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Preface

Natural phenomena that occur in our real world can be categorized into two types: the
deterministic type and the random type. As one of the subjects which are used to carry
out the investigation for the random phenomenon, stochastic processes have attracted
much attention since the beginning of the last century. It is not only important in
scientific studies but also useful in the application areas, such as science, engineering,

military science, economics, science of management, and medicine.

As more and more people have realized the importance of stochastic processes in
our daily lives, stochastic processes have become a fundamental course in many majors
in universities across the world. Tens of thousands of textbooks on stochastic processes
have been published during the last hundred years. Chinese scholars have made great
progress in the field of stochastic processes and have brought forth an important class
of textbooks on stochastic processes with Chinese characteristics intertwined in them.
Such kind of textbooks is particularly suitable for Chinese scholars and has played an

important role in the cultivation of talents in the past.

As there have been developments in science and technology in China, more and
more overseas young students have come to China to complete or expand their aca-
demic education. Textbooks of stochastic processes written in Chinese are not suit-
able for students who do not understand Chinese characters or have an insufficient
understanding of mandarin. In addition, many western textbooks are not suitable for
certain foreign students, either due to their personal field of study, background and/or
environment. Evidence of this was seen when the author began to teach stochastic
processes to these new students from the autumn of 2014 and found that the overseas
students needed a new, more convenient textbook for learning. This made the author

come to the idea of writing such a textbook.

The author has been teaching stochastic processes for undergraduate and grad-

uate students for more than 20 years and has accumulated a wealth of teaching
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experience. The principle of writing this book is to introduce the basic concepts,
methods and practices clearly by using a sufficient amount of examples and/or fig-
ures, which increases the readability of the textbook. The book is written from a
non-measure theory point of view and is suitable for readers majoring in engineering,
economics, management science, operations research, applied mathematics, etc. In
order to save space, the author assumes that readers have the basic knowledge of
advanced mathematics, linear algebra, differential equations, elements of probability,
etc. Based on this idea, the book consists of seven chapters.

Chapter 1 introduces the basis of probability, which includes random events, prob-
abilities, random variables, numerical characteristics and limiting theorems. This is
just a simplified version of the probability theory.

Chapter 2 gives the definition of stochastic processes and introduces some statis-
tical features and properties as well. After this chapter, several important stochastic
processes will be introduced in different chapters in the rest of the book.

Chapter 3 presents the introduction of Poisson processes, which includes defini-
tions and measurements, random sequences of waiting time and interarrival time,
conditional distributions and several extensions as well.

Chapter 4 is on the discrete-time Markov chains. The main content consists of def-
initions, finite-dimensional distributions, properties of a single state, classifications of
state spaces, asymptotic behaviors of transition probabilities, stationary distributions
and reversible Markov chains.

Chapter 5 is a continuous counterpart of Chapter 4. Besides the contents, which
are similar to that in Chapter 4, the main attention is focused on the different parts,
which include @Q-matrixes, Kolmogorov differential equations, asymptotic behaviors
and birth and death processes.

Chapter 6 deals with simple Markovian queueing models, which can be regarded
as a part of stochastic processes or one class of its application. The content includes
terminologies, Little’s law, PASTA property, and some queueing models, such as
M/M/1, M/M/n, MX/M/1 and M/G/1 as well.

Chapter 7 is very important for engineering readers, especially for communication

guys. The main content covers: definitions of strict/weak-sense stationary processes,
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analytic properties of the weak-sense stationary processes, correlation functions and
their spectra, ergodicities and stationary processes passing through a linear time-
invariant system.

This book is suitable for senior undergraduate students, junior graduate students
and related teachers in engineering, economics, management science, operations re-
search and applied mathematics. It is also suitable for scientific workers who are
interested in stochastic processes. Moreover, various parts of chapters can be selected
to be used independently for different objectives. Due to the limitation of time and
the author’s knowledge level, there must exist many improper things in this book.
Any comments and suggestions are warmly welcomed and appreciated!

When the author was a master and a PhD student studying in Beijing Normal
University, his supervisors were Prof. Zikun Wang (Chinese academician of CAS) and
Prof. Zhanbing Li. During his visit to Carleton University in Canada as a postdoc
(Postal doctorial fellow), his supervisors were Prof. Donald A. Dawson (fellow of the
Royal Society) and Prof. Yigiang Q. Zhao. The author thanks his mentors for their
guidance into the field of stochastic processes and its applications and extends warm
thanks for their invaluable guidance in his life. The author thanks many predecessors
and his colleges for their valuable concerns and supports. Thanks are also given to
two master students, Ying Tang in Southeast University and Heidi Gabrielle Pluntke
in Nanjing University of Posts and Telecommunications, for their pre-reading to im-
prove the English level of the current version. During the procedure of publishing the
book, the chief responsible editor Zhongxing Zhang in the Science Press has given a
lot of help. Additionally, the book has been elected as a key textbook for universities
in Jiangsu province and Nanjing University of Posts and Telecommunications as well,
and has received financial support simultaneously. The author would like to take this
opportunity to say thanks to them.

