equals 3.]
The dot product turns out to be equal to the x component of vector b, or the shadow cast by b onto the x-axis, the direction of the unit vector. This gives us a crucial geometric intuition: If one of the vectors involved in a dot product is of length 1, then the dot product equals the projection of the other vector onto the vector of unit length. In our special case, the unit vector lies along the x-axis, so the projection of vector b onto the x-axis is simply its x component, 3.

[image: A graph shows a vector in a coordinate plane with directions north and east. The vector starts from the origin and ends at the point (3, 3). An angle theta is marked between the vector and the x-axis, indicating direction.]
But here’s something amazing about dot products. Even if the unit vector is not along one of the axes, this geometric truth still holds. Let’s say a is [image: Equation reads, 1 over square root of 2, 1 over square root of 2.] Its magnitude is 1, so it’s a unit vector, but it’s at a 45-degree angle to the x-axis. Let’s say b is the vector (1, 3). The dot product a.b is [image: Equation reads, magnitude of a times magnitude of b times cosine of theta.] which equals [image: Equation reads, 1 times magnitude of b times cosine of theta.] which in turn is the projection of the vector b onto the straight line that extends along vector a (see figure).

Another important thing the dot product tells us about two vectors is whether they are at right angles, or orthogonal, to each other. If they are at right angles, then cosine of (90°) equals zero. So, regardless of the length of the vectors, their dot product, or the projection of vector b onto vector a, is always zero. Conversely, if the dot product of two vectors is zero, they are orthogonal to each other.

How would we calculate the dot product if we were to use the other method for representing vectors, using their components, and we didn’t know the angle between the two vectors?

[image: A graph shows vectors a and b in a coordinate plane with directions north and east. Vector a starts from the origin and ends at (1, 1). Vector b starts from the origin and ends at (1, 3). An angle theta is marked between vectors a and b.]
Say, a= a1i+ a2j and b= b1i + b2j. Then:


a.b= (a1i + a2j).(b1i + b2j) = a1b1 × i.i+ a1b2 × i.j+ a2b1 × j.i+ a2b2 × j.j



Note that the second and third terms in the equation turn out to be zero. The vectors i and j are orthogonal, so i.j and j.i are zero. Also, both i.i and j.j equal 1. All we are left with is a scalar quantity:


a.b= a1b1 + a2b2



MACHINES AND VECTORS

If all this feels far removed from machine learning, perceptrons, and deep neural networks, rest assured it’s not. It’s central to the plot. And we are getting there, by leaps and bounds, yet by stepping carefully only on the stones necessary for sure footing.

It’s time to revisit the perceptron and think of it in terms of vectors. The intent is to gain geometric insights into how data points and the weights of a perceptron can be represented as vectors and how to visualize what happens when a perceptron tries to find a linearly separating hyperplane that divides the data points into two clusters. Much of it has to do with using dot products of vectors to find the relative distances of the data points from the hyperplane, as we’ll see.

Recall the generic equation for a perceptron, which says that the perceptron outputs 1 if the weighted sum of its inputs plus some bias term, b, is greater than 0; otherwise, it outputs −1.

[image: Equation reads, g(x) equals w1x1 plus w2x2 and so on up to wmxm plus b equals the summation of wixi from i equals 1 to n plus b. f(z) equals negative 1, z less than or equal to 0 and 1, z greater than 0. y equals f(g(x)) equals negative 1, g(x) less than or equal to 0 and 1, g(x) greater than 0.]
We have made a subtle change to the notation we used previously: The argument to the function g is now a vector; in the previous chapter, because we hadn’t yet introduced the notion of vectors, we simply had g(x) instead of g(x). Let’s stick to the two-dimensional case, with data points given by different values for (x1, x2) and the weights of the perceptron given by (w1, w2). The perceptron first computes the weighted sum of the inputs:


w1x1 + w2x2



If this weighted sum is greater than some threshold, call it −b, then the perceptron’s output, y, is 1. Else it is −1. So:

[image: Equation reads, y equals negative 1, w1x1 plus w2x2 less than or equal to negative b and 1, w1x1 plus w2x2 greater than negative b.]
This can be rewritten as:

[image: Equation reads, y equals negative 1, w1x1 plus w2x2 plus b less than or equal to 0 and 1, w1x1 plus w2x2 plus b greater than 0.]
Let’s put on our vectors hat. The set of weights (w1, w2) is nothing but a vector w. But what exactly does w represent?

