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  Afterword


  One of the intriguing aspects of mathematics is the unending relationships that one finds in what, on the surface, would appear to be disconnected branches of the subject. From my early days I was always fascinated with the ubiquity of π. We know from our school days that π is defined to be the ratio of the circumference of a circle to its diameter. Yet π seems to pop up almost everywhere in mathematics—even outside of the field of geometry. This lovely book took you through a very broad spectrum of the history and appearances of π. Implicit in this definition is the assumption that π has the same value for all circles, whether large or small. This property of the circle has been known for so long that it appears now to be all but impossible to give an account of the time, place, and circumstance of its discovery.


  For me the things that stand out most about π are those that have shown the true genius of some of our greatest mathematicians. Specifically, Archimedes (287–212 BCE) and Leonhard Euler (1707–1783) showed some of their greatest brilliance when it came to working with π. Earlier in this book you were exposed to their work. Now, I would like to recap the brilliant insight that these mathematicians exhibited.


  Archimedes’ attempt to determine the value of π was based on his assumption that the circle’s circumference lies between the perimeters of an inscribed and circumscribed regular polygon of the same number of sides, and, as the number of sides increases without limit, these perimeters approach arbitrarily close to the circumference. We start with a circle having unit radius. Hence the circumference is equal to 2π, and the semicircumference is equal to π. We inscribe in this circle an equilateral triangle having semiperimeter b1 and circumscribe an equilateral triangle having semiperimeter a1 (fig. 1).


  [image: bck_fig_001]


  Fig. 1


  A circle with unit radius together with inscribed and circumscribed equilateral triangles


  Clearly b1 and a1 are very crude approximations to π; b1 is less than π and a1 is greater than π, or in symbols


   [image: bck_fig_002]


  To get a better approximation to π, we double the number of sides of the inscribed and circumscribed regular polygons. Thus, we inscribe in the circle a regular hexagon having semiperimeter b2 and circumscribe a regular hexagon having semiperimeter a2 (fig. 2). As before, b2 and a2 are clearly approximations to π, still crude but better than before; b2 is less than π and a2 is greater than π:


   [image: bck_fig_003]


  [image: bck_fig_004]


  Fig. 2


  The circle with unit radius together with inscribed and circumscribed regular hexagons


  Furthermore, as comparison of figures 1 and 2 shows, it is obvious too that


   [image: bck_fig_005]


  We continue in this way, as Archimedes did more than two thousand years ago, doubling the number of sides, called N, in both inscribed and circumscribed regular polygons until we arrive at N = 96 (see fig. 3 for the case that N = 12):


   [image: bck_fig_006]


 [image: bck_fig_007]


  Fig. 3


  A circle with unit together with inscribed and circumscribed dodecagons (12-gons)


  The corresponding semiperimeters b1, b2, ..., b6 of the six inscribed regular polygons and semi perimeters a1, a2, ... , a6 of the six circumscribed regular polygons yield better and better approximations for π, as is already obvious when N = 12 (fig. 3).


  As before


 [image: bck_fig_008]

  
  It is now easily verified that, owing to the successive doubling of the number of sides in the inscribed and circumscribed regular polygons, N is given by the simple formula


   [image: bck_fig_009]


  so that when n = 1, N = 3; when n = 2, N = 6; when n = 3, N = 12; ... ; until finally, when n = 6, N = 96.


  Next, we refer to Archimedes who showed how to calculate the values of an and bn recursively by means of a pair of remarkable formulas:


   [image: bck_fig_010]


  One starts with the values of a1 and b1, readily obtained by elementary geometry:


   [image: bck_fig_011]


  then sets n = 1 in equation (8) to calculate first the value of a2 and then, using equation (9), again with n = 1, to calculate the value of b2. Then, setting n = 2 in equation (8) and using the known values of a2 and b2, one calculates the value of a3. Setting n = 2 in equation (9) and using the values of a3 and b2, now known, one then calculates the value of b3, and so on. Archimedes proceeded in this way to find the values of a1, a2, ..., a6 and b1, b2, ... b6. Although decimal notation was not known to Archimedes, we may use this notation to briefly summarize his result:


   [image: bck_fig_012]


  which yield the value of π correct to two decimal places and, finally,


  [image: bck_fig_013]


  thus arriving at his famous estimate


  [image: bck_fig_014]


  Now Archimedes stopped at this point probably because the calculations were becoming too arduous, but there is no need for us to stop since both the decimal system and hand calculators are now available. After a brief calculation we find, for example,


  [image: bck_fig_015]


  which yield the value of π correct to seven decimal places.


