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    Chapter 1

    Defining and Constructing

    the Golden Ratio

    

    As with any new concept, we must first begin by defining the key elements. To define the golden ratio, we first must understand that the ratio of two numbers, or magnitudes, is merely the relationship obtained by dividing these two quantities. When we have a ratio of 1:3, or [image: images], we can conclude that one number is one-third the other. Ratios are frequently used to make comparisons of quantities. One ratio stands out among the rest, and that is the ratio of the lengths of the two parts of a line segment which allows us to make the following equality of two ratios (the equality of two ratios is called a proportion): that the longer segment (L) is to the shorter segment (S) as the entire original segment (L+S) is to the longer segment (L). Symbolically, this is written as [image: images]. Geometrically, this may be seen in figure 1-1:

    [image: images]

    This is called the golden ratio or the golden section—in the latter case we are referring to the “sectioning” or partitioning of a line segment. The terms golden ratio and golden section were first introduced during the nineteenth century. We believe that the Franciscan friar and mathematician Fra Luca Pacioli (ca. 1445–1514 or 1517) was the first to use the term De Divina Proportione (The Divine Proportion), as the title of a book in 1509, while the German mathematician and astronomer Johannes Kepler (1571–1630) was the first to use the term sectio divina (divine section). Moreover, the German mathematician Martin Ohm (1792–1872) is credited for having used the term Goldener Schnitt (golden section). In English, this term, golden section, was used by James Sully in 1875.1

    You may be wondering what makes this ratio so outstanding that it deserves the title “golden.” This designation, which it richly deserves, will be made clear throughout this book. Let's begin by seeking to find its numerical value, which will bring us to its first unique characteristic.

    To determine the numerical value of the golden ratio [image: images] we will change this equation [image: images] or [image: images] to its equivalent, when [image: images], to get2: [image: images].

    We can now solve this equation for x using the quadratic formula, which you may recall from high school. (The quadratic formula for solving for x in the general quadratic equation ax2 + bx + c = 0 is [image: images]. See the appendix for a derivation of this formula.) We then obtain the numerical value of the golden ratio:

    [image: images]

    which is commonly denoted by the Greek letter, phi3: [image: images].

    [image: images]

    Notice what happens when we take the reciprocal of [image: images], namely [image: images]:

    [image: images]

    which when we multiply by 1 in the form of [image: images], we get

    [image: images]

    
    But at this point you should notice a very unusual relationship. The value of [image: images] and [image: images] differ by 1. That is, [image: images]. From the normal relationship of reciprocals, the product of [image: images] and [image: images] is also equal to 1, that is, [image: images]. Therefore, we have two numbers, [image: images] and [image: images], whose difference and product is 1—these are the only two numbers for which this is true! By the way, you might have noticed that

    [image: images]

    We will often refer to the equations x2 – x – 1 = 0 and x2 + x – 1 = 0 during the course of this book because they hold a central place in the study of the golden ratio. For those who would like some reinforcement, we can see that the value [image: images] satisfies the equation x2 – x – 1 = 0, as is evident here:

    [image: images]

    The other solution of this equation is

    [image: images]

    while –[image: images] satisfies the equation x2 + x – 1 = 0, as you can see here:

    [image: images]

    The other solution to this equation is [image: images].

    Having now defined the golden ratio numerically, we shall construct it geometrically. There are several ways to construct the golden section of a line segment. You may notice that we appear to be using the terms golden ratio and golden section interchangeably. To avoid confusion, we will use the term golden ratio to refer to the numerical value of [image: images] and the term golden section to refer to the geometric division of a segment into the ratio [image: images].

    GOLDEN SECTION CONSTRUCTION 1

    Our first method, which is the most popular, is to begin with a unit square ABCD, with midpoint M of side AB, and then draw a circular arc with radius MC, cutting the extension of side AB at point E. We now can claim that the line segment AE is partitioned into the golden section at point B. This, of course, has to be substantiated.