[image: A graph shows a vector in a coordinate plane with directions north and east. The vector starts from the origin and ends at the point (3, 2). The shaded area indicates a region and dashed lines represent the axes and additional boundaries.]
The figure above shows a weight vector, w= (2.5, 1.5). It also shows a unit vector in the same direction, u. The dashed line gives us the direction along which the two vectors lie. Let’s draw a solid black line perpendicular, or orthogonal, to vectors w and u. This line separates the shaded area from the rest of the coordinate space. So, if we were trying to find a line that clearly delineated the xy plane into two regions, shaded and unshaded, all we would need to specify such a boundary would be the vector w, or the corresponding unit vector, u. If the solid line, or boundary, in the preceding figure is the separating hyperplane, then the vector w is orthogonal to it and characterizes that hyperplane. The boundary is a line when we are dividing 2D space, a plane when partitioning a 3D volume, and a hyperplane in higher dimensions.

Our earlier look at the perceptron learning algorithm showed that it tries to find a hyperplane that divides the coordinate space into two. So, the perceptron finds, or learns, an appropriate set of weights. These weights constitute a vector, w, which is orthogonal to the hyperplane. As you change the weights of the perceptron, you change the direction of w, and so you change the orientation of the hyperplane, which is always perpendicular to w. And what’s true of w is also true of the unit vector u that lies in the same direction. So, one way of rephrasing what the perceptron does is to say that it finds the vector w, which is the same as saying that it finds the corresponding perpendicular hyperplane.

Now consider the data points that either lie or don’t lie in the shaded area. Each data point is given by (x1, x2) and can be thought of as a vector, too. Then the weighted sum (w1x1 + w2x2) is the same as the dot product of the vector representing the data point with the weight vector. Note that if the data point lies on the hyperplane, which in the 2D case is just a line, then the vector (x1, x2) will be orthogonal to w, making the dot product equal zero. On the below is a graphical look at the dot product of data points and the weight vector. For convenience, we’ll work with a weight vector of unit length. It doesn’t change anything conceptually, but it does simplify the math. Let’s start with vector a, given by data point (3, 1).

Because w is a unit vector, its dot product with a equals the projection of a onto the dashed line. The point at which a lands on the line perpendicular to the hyperplane is a measure of the distance of the point (3,1) from the hyperplane.

[image: A graph shows vectors a and b in a coordinate plane with directions north and east. Vector a starts from the origin and ends at (1, 1). Vector b starts from the origin and ends at (3, 2). An angle theta is marked between vectors a and b. The shaded area indicates a region and dashed lines represent the axes and additional boundaries.]
Next, let’s look at this somewhat busy but important depiction of the dot product of the weight vector with four different data points, or vectors, a (3, 1), b (2, −1), c (−2, 1), and d (−1, −3).

[image: A graph shows vectors a, b, c, d and w in a coordinate plane with directions north and east. Vector a ends at (3, 2), b ends at (2, negative 1), c ends at (negative 2, 2), d ends at (negative 1, negative 3) and w ends at (1, 1). The shaded area indicates a region and dashed lines represent the axes and additional boundaries.]
It’s clear that the dot product of each vector with w is telling you something about that vector: its distance from the hyperplane and whether it’s to one side of it (dot product is +ve) or to the other (−ve). In this scenario, points a and b are linearly separated from points c and d. (Points lying in the gray shaded area represent y = 1; points lying in the unshaded area and points lying on the dividing line itself represent y = −1.)

So, let’s say the perceptron, at first attempt, finds the weights and the hyperplane as depicted above. But let’s also say that according to our labeled training data, points a, b, and c should have been on one side of the hyperplane and only point d on the other. For argument’s sake, let’s say that a, b, and c represent people classified as those who like thriller movies; d represents a person who doesn’t. This means that the perceptron hasn’t yet found the correct hyperplane. One thriller lover has been classified as a thriller hater. That’s where the bias term comes in. Adding a bias term to the equation is the same as moving the hyperplane away from the origin, but without changing its orientation. For example, after iterating through the training data, the perceptron could have found this hyperplane:

[image: A graph shows vectors a, b, c, d and w in a coordinate plane with directions north and east. Vector a ends at (3, 2), b ends at (2, negative 1), c ends at (negative 2, 2), d ends at (negative 2, negative 2) and w ends at (1, 1). The shaded area indicates a region and dashed lines represent the axes and boundaries.]
It’s clear by looking at the figure above that if the data are linearly separable into two clusters, then there exist many, many separating hyperplanes (for different values of the bias term and different orientations of w). Just think of how many straight lines you can draw that go through the space between c and d: in principle, infinitely many. The perceptron guarantees only that it’ll find one, and not necessarily the best one. We’ll come to what “best” means in more detail, but it has to do with prediction. After all, the perceptron is learning the weights and the bias term in order to classify some as-yet-unseen data point with respect to the hyperplane. For example, given two characteristics of some person that we are using to classify that person as a thriller lover or a thriller hater, on which side of the hyperplane would the person have to be to be classified as one or the other? A good or best possible hyperplane will minimize future prediction errors. (Defining a “future” prediction error, let alone minimizing it, is a nontrivial, or not an easy, problem.)