  Of course, with the availability of high-speed automatic computers nowadays, we can go much further. In particular, we can find in a matter of seconds the values of a30, a40, b30, b40, and so on, yielding the value of π correct to some thirty decimal places at least.


  We cannot leave the remarkable formulas in equations (8) and (9) without further comment.


  Notice first that [image: bck_fig_016] as given by equation (8), is the arithmetic mean of [image: bck_fig_017] and [image: bck_fig_018]; its value therefore lies between the values of [image: bck_fig_019] and [image: bck_fig_020]


  Alternatively, an+1 is said to be the harmonic mean of an and bn, and, again, its value lies between the values of an and bn. Hence, since with increasing n, an and bn approach closer and closer to π, an from above and bn from below, we naturally anticipate that an+1 will be closer to π than either an or bn, as the geometric interpretation already suggested.


  In a similar way, bn+1, as given by equation (9), is said to be the geometric mean of an+1 and bn; its value lies between the values of an+1 and bn, and, as before, one naturally anticipates that bn+1 will be closer to π than either an+1 or bn. Comparison of the known value of π = 3.141592653589793238462643383... with the values of an and bn confirms these expectations.


  In this connection one should consult figure 4 and observe that the chord AB is a better approximation to the length of the circular arc [image: bck_fig_021] than the sum of the lengths of AC and BC; in symbols


  [image: bck_fig_022]


  Replacing AC + BC by CC′, we find


  [image: bck_fig_023]


 [image: bck_fig_024]


  Fig. 4


  and infer that


  [image: bck_fig_025]


  or that bn is a better approximator to π than is an, as is already suggested, for example, by equation (12).


  Of course there is nothing sacred about the regular polygons having sides N = 3, 6, 12, 24,.... One could just as well start with the inscribed and circumscribed square, doubling the number of sides in succession, thus leading to the sequence


  [image: bck_fig_026]


  corresponding to


  [image: bck_fig_027]


  respectively, so that


[image: bck_fig_028]

  
  Now denoting by a1 and b1 the semiperimeters of the circumscribed and inscribed squares, respectively, one finds


  [image: bck_fig_029]


  instead of equation (10).


  If one now defines an and bn to be the semiperimeters of the circumscribed and inscribed regular polygons having N = 2n+1 sides, respectively, one can still calculate an and bn using the same recursion formula, equations (8) and (9), as before. Since the starting point, equation (22), is now different from equation (10), we obtain different sequences


  [image: bck_fig_030]


  which however approach closer and closer to π. The reader may wish to carry out this calculation remembering now to start with equation (22) [not equation (10)] and to use the same recursion formulas, equations (8) and (9), as before to calculate an and bn when n > 1.


  It is impossible to leave Archimedes without at least brief mention of two of his greatest achievements, especially since they provide our first illustrations of the ubiquitous nature of π. They are nothing less than his famous formulas expressing the values of the volume and surface area of a sphere in terms of its radius, formulas of which Archimedes himself was, for good reason, particularly proud. If one denotes by V and S the volume and surface area, respectively, of the sphere with radius r, Archimedes found that [image: bck_fig_031] and S=4πr2 which are easy consequences of Archimedes’ analysis of the sphere and the circumscribed cylinder in which he showed that the volume and surface area of the sphere are equal, respectively, to two-thirds of the volume and surface area (including the bases) of the circumscribed cylinder. According to the historian Plutarch, Archimedes himself expressed the wish during his lifetime that there should be placed on his tomb a sphere together with circumscribed cylinder and an inscription giving the ratio between the volumes of these two bodies that he had discovered.