The author gives special thanks to his parents and his family members. The au-
thor was born and grew up in the countryside of Anhui province. His mother never
went to school and his father had finished only the fourth grade of primary school.
From the 1970s to the 1980s in the last century, people lived in a difficult environment

in China. During those hard times, the author’s parents, as peasants, still insisted on
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providing chances for their children to go to school and further their education, which
was an extremely difficult task, but a worthy one. To their delight, after many years
of hard work, the author became to be known amongst his neighbours in the village
as the first person to become a university student. The author wishes to express
deep thanks and appreciation to his parents and family members for their motivation
for continuing to improve his knowledge and providing encouragement in pushing his
career forward. They are the most important people in the author’s life and have had

the most influence on his destiny.

Jiashan Tang
tangjs@ymail.com
25 July, 2018
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Chapter 1

Basis of probability

Main knowledge

1. Probability space.

2. Random variables.

3. Numerical measurements.
4

. Limiting theorems.

1.1 Random events

In our natural world, there are many phenomena, which can be categorized into two
cases. One is certain/deterministic phenomena, in which case, when we do something,
if the condition is satisfied, then the unique result will happen. For example, water
naturally flows downhill. The other is an uncertain/random case, in which, when
we do something, although the condition is satisfied, the outcome still can not be
forecasted.

Let’s consider what the weather will be tomorrow. Although we know that it
might be sunny, cloudy, rainy, etc. we do not know today what exactly the weather
will be tomorrow. Similarly, the stock price tomorrow morning is also uncertain. In
fact, there are many uncertain phenomena around us. In the modern scientific world,
besides the classical mathematics, this phenomena can be analyzed by the disciplines,
such as probability theory, statistics, stochastic processes, stochastic analysis and etc.

Among the subjects mentioned above, probability theory is a prerequisite course
of stochastic processes. Therefore, before meeting the main content of this book
beginning from Chapter 2, we need to revisit the knowledge of probability theory in

the current chapter.
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1.1.1 Random experiments

As a scientific approach, in order to investigate uncertain phenomena, we need to
know the information or data of the phenomenon. There are two methods to collect
those information: observation and experimentation. Apparently, observation is a
passive behavior; how much information we can get only depends on the happening
frequency of the phenomenon. Plenty of information can only be obtained through
active experimentation.

Similar to the experiments implemented in physics and chemistry, we need to
impose some conditions on the experiments in the probability theory.

(1) The experiments (or trials) can be infinitely repeated under the same condi-
tions;

(2) All possible outcomes of the experiments are known at any time;

(3) The outcome of a particular experiment can not be predicted before the im-
plementation.

If an experiment satisfies the above three conditions, then it is called a random

experiment.

Remark 1.1 Condition (1) is a constrain condition which is imposed on all
scientific experiments. For example, we may have had a dream yesterday evening.
However, we can not have the same dream tonight. Therefore, we can not make
dreams a scientific experiment. In fact, all scientific experiments can be repeated by
any person, at any time, as long as the same conditions hold.

Condition (2) implies that the experiment or phenomenon we are considering is
a simple and post-modelling case in some sense. For example, if some outcomes of
the experiment can not be observed or can not be observed clearly, then we can regard
part of the results as a particular outcome of the experiment.

Condition (3) indicates that there are at least two outcomes of a random experi-
ment. Otherwise, if there is only one outcome of an experiment, then the outcome of
the experiment can be forecasted before the implementation. In this case, the experi-
ment is called a deterministic experiment. A random experiment always has two
or more results. Moreover, if a random experiment has exactly two possible outcomes,

then it is called a Bernoullt trial.

Example 1.1  Tossing a fair coin is a random experiment.
If we have a flat table and a fair coin, then we can do the experiment of tossing

the coin. I can do it, and you can do it. Everybody can do it. We can do it today,
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and of course, we can do it tomorrow. The experiment of tossing the coin can be
repeated any times you want. It implies that condition (1) holds.

Before we flip the coin, we know all possible outcomes of the experiment. In this
case, it maybe the head or the tail. Here we omit one case that the coin is cocked up.
It implies that condition (2) holds.

For a particular flipping, the outcome can not be forecasted in advance, which
means that condition (3) holds.

There are many examples of random experiment around us. For example, record-
ing the number of incoming calls of a telephone exchange within one minute; consid-
ering the number of received calls of an ATM switch within one unit time; taking one
from a batch of electronic components and testing its lifetime and etc.

In probability theory, the uncertain phenomena are investigated through the cor-
responding random experiments. All experiments are understood as random experi-

ments in the rest of this chapter.

1.1.2 Random events

For random experiments introduced in the last subsection, we have the following

definitions.

Definition 1.1 Sample point, sample space

For a random experiment, each simple outcome is called a sample point, which
is denoted by w. All sample points form a set, which is called a sample space and
is denoted by 2.

Example 1.2 For the random experiment of tossing a fair coin, we have
two sample points: wy; = H and wy = T, where H means head and T means tail.

Therefore, the sample space is Q = {wy, w2} = {H,T}.