These graphs are a way of developing an intuitive sense of what was happening when a perceptron learned. If you were to try to write a computer program to simulate a perceptron, you wouldn’t be drawing charts and graphs. You’d be manipulating numbers. Fortunately, the numerical representations we have seen of vectors so far are already enough to showcase the power of these abstractions. In our 2D example, data points (x1, x2) are just arrays of numbers, each array with two elements. The weight vector is similarly another array of two numbers. Finding the dot product is a matter of manipulating these arrays.

More generically, these arrays are called matrices, which contain rows and columns of numbers. For example, if there are m rows and n columns, then we have what’s called an m × n matrix (read as an “m by n matrix”). A vector is a particular form of matrix with either one row or one column: either m=1 or n=1. We saw these earlier, only the term “matrix” hadn’t yet been introduced. But that’s what vectors are: matrices with just one column or one row. Here’s the example of adding two one-column matrices to get a third one-column matrix.

[image: Equation reads, the vector [4, 3] plus the vector [2, 6] equals the vector [6, 9].]
Flip one of the one-column matrices on its side, and you get a matrix with a single row:

[image: Equation reads, the vector [4, 3].]
So, in formal notation, a one-column matrix with two elements is given by:

[image: Equation reads, the vector [a11, a21].]
The notation says that the column matrix has two rows (indexed by numbers 1 and 2) and that each row has just one element (index 1). When you flip the matrix on its side, the numbering changes. (Note that the row index is 1, while the columns have indices 1 and 2.)

[image: Equation reads, the vector [a11, a12].]
This is called taking the “transpose” of a matrix. (It looks trivial, or easy, for a column matrix, but it does get more involved for higher-order matrices, which we’ll come to in later chapters.) Taking the transpose is a key aspect of calculating the dot product between two column matrices. We’ll use boldface capital letters to signify matrices. Let A be the column matrix [image: Equation reads, the vector [a11, a21].] and B the column matrix [image: Equation reads, the vector [b11, b21].]. You cannot take a dot product of two column matrices. That’s because to take the dot product, the number of columns in the first matrix must equal the number of rows in the second one. So, in our case, one of them must be transposed. The transpose of A is written as AT. The dot product A.B is written as ATB or BTA. (They are one and the same thing in this case.)

[image: Equation reads, A dot B equals A transpose B equals [a11, a12] times [b11, b21] equals a11b11 plus a12b21.]
Note that this is exactly the value you’d get if you wrote the vectors in terms of their unit vectors i and j. If a= a11i+ a12j and b= b11i + b21j, then:


a.b = (a11i + a12j). (b11i + b21j)

⇒ a.b= a11b11 × i.i+ a11b21 × i.j+a12b11 × j.i+ a12b21 × j.j

⇒ a.b= a11b11 + a12b21



Here’s another cool thing about using matrices, rather than arrows, to represent vectors: You can just manipulate the numbers and get a scalar value for the dot product without worrying about the cosine of the angle between them. What this means is that if you have a bunch of data points, each represented by a vector, and you want to find their relative distances from a hyperplane characterized by a weight vector w, all you do is take the dot products of each data point with w, and you’ll have the necessary information.

And if one of the data points is on the hyperplane, its dot product with the weight vector would be zero, signifying that the data point is orthogonal to the weight vector and that its distance from the hyperplane is zero.

PUTTING IT TOGETHER

All this is leading up to a rather elegant shorthand notation for the perceptron.

Consider inputs [x1, x2, …., xn]. You can write this as a column vector x. Similarly, the weights, using one weight for each input, [w1, w2, …., wn], are the column vector w. Note that we have made another subtle shift in notation: We use square brackets to contain the elements of w and x, [], instead of parentheses, (), to signal that w and x are matrices or vectors.