  The subject of infinite series has fascinated mathematicians for centuries. Of particular interest were questions of convergence, and, when convergent, questions concerned with their sums were paramount. It was not until the seventeenth century however that interest in the summation of infinite series became particularly intense, and, largely under the influence of the mathematician Jakob Bernoulli, great progress was made. There was however one particular series the summation of which presented an insuperable obstacle. This series was simply the sum of the reciprocals of the squares of all the integers:


  [image: bck_fig_032]


  a series long known to be convergent, but the sum of which, despite its apparent simplicity, had resisted all attempts at solution. Even Bernoulli, who had succeeded in summing far more complex appearing series than this one, finally had to admit defeat, but not before he had challenged the mathematical community to solve the so-called Basel problem, the summation of the series (24). The difficulty of the problem was such, however, that it was not until 1735, decades after Bernoulli’s death, that the young Leonhard Euler, at the age of twenty-eight, produced the solution:


  [image: bck_fig_033]


  Can anything be more beautiful and unexpected? After all, who would have anticipated that the number π, in view of its definition, should be so intimately related to the integers?


  Euler’s solution was a model of simplicity and clarity. He simply expressed the function [image: bck_fig_034] in two ways, first as an infinite series and, second, as an infinite product.


  Thus


  [image: bck_fig_035]


  Comparing these two expressions yields, after a straightforward analysis, the sum in equation (25). Not only did this argument yield the sum in equation (25) but also a very profound extension that enabled Euler to sum the reciprocals of the fourth powers, the reciprocals of the sixth powers, and so on. Thus


  [image: bck_fig_036]


  [image: bck_fig_037]


  and so on. Equations (25)–(28) naturally cause one to wonder why π, the ratio of the circumference to the diameter of a circle, should be so unexpectedly related to the even powers of the integers.


  Euler’s derivation of equations (25)–(28) naturally raised the question of the summability of the reciprocals of the odd powers of the integers such as, for example,


  [image: bck_fig_038]


  [image: bck_fig_039]


  and so on. Despite the most intense efforts of many mathematicians since Euler’s time to sum these series, none have succeeded. Except for Roger Apéry’s1 interesting result that the series (29) represents an irrational number, virtually nothing is known about the other series in this family.


  It is therefore not only a matter of some surprise but of great interest that the alternating series of the odd powers of the odd integers have yielded their secrets. Thus, for example,


  [image: bck_fig_040]

  [image: bck_fig_041]

  [image: bck_fig_042]


  and so on. Each of these sums is seen to be the product of a rational number and an odd power of π reminiscent of the series (25), (27), and (28), where the even powers of π were involved. It is astonishing to find that π is so simply related in some mysterious way to the integers.


  As you saw in this book, there are many curiosities attached to π, each fascinating in its own way. Consider the following: a number is said to be square-free if none of its divisors other than unity is a perfect square. For example, the number 15 is square-free since its only divisors greater than unity are 3, 5, and 15, none of which is a perfect square. The number 45 on the other hand is not square-free since it is divisible by 9 = 32, a perfect square.


  What is the probability that a number chosen at random be square-free? Would you believe that the answer is [image: bck_fig_043] If you have difficulty accepting this, I would suggest that you put it to the test. Choose one hundred numbers at random and count the number of them, say m, which are square-free. Is the ratio [image: bck_fig_044] approximately equal to 0.6079?


  Better still, count all the numbers less than or equal to 100 that are square-free. Do you get 61? Is not the ratio [image: bck_fig_045] approximately equal to [image: bck_fig_046]


  Alternatively, setting [image: bck_fig_047] one finds


  [image: bck_fig_048]


  not a bad approximation to π, obtained purely experimentally.


   Of course, to choose all numbers less than 100 is not the same thing as choosing one hundred numbers at random. Hence, strictly speaking, further justification is needed to validate this procedure, which is beyond the scope of this afterword.


  If you are not happy with the rather crude approximation to π obtained with a sample of one hundred, you are free to do the same experiment with a larger sample size, say, one thousand numbers. Is this a good way to estimate the value of π?


  Another curiosity, again far afield from the foundation of the concept of π, geometry, is one involving relatively prime numbers. Two numbers are said to be relatively prime if they have no common divisor other than unity. For example, the numbers 10 and 21 are relatively prime since they have no common divisor greater than one. The pair of numbers 15 and 24, on the other hand, are not relatively prime since 3 divides both of them.