    [image: images]

    To verify this claim, we would have to apply the definition of the golden section: [image: images], and see if it, in fact, holds true. Substituting the values obtained by applying the Pythagorean theorem to ΔMBC as shown in figure 1-2, we get the following:

    [image: images]

    It follows that

    [image: images], and

    [image: images]

    
    We then can find the value of [image: images], that is,

    [image: images]

    which turns out to be a true proportion, since the cross products are equal. That is,

    [image: images]

    
    We can also see from figure 1-2 that point B can be said to divide the line segment AE into an inner golden section, since

    [image: images]

    Meanwhile, point E can be said to divide the line segment AB into an outer golden section, since

    [image: images]

    
    You ought to take notice of the shape of the rectangle AEFD in figure 1-2. The ratio of the length to the width is the golden ratio:

    [image: images]

    
    This appealing shape is called the golden rectangle, which will be discussed in detail in chapter 4.

    GOLDEN SECTION CONSTRUCTION 2

    Another method for constructing the golden section begins with the construction of a right triangle with one leg of unit length and the other twice as long, as is shown in figure 1-3.4 Here we will partition the line segment AB into the golden ratio. The partitioning may not be obvious yet, so we urge readers to have patience until we reach the conclusion.

    [image: images]

    With AB = 2 and BC = 1, we apply the Pythagorean theorem to ΔABC. We then find that [image: images]. With the center at point C, we draw a circular arc with radius 1, cutting line segment AC at point F. Then we draw a circular arc with the center at point A and the radius AF, cutting AB at point P.

    Because [image: images], we get [image: images]. Therefore, [image: images].

    To

    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
  


  
    
    Appendix

    Proofs and Justifications of

    Selected Relationships

    

    FOR CHAPTER 1:

    Derivation of the Quadratic Formula

    The quadratic equation, ax2 + bx + c = 0 (where a > 0), can be solved for x in the following way:

    ax2 + bx + c = 0.

    [image: images]

    [image: images]

    [image: images][Add [image: images] to both sides of the equation.]

    [image: images][Take the square root of both sides.]

    [image: images][Note the absolute value.]

    [image: images] Therefore,

    [image: images]

    FOR CHAPTER 3:

    Proof of [image: images], with n ≥ 1 and F0 = 0.

    We begin by showing that the statement to be proved by mathematical induction is true for n = 1.

    Yes, it holds true: [image: images]

    It is also true for the cases of n = 2, 3, 4, 5, as shown below:

    [image: images]

    What now remains is that we accept its truth for k: [image: images] and must show it is then also true for k + 1, namely [image: images]

    By multiplying the first equation by [image: images], we get: [image: images]

    Since [image: images] we have

    [image: images] which we were required to show.

    On Continued Fractions

    A continued fraction is a fraction in which the denominator contains a mixed number (a whole number and a proper fraction). We can take an improper fraction such as [image: images] and express it as a mixed number: [image: images]. Without changing the value, we could then write this as

    [image: images]

    which in turn could be written (again without any value change) as

    [image: images]

    This is a continued fraction. We could have continued this process, but when we reach a unit fraction (as in this case, the unit fraction is [image: images]), we are essentially finished.

    So that you can get a better grasp of this technique, we will create another continued fraction. We will convert [image: images] to a continued fraction form. Notice that at each stage, when a proper fraction is reached, take the reciprocal of the reciprocal (e.g., change

    [image: images]

    as we will do in the example that follows), which does not change its value:

    [image: images]

    If we break up a continued fraction into its component parts (called convergents),1 we get closer and closer to the actual value of the original fraction.

    
      
      
      
        	First convergent of [image: images]:
        	1.
      

      
        	Second convergent of [image: images]:
        	[image: images]
      

      
        	Third convergent of [image: images]:
        	[image: images]
      

      
        	Fourth convergent of [image: images]:
        	[image: images]
      

    

    The above examples are all finite continued fractions, which are equivalent to rational numbers (those that can be expressed as simple fractions). It would then follow that an irrational number would result in an infinite continued fraction. That is exactly the case. A simple example of an infinite continued fraction is that of [image: images]. Although we show it here, we will actually generate it just a bit further on.

    [image: images]

    

    We have a short way to write a long (in this case infinitely long!) continued fraction: [1; 2, 2, 2, 2, 2, 2, 2,…], or when there are these endless repetitions, we can even write it in a shorter form as [1; [image: images]], where the bar over the 2 indicates that the 2 repeats endlessly.

    In general, we can represent a finite continued fraction as

    [image: images]

    

    where ai are real numbers and ai ≠ 0 for i > 0. We can write this in a shorter fashion as [a0; a1, a2, a3,…, an-1, an], but as an infinite continued fraction as [a0; a1, a2, a3,…, an,…].

    As we said before, we will generate a continued fraction equal to [image: images].