We know that the output of a perceptron involves calculating the weighted sum w1x1 + w2x2 + … + wnxn. This is more concisely written as the dot product of w and x, or wTx. Given this, here’s what a perceptron does:

[image: Equation reads, y equals negative 1, w transpose x plus b less than or equal to 0 and 1, w transpose x plus b greater than 0.]
Pictorially, let’s look again at the perceptron with two inputs and two weights:

[image: A simple neural network model. Inputs b, w1x1 and w2x2 enter a summation node, represented by a circle with a sigma symbol, then pass through an activation function f, resulting in output y.]
The bias term looks incongruous. There’s a neat little trick to subsume it into the weight vector (see first figure on next below).

In this depiction, the bias term b is equal to the weight w0 and is multiplied by x0. However, x0 is always set to 1, ensuring that the bias b is always added to the weighted sum of the other inputs. The weight vector, w, is now given by [w0, w1, w2]. The input vector, x, equals [x0, x1, x2], where x0=1.

The generic perceptron, for input vector x= [x0, x1, x2, …, xn] and a weight vector w = [w0, w1, w2, …, wn] looks like the figure directly above.

[image: A simple neural network model. Inputs w0x0, w1x1 and w2x2 enter a summation node, represented by a circle with a sigma symbol, then pass through an activation function f, resulting in output y. A simple neural network model. Inputs w0x0, w1x1, w2x2 and w3x3 enter a summation node, represented by a circle with a sigma symbol, then pass through an activation function f, resulting in output y.]
[image: A simple neural network model. Inputs w0x0, w1x1, w2x2 and w3x3 enter a summation node, represented by a circle with a sigma symbol, then pass through an activation function f, resulting in output y.]
The equation of the perceptron looks even simpler:

[image: Equation reads, y equals negative 1, w transpose x less than or equal to 0 and 1, w transpose x greater than 0.]
Let’s burn this equation into our mind’s eye. It’s a simple, eloquent statement of these facts: The weight vector w is perpendicular to the line, or hyperplane, that separates the data points into two clusters. For one cluster of points, wTx is less than or equal to zero, and the output of the perceptron is −1. For the other cluster of points, wTx is greater than zero, and the output of the perceptron is 1. The points that lie on the hyperplane (given by wTx= 0) are assigned to the cluster with the label y = −1. From a machine learning perspective, the task of a perceptron is to learn the weight vector, given a set of input data vectors, such that the weight vector represents a hyperplane that separates the data into two clusters. Once it has learned the weight vector, and then is given a new data point to classify (say, as “obese” or “not-obese”), the perceptron simply has to calculate wTx for the new instance of data, see if it falls on one side or the other of the hyperplane, and then classify it accordingly.

This has been a somewhat extended journey from Rosenblatt’s ideas to a formal notation for a linear transformation of an input to an output, but it’s hard to overstate the importance of this formulation. It’s one of the cornerstones of our eventual forays into other ML techniques, including modern deep neural networks.

GUARANTEED TO SUCCEED

Soon after Rosenblatt invented the perceptron learning algorithm—we’ll come to its exact formulation in a bit—researchers, Rosenblatt included, began analyzing it, developing theorems and proofs to show that it was indeed a computationally viable algorithm. Among these proofs were those that showed that perceptrons would converge upon a solution if one existed, “solution” being defined as a hyperplane that linearly separated the data into two groups. George Nagy remembered the time. “Rosenblatt himself collected these,” Nagy told me. “He had a collection of … proofs that had been published in the 1960s.” One such proof was developed in 19629 by Henry David Block, an applied mathematician at Cornell University who collaborated with Rosenblatt on the mathematical analysis of perceptrons. Block’s proof was complicated, but it established upper bounds for the number of mistakes made by the perceptron learning algorithm as it tried to find a linearly separating hyperplane. Block was an accomplished theoretician, at home with reasoning about machines and “the logic of what’s possible.”10 When he died in 1978, the Cornell faculty said in their memorial statement, “For all his exceptional intelligence and accomplishments, David Block was a deeply modest, indeed, humble person, tolerant of everything save smugness.”11

Block’s intolerance of smugness comes through in his classic twenty-two-page review of Perceptrons:12 An Introduction to Computational Geometry, a three-hundred-page book by MIT scientists and AI pioneers Marvin Minsky and Seymour Papert. A tour de force of exposition, theorems, and proofs, Perceptrons made a huge splash upon its publication in 1969. “We will study in great detail a class of computations that make decisions by weighing evidence,”13 Minsky and Papert write in its introduction. “The machines we will study are abstract versions of a class of devices known under various names; we have agreed to use the name ‘perceptron’ in recognition of the pioneer work of Frank Rosenblatt.”14 Block praises the book early on in his review: “It is a remarkable book. Not only do the authors formulate a new and fundamental conceptual framework, but they also fill in the details using strikingly ingenious mathematical techniques.”15 One of these ingenious mathematical techniques was Minsky and Papert’s version of the convergence proof, but their accompanying notes seemed to irritate Block. The duo had drawn attention to a 1954 paper by Israeli mathematician Shmuel Agmon, who had seemingly anticipated the convergence proof. “In an abstract mathematical sense, both theorem and proof already existed before the perceptron,”16 Minsky and Papert write. “It is quite clear that the theorem would have been instantly obvious had the cyberneticists interested in perceptrons known about Agmon’s work.”