  What is the probability that two numbers, p and q, chosen at random be relatively prime? Incredibly, the answer is, once again, [image: bck_fig_049] As in the previous section, this result may be used to estimate the value of π experimentally. Convince yourself!


  These curiosities provide further convincing evidence that the number π occurs frequently, in many diverse contexts. We have seen it appear as the ratio of the circumference of a circle to its diameter (by definition); in formulas that measure the volume and surface area of a sphere; as the sum, in many ways, of infinite series; and, finally, as a measure of probabilities. Can one hope to find more compelling examples that demonstrate the central importance of the number π as well as the interrelatedness of all of mathematics?


  I must admit it was my pleasure to be asked to write this after-word since it again brought me into discussions on mathematics with Dr. Alfred S. Posamentier. Gradually, my enthusiasm for a fresh look at π grew. I revisited Archimedes’ work and this time discovered things I hadn’t seen before—resulting in even greater amazement at this brilliant mathematician. With the supercomputer I was able to dabble into areas not conceivable in my youth. For example, I discovered this absolutely gorgeous gem, which I cannot resist in sharing with the readership:


  [image: bck_fig_050]


  Who knows where this ubiquitous number will come up next? There were even times during my Nobel Prize–winning research2 in crystallography that π would often appear. This delightful book guided you through a clear discussion of what π actually represents, where it appears, how it can be used, its many curious properties, and the history that led us to its known value today. Just as I hadn’t taken a new look at π until I was asked to write this afterword—only to become further enchanted with this incredible number—this book gave you, as well, the opportunity to revisit some elementary mathematics with the entertainment provided by this fascinating number called π. I suspect your amazement grew with each section of the book.


  Dr. Herbert A. Hauptman
April 2004


  Nobel Laureate (Chemistry 1985)
President of the
Hauptman-Woodward Medical Research Institute
Buffalo, New York


  Footnotes

      1. Roger Apéry was a French mathematician (1916–1994).

      2. Dr. Hauptman won the Nobel Prize for Chemistry in 1985, and was lauded as the first mathematician to win a Nobel Prize.







  Appendixes


  Appendix A


  A Three-Dimensional Example of a Rectilinear Equivalent to a Circular Measurement


  When it comes to circle measurements, π always plays an important role. It rarely, if ever, plays a role in the measurement of a rectilinear figure (one comprised of straight lines). Consequently, it is rare that the measurement of a circular figure is exactly equal to that of a rectilinear figure (an exception in the plane can be found on p. 46). We shall now show an example in three dimensions, in which a circular and a rectilinear figure are equal in volume.


  A famous theorem in geometry was developed by the Italian mathematician (Francesco) Bonaventura Cavalieri (1598–1647)1 and is known today as Cavalieri’s principle. It states that “two solid figures are equal in volume if a randomly selected plane cuts both figures in equal areas.” The well-known mathematics historian Howard Eves developed a clever proof that “there exists a tetrahedron which has the same volume as a given sphere,” or, as he says, where the two solids are “Cavalieri congruent.” For this effort, he won the 1992 George Polya Award.2 The beauty of this discovery is the profoundness of the statement and the relative simplicity of the proof—it is a result that, as the award statement says, would have had “geometers of ancient times inscribe it on their tombstones.”


  Let us now look at this clever proof. Notice the unusual role that π plays in the proof.


[image: bck_fig_051]


  Fig. A-1


  We begin with a sphere and two parallel planes, tangent at each of its “north and south” poles. Next we draw two line segments, AB and CD, of length [image: bck_fig_052] in each of the planes, respectively, but in such a way that they are oriented in perpendicular directions and that the line joining their midpoints is a common perpendicular. We now join the endpoints of these two segments to form the tetrahedron ABCD.


  We now pass two more planes parallel to the first two: one through the center of the sphere and one x units above it. The former plane cuts the tetrahedron in a square whose side has length [image: bck_fig_053] The reason for this is that the segment EF is one joining the midpoints of two sides of a triangle and is therefore half the length of the third side. The plane x units above the plane through the center of the sphere and parallel to it will cut the tetrahedron in a rectangle with sides of length u and v (KT and KL).