    Begin with the identity [image: images]

    Factor the left side and split the 2 on the right side:

    [image: images]

    Divide both sides by 1 + [image: images] to get

    [image: images]

    Replace [image: images] with [image: images] and simplify the terms:

    [image: images]

    Continue this process. The pattern now becomes clear.

    [image: images]

    Eventually we conclude with the following:

    [image: images]

    Thus we have a periodic continued fraction for [image: images]

    (that is, [image: images] =[1; 2, 2, 2,…] = [1; [image: images]]).

    There are continued fractions equal to some famous numbers such as Euler's [image: images] ([image: images] = 2.7182818284590452353…)2 and the famous π (π = 3.1415926535897932384…):

    [image: images]

    Here are two ways that π can be approximated as a continued fraction.3

    [image: images]

    Sometimes we have continued fractions representing these famous numbers that do not seem to have a distinctive pattern:

    [image: images]

    We have now set the stage for the golden ratio. Can we express this Fibonacci-related ratio ([image: images] = 1.6180339887498948482…) as a continued fraction?

    Proof of the Binet Formula

    Following you will find a simple way to express the Binet formula:

    [image: images]

    where [image: images]

    Recall the relationships that exist between [image: images] and [image: images] (since [image: images]):

    [image: images]

    The proof will be done using mathematical induction.

    We begin by noting that

    [image: images]

    that is, for n = 0 and n = 1, the Binet formula is correct.

    Therefore, we assume that it is true for n – 2 and n – 1.

    Because of the recursive formula, we have Fn = Fn–1 + Fn–2, and we must therefore show that

    [image: images]

    

    Thus it suffices that [image: images]

    [image: images]

    Thus, [image: images], as required. The corresponding result for [image: images] is proved in a similar way. The two together conclude the induction.

    FOR CHAPTER 4:

    [image: images]

    Development of the ratio:

    Applying the Pythagorean theorem to ΔABC:

    d = d1 + d2 = AC

    [image: images]

    ΔABP ~ ΔABC; therefore, [image: images], therefore,

    [image: images]

    ΔBCP ~ ΔABC; therefore, [image: images]

    [image: images]

    Analogously, we have segments [image: images]1 and [image: images]2 along the diagonal BF, which enables us to have ΔBCP ~ ΔABC, with [image: images]

    [image: images]

    Furthermore, ΔCFP ~ ΔABC, with [image: images], with [image: images]

    [image: images]

    which, simplified, gives us [image: images]

    Whereupon we can establish the lengths x and y on sides AB and BC as follows:

    For ΔBGP ~ ΔABC, with [image: images] we get

    [image: images]

    [image: images]

    

    Applying the Pythagorean theorem to ΔBHP, we get

    [image: images]

    

    Thus we now have AG = AB – BG = a + b – x =

    [image: images]

    [image: images]

    

    Thus the following segment lengths give us the golden ratio:

    [image: images]

    Now finally we have [image: images]

    To Prove That the Maximum Area of the Shaded Region Formed by Two Congruent Perpendicular Rectangles Is Obtained When They Are Golden Rectangles4

    [image: images]

    We have rectangles that give us AB = CD = FG = EH = a, AD = BC = EF = GH = b, AM = BM = EM = FM = r, and as marked in figure A-2: α = [image: images]AMB and β = [image: images]EMF. By symmetry, β = [image: images]EMF = [image: images]AMD. Therefore, α + β = [image: images]AMB + [image: images]AMD = 180°, since BD is the diagonal of the rectangle ABCD.

    The shaded region in figure 4-13 is actually composed of the original rectangle ABCD and two rectangles with side lengths EF and JK

    The shaded region (in fig. 4-13) is actually composed = [image: images] · b = ab + (a – b)b = 2ab – b2.

    Applying the Pythagorean theorem to ΔAJM, we get AM2 = AJ2 + JM2, which then gives us

    [image: images]

    [image: images]

    

    

    With α = 180° – β, or in another form [image: images], and sin [image: images] [image: images], we can get [image: images].

    

    

    The area of the shaded region [image: images]

    [image: images]

    The factor 4r2 has no effect on the maximum area of the shaded region. Therefore, we shall focus our attention on the remaining factor: [image: images] [where the area of the shaded region = 4r2·f(β)], and it is this we must maximize.