The dig at cyberneticists rubbed Block the wrong way. “Cybernetics,” a term coined17 by American mathematician Norbert Wiener in his 1948 book of the same name, refers to the study of “control and communication in the animal and the machine.” So, those doing research on perceptrons as a means of understanding the human brain and nervous system were cyberneticists. Should they have known of precursors to the convergence proof for perceptrons, which shows that the algorithm will find an answer after a finite number of steps? “Since there is nothing in ‘Agmon’s work’ … about the termination of the process after a finite number of steps, this aspect of the theorem at least does not seem to be ‘instantly obvious,’”18 Block quipped in his review. “Furthermore, it is not clear who ‘the cyberneticists’ are; but presumably the authors do not include themselves in this category. One might wonder why the rebuke does not apply to all those interested in the perceptron.” Block followed up with references to 1961 papers by both Minsky and Papert on topics related to perceptrons, implying that Minsky and Papert’s castigation should apply equally to them. Block called it as he saw it: “In sum then, Minsky and Papert











[image: Equation reads, y equals negative 1, w transpose x less than or equal to 0 and 1, w transpose x greater than 0.]



	Step 1. Initialize the weight vector to zero: set w = 0

	Step 2. For each data point x in the training dataset, do the following:

	○ Step 2a if ywTx ≤0:

	◊ the weight vector is wrong, so update it:

	wnew = wold + yx













	Step 3. If there were no updates to the weight vector in Step 2, terminate; otherwise, go to Step 2 and iterate over all the data points once again.













THE FIRST BIG CHILL



[image: A graph shows a vector in a coordinate plane with directions north and east. The vector starts from the origin and ends at the point [3, 2]. The shaded area indicates a region and dashed lines represent the axes and additional boundaries.]




MATHEMATICAL CODA


THE ALGORITHM: THE PERCEPTRON UPDATE RULE



	Step 1. Initialize the weight vector to zero: set w = 0.

	Step 2. For each data point x in the training dataset, do the following:

	○ Step 2a if ywTx ≤ 0:

	◊ the weight vector is wrong, so update it:

	wnew = wold + yx













	Step 3. If there were no updates to the weight vector in step 2, terminate, otherwise go to step 2 and iterate over all the data points once again.









[image: Equation reads, yw transpose subscript new x equals y (w subscript old plus yx) transpose x implies yw transpose subscript new x equals y w transpose subscript old x plus y squared x transpose x.]



THE PERCEPTRON CONVERGENCE PROOF











[image: Equation reads, y equals negative 1, w transpose x less than or equal to 0 and 1, w transpose x greater than 0.]












[image: Equation reads, w transpose subscript new w asterisks equals w subscript old plus yx transpose w asterisks equals w transpose subscript old w asterisks plus yx transpose w star.]



[image: Equation reads, w transpose subscript new w asterisks greater than or equal to w transpose subscript old w asterisks plus gamma.]


[image: Equation reads, w subscript new transpose w subscript new equals (w subscript old plus yx) transpose (w subscript old plus yx) equals (w subscript old plus yx) transpose w subscript old plus (w subscript old plus yx) transpose yx equals w subscript old transpose w subscript old plus yx transpose w subscript old plus yw subscript old transpose x plus y squared x transpose x.]

[image: Equation reads, x transpose w subscript old equals w transpose subscript old x implies w transpose subscript new w subscript new equals w transpose w subscript old w subscript old plus 2 yw transpose subscript old x plus y squared x transpose x.]




[image: Equation reads, w subscript new transpose w subscript new equals w subscript old transpose w subscript old plus (negative quantity) plus (positive quantity less than or equal to 1) implies w subscript new transpose w subscript new less than or equal to w subscript old transpose w subscript old plus (positive quantity less than or equal to 1).]

























[image: Equation reads, M gamma is less than or equal to the square root of M or, M squared gamma squared is less than or equal to M or, M is less than or equal to 1 over gamma squared.]
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