  The circle on which the noncenter plane cuts the sphere has a radius of [image: bck_fig_054] (Pythagorean theorem), and thus has an area of π(r2 – x2).


  Let’s now look at similar triangles KTC and EGC. Their ratio of similitude is determined by the placement of parallel planes separated at distances r and x.


  That is, [image: bck_fig_055] which equals [image: bck_fig_056]


  [image: bck_fig_057]


  Similarly, the ratio of similitude of triangles AKL and AEF is [image: bck_fig_058]


[image: bck_fig_059]

  
  Multiplying equations (1) and (2) we get


  [image: bck_fig_060] or the area of the rectangle LSTK is

  uv=π(r+x)(r-x)=π(r2-x2), which is the area of the circle.


  Thus the area of circle H and the area of rectangle LSTK are equal. So by Cavalieri’s theorem, the two volumes must be the same.


  Footnotes


  1. A student of Galileo.


   2. Howard Eves, “Two Surprising Theorems on Cavalieri Congruences,“ College Mathematics Journal 22, no. 2 (March 1991): 123–24.


   3. The plane passing through the center of the sphere bisects all the line segments joining points on the two “polar” planes. Therefore, MP = NP.


   





   Appendix B


  Ramanujan’s Work


  In this connection it may be interesting to note the following simple geometrical constructions for π. The first merely gives the ordinary value [image: bck_fig_061] The second gives the value [image: bck_fig_062] mentioned on page 114.


  (1) Let AB (fig. B-1) be a diameter of a circle whose center is O.


  Bisect AO at M and trisect OB at T.


  Draw TP perpendicular to AB and meeting the circumference at P.


  Draw a chord BQ equal to PT and join AQ.


  Draw OS and TR parallel to BQ and meeting AQ at S and R, respectively.


 [image: bck_fig_063]


  Fig. B-1


  Draw a chord AD equal to AS and a tangent AC equal to RS.


  Join BC, BD and CD; cut off BE equal to BM, and draw EX, parallel to CD, meeting BC at X.


  Then the square on BX is very nearly equal to the area of the circle, the error being less than a tenth of an inch when the diameter is 40 miles long.


  (2) Let AB (fig. B-2) be a diameter of a circle whose center is O.


  Bisect the arc [image: bck_fig_064] at C and trisect AO at T.


  Join BC and cut off from it CM and MN equal to AT.


  Join AM and AN and cut off from the latter AP equal to AM.


  Through P draw PQ parallel to MN and meeting AM at Q.


  Join OQ and through T draw TR, parallel to OQ, and meeting AQ at R.


  Draw AS perpendicular to AO and equal to AR, and join OS.


  Then the mean proportional between OS and OB will be very nearly equal to a sixth of the circumference, the error being less than a twelfth of an inch when the diameter is eight thousand miles long.


  [image: bck_fig_065]


  Fig. B-2


  Footnotes


  Originally published as Srinivasa Ramanujan, “Modular Equations and Approximations to π,” Quarterly Journal of Mathematics 45 (1914): 350–72. Reprinted in S. Ramanujan: Collected Papers, ed. G. H. Hardy, P. V. Seshuaigar, and B. M. Wilson (New York: Chelsea, 1962), pp. 22–39.


  


OEBPS/Images/bck_fig_054.png





OEBPS/Images/bck_fig_007.jpg





OEBPS/Images/bck_fig_029.png
a,=4and b, =242 ~2.82842712 @2





OEBPS/Images/bck_fig_037.png
1

1
I+—+—

26

36

1

tEt

~ 045

(28)





OEBPS/Images/bck_fig_062.png





OEBPS/Images/bck_fig_011.png
a,=33~5.196152 and b, = %\/5 ~2.598076 (10)





OEBPS/Images/bck_fig_002.png
b <mn<a,

@





OEBPS/Images/bck_fig_038.png
1

e

1

+
+
+.