    Differentiate f and then set it equal to 0 to get

    [image: images]

    It is necessary for us to maximize, and for that we need to show for 0 < β < 180° the value β = arctan 2 ≈ 1.107 (radians) ≈ 63.4°.

    We have

    [image: images]

    That is,

    [image: images]

    The second derivative, [image: images], is at this point less than zero, [image: images], So that the maximum is at

    β = arctan 2 = 2 arctan [image: images] ≈ 63.4°.

    Because [image: images], we have a golden rectangle.

    The area of the shaded region [image: images]

    The shaded region covers an area of approximately 78.7 percent of the area of the circle.

    The ratio of the areas is [image: images] to [image: images]. That is,

    [image: images]

    To Show That the Golden Ratio Is Present

    in Parts of the Pentagon and the Pentagram

    We can use a number of approaches. Here we offer two such.

    Option 1:

    [image: images]

    For ΔADZ ~ ΔBCZ, we get [image: images], or, using the length designations from figure A-3, we can write this5 as

    [image: images]

    which gives us d2 – ad – a2 = 0, or

    [image: images]

    If we replace [image: images] by x, we arrive at the (by now) well-known golden ratio equation: x2 – x – 1 = 0, where we know that x = [image: images] = [image: images], or d = a[image: images].

    Option 2:

    [image: images]

    This time we will use the following similar triangles: ΔABS ~ ΔCES to get [image: images]. Using the length designations for figure A-4, we can write this as

    [image: images]

    Dividing by a, we get

    [image: images]

    again the golden ratio equation, and in similar fashion, we get d = a[image: images].

    We can also see from figure A-4 that a = e + f, d = a + e = 2e + f.

    Therefore, [image: images], which gives us: a = [image: images] · (d – a), or another way: [image: images]

    Since point T partitions AC into the golden section,

    [image: images]

    or, in another way, we can say that [image: images]

    It then follows that e and f are also in the golden ratio.

    [image: images]

    that is, [image: images]

    Furthermore, we can also establish the sides of the two consecutive pentagons (ABCDE and PQRST) (see fig. 4-64):

    [image: images]

    which gives us [image: images]

    We represent the height, b = AF, of ΔACD as follows:

    [image: images]

    Again, we see the golden ratio everywhere in this configuration!

    Justification for Note on Page 150

    To show that [image: images]

    We begin by squaring both sides of the equation and seek to show the equality:

    [image: images]

    [image: images]

    Pentagon's Rotation—Justification of Conclusions

    [image: images]

    Using figure A-5, we shall take a more detailed look at what is really happening here that allows us to draw the conclusions we drew in chapter 4.6 By the first rotation of 72° at point A5, we find that A1 goes to B2, A2 goes to B3, A3 goes to B4, A4 goes to B5 and A5 stays at B1. The angle of rotation, [image: images]A4A5B5 = 72°, since each angle of the pentagon is 108°. The isosceles ΔA1A5B2, where A1A5 = A5B2 = a, has angles α = [image: images]A1A5B2 = 72° and [image: images]A5A1B2 = [image: images]A1B2A5 = 54°. We can then generalize that continuing this process will give us [image: images]B2A1E = [image: images]DEA1, or that in figure 4-71 we have [image: images]BAE = [image: images]AED = 54°. This, by the way, also establishes that the center point of the pentagon M must lie on A1B2 (fig. A-5), or as we stated above for figure 4-71, M must lie on AB, since it bisects A2A1A5.

    If we apply the law of cosines7 to ΔA1A5B2, we get

    [image: images]

    Therefore, [image: images] (see fig. 4-71).

    The diagonal d = C2 C4 of pentagon C1 C2 C3 C4 C5 is bisected by the point F.

    We have [image: images] therefore, [image: images]

    When we apply the Pythagorean theorem to right ΔC2C3F, we get

    [image: images]

    We can also express C3F = [image: images]

    Now we have shown that [image: images] and previously we showed that [image: images], so we can now conclude that [image: images]

    Since [image: images]A5B5B3 = [image: images]A5B5C2 = 72°, we find C2 is on the diagonal B3B5.

    Recall that C2 partitions the diagonal B2B4 into the golden ratio.

    We know that triangle B2B3C2 is a golden triangle, so it then follows that

    [image: images]

    This then leads us to

    [image: images]

    

    We now apply the Pythagorean theorem to right ΔB2 C3 F to get

    [image: images]

    It follows that

    [image: images]

    Because of symmetry, we have [image: images] which was what we set out to show.