23

1
3

(29)





OEBPS/Images/bck_fig_024.jpg
mAB—AB <AC + BC-mAB=CC' —mAB





OEBPS/Images/bck_fig_045.png





OEBPS/Images/bck_fig_036.png
@7





OEBPS/Images/bck_fig_053.png





OEBPS/Images/bck_fig_061.png
355
113





OEBPS/Images/bck_fig_010.png
1 1(1 1]
=—] —+—
o 2\a, b, ®)

wit = NGBy ©)





OEBPS/Images/bck_fig_039.png
(30)





OEBPS/Images/bck_fig_044.png





OEBPS/Images/bck_fig_005.png
n>b,>b andn<a,<a,

3)





OEBPS/Images/bck_fig_060.png





OEBPS/Images/bck_fig_013.png
%4.1403@6 ~3.1410 <7 ~3.14159 <3.1426 ~ q, <3,1429=2—72 12)





OEBPS/Images/bck_fig_026.png
N=4,8,16,32,64, ... (19)





OEBPS/Images/bck_fig_056.png





OEBPS/Images/bck_fig_049.png





OEBPS/Images/bck_fig_006.png
N=3,6,12,24,48,96

“





OEBPS/Images/bck_fig_043.png
U

0.6079?





OEBPS/Images/bck_fig_019.png





OEBPS/Images/bck_fig_065.jpg
<y





OEBPS/Images/bck_fig_030.png
(23)
a,, ay, ay, ... by, by, by,





OEBPS/Images/bck_fig_063.jpg
=
=





OEBPS/Images/bck_fig_042.png
1 1 1 5n°

=2
35 P 1,536 G3)





OEBPS/Images/bck_fig_055.png





OEBPS/Images/frn_fig_001.jpg
A Biography of the World’s
Most Mysterious Number

Alfred S. Posamentier
& Ingmar Lehmann

Afterword by Dr. Herbert A. Hauptman,
Nobel Laureate






OEBPS/Images/bck_fig_012.png
ag = 3.1426 and by = 3.1410, an





OEBPS/Images/bck_fig_025.png
n-b,<a,-n (18)





OEBPS/Images/bck_fig_016.png





OEBPS/Images/bck_fig_041.png
(32)





OEBPS/Images/bck_fig_008.png
b,<mn<a,n=12,..6

n>by>bs> ... b,andn<a;<ag<...<

a

1

)
©6)





OEBPS/Images/bck_fig_015.png
n<a;,=3.14159272 and n > b,y = 3.1415 9262 (14)
n<a,,=3.14159267 and 7> b,, = 3.1415 9265 (15)





OEBPS/Images/bck_fig_058.png





OEBPS/Images/bck_fig_032.png
24





OEBPS/Images/bck_fig_017.png





OEBPS/Images/bck_fig_023.png
mAB-AB < CC'-mAB 17)





OEBPS/Images/bck_fig_001.jpg





OEBPS/Images/bck_fig_014.png
£<n’<2 (13)





OEBPS/Images/bck_fig_057.png
[©))





OEBPS/Images/bck_fig_040.png
1 1 1
I——+———+-
35 17

R

@31





OEBPS/Images/bck_fig_009.png
N=3+2""n=1,2,..,6

(@)





OEBPS/Images/bck_fig_018.png





OEBPS/Images/bck_fig_031.png





OEBPS/Images/bck_fig_048.png
1
n:[ijz ~3.136 (34)
0.61





OEBPS/Images/bck_fig_035.png
(26)





OEBPS/Images/bck_fig_022.png
m;‘x-l\i—AB<AC+BC—m/ﬁ (16)





OEBPS/Images/bck_fig_027.png





OEBPS/Images/bck_fig_052.png
2"\/;





OEBPS/Images/bck_fig_021.png





OEBPS/Images/bck_fig_034.png
sinx





OEBPS/Images/bck_fig_004.png





OEBPS/Images/bck_fig_047.png





OEBPS/Images/bck_fig_028.png
N =2+l
21





OEBPS/Images/bck_fig_050.png
1 1 1 192,659
2

gt ot = gty





OEBPS/Images/bck_fig_064.png
ACB





OEBPS/Images/bck_fig_051.png





OEBPS/Images/bck_fig_033.png
(25)





OEBPS/Images/bck_fig_020.png





OEBPS/Images/bck_fig_046.png





OEBPS/Images/bck_fig_003.png
b,<n<a,

2)





OEBPS/Images/bck_fig_059.png