    As we seek to compare areas, let's consider the strange-looking pentagon ABCDE (or in fig. A-5, A1B2C3DE). The area of this pentagon is the sum of the trapezoid A1B2DE and the isosceles ΔB2C3D.

    The area of the original pentagon is

    [image: images] (see p. 154).

    For the height h = C3G of ΔB5C3G, we have

    

    [image: images]

    

    Then the height of the trapezoid is

    [image: images]

    We have

    [image: images]

    The area of the trapezoid A1B2DE is

    [image: images]

    [image: images]

    The area of ΔB2C3D is

    [image: images]

    

    The area of the strange-looking pentagon A1 B2 C3 DE is

    [image: images]

    [image: images]

    which is three times the original pentagon's area:

    [image: images]

    which we wished to demonstrate.

    Proof for the Height of the Rooflike Cap on a Cube

    [image: images]

    Consider the right ΔAPR with a leg length [image: images] and PR = h’ as well as hypotenuse AR = a. We also have the altitude from R to the surface of the cube forming ΔPQR with sides PQ = x and QR = h as well as hypotenuse PR = h'. The edge of the cube (d) is the diagonal of the pentagon whose side has length a. Therefore, d = [image: images]a. With d – 2x = a, we get

    [image: images]

    By applying the Pythagorean theorem twice, we have PR2 = h'2 = [image: images] which then gives the height

    [image: images]

    Then a second time:

    [image: images]

    whereupon [image: images]

    If the inscribed cube has edge length equal to 1, or d = 1, then we immediately get [image: images] and then [image: images]

    More Trigonometric Relationships

    in Terms of the Golden Section

    

    [image: images]

    

    [image: images]

    [image: images]

    

    [image: images]

    

    [image: images]

    

    [image: images]

    To Show That the Following Are True:

    [image: images]

    and

    [image: images]

    Proof:8

    We begin by using the known relationship:

    [image: images]

    to get

    [image: images]

    If we let δ = 2α and ε = α in the above identity, we get

    [image: images]

    If we now let α = arctan [image: images], we get

    [image: images]

    Since tan (180° – x) = tan (π – x) = – tan x we have

    [image: images]

    [image: images]

    Therefore, we have [image: images] which when we multiply by 2 gives us

    2π – 2 arctan [image: images] = π + 2 arctan [image: images]

    By adding (– π + 2arctan [image: images]) to both sides of the equation, we get

    π = 2 (arctan [image: images] + arctan [image: images]) = 2 · (3 arctan[image: images] – arctan [image: images])

    = 6 arctan [image: images] – 2 arctan [image: images].

    

    FOR CHAPTER 5:

    Curiosity 1

    In an equilateral triangle, ΔABC, each side of length s is partitioned (with the same orientation) into the segments a and b, which are in the golden ratio (fig. A-7). The result is that an inscribed equilateral triangle, ΔDEF, is created with side length c.

    [image: images]

    Here are some of the appearances of [image: images] in this figure:

    [image: images]

    [image: images]

    3. The ratio of the areas of the two equilateral triangles is

    

    [image: images]

    4. The area of each of the three congruent triangles ΔADF, ΔBDE, and ΔCEF is

    [image: images]

    5. The ratio of the areas of the original equilateral triangle to one of the three congruent triangles is

    [image: images]

    6. The ratio of the area of the smaller equilateral triangle to one of the three congruent triangles is

    [image: images]

    

    The Justifications:

    1. We begin by getting the area of ΔABC and ΔDEF:

    [image: images]

    The triangles ADF, BDE, and CEF are congruent (by Side-Angle-Side, SAS).

    Applying the law of cosines to triangle ADF:

    DF2 = C2 = AD2 + AF2 – 2AD · AF · cos 60°

    [image: images]

    

    We partitioned the sides of the original equilateral triangle in the golden ratio. Therefore,

    [image: images]

    It then follows that

    [image: images]

    which gives us

    [image: images]

    [image: images]

    [image: images]

    [image: images]

    [image: images]

    [image: images]

    A check of the above can be made by taking the sum of the areas of the four triangles and showing that it is the area of the original equilateral triangle:

    [image: images]

    Justification for Curiosity 19

    [image: images]

    We are given that the areas of the three shaded triangles (fig. A-8) are equal: [image: images]

    Therefore, [image: images] · b (c + d) = [image: images] · ac = [image: images] · (a + b) d, and b(c + d) = ac = (a + b) d, which leads to bc + bd = ac = ad + bd.

    We then get

    (a + b) : a = c : d

    (c + d) : c = a : b.

    

    It follows that (a + b) : (c + d) = b : d

    as well as bc + bd = ac = ad + bd; thus, bc = ac. That is, a : b = c : d.

    

    For our purposes:

    [image: images]

    Therefore, [image: images]

    Multiplying both sides by cd gives us bc2 = bd (c + d) = bcd + bd2, or bc2 = bcd + bd2, which, when divided by b, yields c2 = cd + d2, or c2 – d2 – cd = 0. Then dividing by d2, we get [image: images] There appears our equation for the golden section. With [image: images], we get x2 – x – 1 = 0, giving us roots:

    [image: images]

    

    As we focus on the positive root, we have

    [image: images]

    Therefore, c : d = a : b = (c + d) : c = (a + b) : a = [image: images] = [image: images] : 1, which shows that P and Q partition AB and BC, respectively, into the golden ratio.

    Construction for Curiosity 23

    [image: images]

    The construction steps are as follows:

    (1) Construct trapezoid ABCD with AD || BC and BC = 3 AD.

    (2) Construct right ΔBCE with CE = AD and [image: images]BCE = 90°.

    (3) Construct the perpendicular bisector of BE at its midpoint F and then mark G so that FG = [image: images].

    (4) Construct a circle with center B and radius BG to intersect BC at point H.

    (5) Finally, construct parallelogram BHJK with point J on CD and point K on AB.

    We then have K partitioning the line segment AB in the golden ratio.

    This can be easily justified, since with AD = b and BC = 3b, we get

    [image: images]

    [image: images]

    Since

    [image: images]

    we have JK = BH = BG as the root mean square between a and b when a = 3b. Thus, AK : BK = [image: images] : 1.

    Proof for Curiosity 24

    [image: images]

    We are given that AB = a, BC = AD = b, and CD = c. From the relationship of the tangents to the same (inscribed) circle, we have a + c = b + b = 2b, or c = 2b – a.

    We let α = [image: images]CAD, β = [image: images]BAC, [image: images] = [image: images]ABC, δ = [image: images]ADC, ε = [image: images]BMoC, and [image: images] = [image: images]CMoE; E is the midpoint of CD = c. From point C, we construct a perpendicular CF to AB. We have CF = EMo = 2ri. Also ri = MiMo, the radius of the inscribed circle. Furthermore, [image: images]BAD + [image: images]ADC = [image: images]ABC + [image: images]BCD = 180°.

    Since [image: images]ACB is inscribed in a semicircle, it is a right angle and β + [image: images] = 90°. We have isosceles ΔAMoC, with AMo = CMo = ro, and [image: images]MoAC = [image: images]ACMo = β. The angles [image: images]CMoE and [image: images]FCMo, as alternate interior angles of the parallel lines, are equal. Therefore, [image: images]CMoE = [image: images]FCMo = [image: images].

    For right ΔACF, therefore, [image: images]FAC + [image: images]ACF = [image: images]FAC + [image: images]ACMo + [image: images]MoCF = 2β + [image: images] = 90°, or [image: images] = 90° – 2β.

    [image: images]

    Let's consider c = 2b – a, and then substitute. c = 2b – a = 2 · 2ro · sin β – 2ro = 2ro · (2sin β – 1). On one side we have c = 2ro · sin [image: images]. On the other hand, we also have 2ro · (2sin β – 1) = 2ro · sin [image: images] = 2ro · sin (90° – 2β)|2ro.

    

    
      
        	2 sin β – 1 = sin(90° – 2β)
        	| subtraction9
      

      
        	= sin 90° · cos 2β – cos 90° ·sin2β
        	
      

      
        	= 1 · cos 2β – 0 · sin2β
        	
      

      
        	= cos 2β
        	| double angle formula for cosine
      

      
        	= cos2β – sin2β
        	| the Pythagorean theorem
      

      
        	= 1 – sin2β – sin2β
        	
      

      
        	= 1 – 2 sin2β
        	| add 2 sin2β – 1
      

      
        	2 sin2β + 2 sinβ – 2 = 0
        	| divide by 2
      

      
        	sin2β + sinβ – 1 = 0.
        	
      

    

    

    Substituting give us x = sinβ and then appears the equation that we are by now quite familiar with, the equation for the golden section: x2 + x – 1 = 0, where the only usable root is x = sinβ = [image: images].

    For ΔACMo: ε = [image: images]BMoC and [image: images]AMoC = [image: images]AMoE + [image: images]CMoE = 90° + [image: images].

    Thus, ε = 90° + (90° – 2β) = 2β or β = [image: images].

    To justify this, consider: sin [image: images] = sin β = [image: images] or β = [image: images] ≈ 38.17°.

    

    [image: images]

    

    thus, ε ≈ 76.35°.

    [image: images] = 90° – 2β ≈ 13.65°.

    From [image: images]BAD = [image: images]ABC = [image: images], we get β + [image: images] = 90°, or [image: images] = 90° – β ≈ 51.83°.

    Since α + β = [image: images], we get [image: images]CAD = α = [image: images] β ≈ 13.65°.

    We have two angles, [image: images]BCD = [image: images]ADC = δ, and we get [image: images] + δ = 180°, or δ = 180° – [image: images] ≈ 128.17°.

    For the trapezoid's sides, b = a · sin β and c = M0F = 2r0· sin [image: images] = a · sin [image: images], thus, b = a [image: images]

    For the radius of the circumscribed circle: [image: images]

    For the radius of the inscribed circle:

    

    [image: images]

    [image: images]

    Explanation for Curiosity 25

    We provide you with an overview of the solution and refer you to a more detailed version at the following website: http://www.mathekalender.de/info/loesungsheft_2009.pdf (see pp. 94–99: December 15, 2009, by Ingmar Lehmann and Elke Warmuth, Humboldt-Universität-Berlin—n.b. points H and F are switched in this reference).

    [image: images]

    We begin by using an auxiliary plane EFGH parallel to the base ABCD. The height of the pyramid, KS, contains the point of intersection of the diagonals of rectangle EFGH. We shall let AD = BC = a, AB = CD = b, and AS = l. Also, KS = h. There exists a value, q, where 0 < q < 1, so that ES = FS = ql, EF = GH = q · a, LS = q · h, and AE = DF = (1 – q)l, KL = (1 – q)h. We then get 4h2 + b2 = 4l2 – a2.

    Pyramid BCDF: Volume = [image: images]

    Pyramid ADFEB: Volume = [image: images]

    When we add these two volumes, we get the lower portion of the figure.

    [image: images]

    Since we want this volume to be half the volume of the full figure, we get the following:

    [image: images]

    This is equivalent to q2 + q – 1 = 0, where the positive root is the now-familiar [image: images]. This establishes that points E and F partition pyramid edges AS and DS into the golden section.

    [image: images]

    [image: images]

    FOR CHAPTER 6:

    Connection between the Divergence Angle

    of the Real Number λ, and the Number

    of Visible Spirals (Contact parastichy)

    The convergents [image: images] are the best rational approximations of λ, that is, all further fractions with a denominator smaller than Qk+1– 1 approximate λ more poorly than [image: images] (Lagrange's theorem)10—see also Rosen.11 In the case of the golden angle, Lagrange's theorem can be proven in an elementary fashion.12

    Suppose we represent the fraction [image: images] as the point (x, y) of the fundamental lattice Z × Z, we then obtain the following geometric interpretation of Felix Klein's (1849–1925)13 development of the continuous fraction. The points with integer coordinates, which lie closer to a straight line (with the slope λ in a restricted band [0, x] × R of the fundamental lattice Z × Z) than the previous points, are then essentially the points with the convergence coordinates (Qk, Pk) (fig. A-12).

    [image: images]

    Because the convergents [image: images] are also the best rational approximations of λ, then λ · Qk ≈ Pk, and the value of the angle αk : = α · Qk – 360° · Pk is smaller than all αn = α · n – 360° · m, with n < Qk+1 – 1. The additional growth Δrn = rn+1 – rn of the radial component [image: images] of the points generated by the Vogel model decreases monotonically. For this reason, an area exists (see below) where the next neighbor of the point X(Qk) is the point X(2Qk), and the point X(Qk + 1) is followed by the point X(2Qk + 1), and so on. In this way, Qk spirals with the same rotational direction are generated as well as the arithmetic progression of the indexes of the points on the spiral.14

    [image: images]
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