Example 1.3  Consider a random experiment of tossing a fair dice which has
six sides with faces numbered from 1 to 6, respectively. Apparently, we have six
sample points, which are w; =1, ---, wg = 6. Moreover, the sample space is given by
0=1{1,2,---,6}.

Example 1.4  We still consider the random experiment of tossing a fair dice as
in Example 1.3. What we are interested in now is that the outcome for each toss is
odd or even. In this case, “odd” is a simple outcome and “even” is another outcome.

Therefore, the sample space is Q = {odd, even}.
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Examples 1.3 and 1.4 indicate that even for the same random experiment, we may
have different sample spaces, and the reason of which is depending on the facts that
we are interested in. The cardinal numbers of the sample spaces in the above three
examples all are finite. Let’s have a look at examples whose cardinal numbers of the

sample spaces are infinite.

Example 1.5 Let’s consider the number of live fishes swimming in a section
of the Yangtze River, which ranges from Wuhan City to Nanjing City in China.
The worst thing is that there are no fish in this section, which means that 0 is a
possible outcome. Similarly, 1 is also a possible outcome, and 2 is too. In fact, any
non-negative integer number is a possible outcome. Therefore, the sample space is
Q = {0,1,2,---}, which has infinitely many numbers. Realistically, we know that
the number of fishes within the Yangtze River can not be infinite. However, any
non-negative integer can be the number of fishes in that section, which means that

the number of fishes can be, theoretically, arbitrarily large.

Example 1.6  Consider the water storage in a reservoir with the unit being m?.
If there is no water, then the storage is 0, which means that 0 is a possible outcome.
Suppose that the maximum storage of this reservoir is b and this number can not be
reached. It’s easy to see that the sample space can be written as Q = {z|0 < = < b}.

In Example 1.3, we know that the sample space is = {1,2,--- ,6}. In a practical
situation, one person might be interested in the tossing result which is equal to or
less than 3, while another guy is interested in the result which is greater than 2. All
these kinds of results are very important in probability theory and have a particular

name, which is given in the following.

Definition 1.2 Classical random event

Suppose that 2 is a sample space for some random experiment. Any subset of
the sample space, A C (), is called a random event of the sample space. A random
event is always denoted by a capital letter with or without a subscription. The
family of all events is denoted by Z,; = {A4|4 C Q}.

Example 1.7 Consider the sample space Q = {H, T} in Example 1.2. Since that
the empty set is a subset of all sets, @ is a random event. In fact, we totally have four
random events and they are: A1 = @&, Ay = {H}, A3 = {T} and Ay = {H,T}. Fur-
thermore, F,; = {A1, Aa, Az, As}. If the sample space is not complicated as in this
example, then the family of events can also be written as Z,; = {2, {H},{T},Q}.
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Consider tossing a fair dice as in Example 1.3. The sample spaceis Q@ = {1,2,---,6}.
Apparently, both 4; = {3} and As = {1,3,5} are two random events. If in a partic-
ular performance, the outcome of the toss is 3, then we can say that the event, “4;”,
occurred in this toss. Since 3 € A, we can say that the event, “As”, occurred in this
toss, too. Generally, if the outcome of a particular test is w, then we can say that the

event, which includes w as its component, occurred in this test.

Example 1.8  If a sample space has three sample points © = {w1,ws, w3}, then
all random events of this sample space are: Ay = &, Ay = {w1}, As = {w2}, A4 =
{ws}, As = {wa, w3}, As = {wi, w3}, A7 = {w1,wa}, As = {w1,wa,ws}. Moreover,
Fan = { A1, Az, Az, Ay, As, Ag, A7, Ag}.

Generally, for sample spaces with finite cardinal numbers of sample points, we

have the following proposition on the number of random events.

Proposition 1.1 If a sample space has n sample points, Q = {wq, -+ ,wn,},

then the total number of random events for this sample space is 2.

Proof  Since that @ C 2, @ is a random event, which corresponds to the subset
that there is no sample points selected from the sample space. The number of this
kind of subsets is C0 = 1. This is the first case. For those subsets, each of which has
only one sample point selected from the sample space, the total number is C} = n.
This is the second case. The third case is that there are C2 subsets, each of which
has two sample points chosen from the sample space and so on. The last case is that
the subset has all sample points chosen from the sample space, and the number is
C)' = 1. Therefore, the total number of random events for the sample space having
n sample points is

CO4+Ch+- +Cl=(1+1)"=2"

Example 1.9  Let’s toss a dice two times (or toss a pair of dice). In this case,
the simplest outcome reads a pair of numbers like w = (4, 7), which means that i is
the number which appeared in the first toss and j is in the second. Since the value of
icanbe 1, 2, -+, 6 and that of j is the same as that of 7. Therefore, the sample space
is @ ={(1,1),(1,2),---,(1,6),(2,1),--- ,(2,6),--- ,(6,6)}. Consider some random
events for this sample space.

(1) Random event having no sample point: Ay = &;

(2) Random event with the property that at least one number is 6:

Az = {(1,6),(2,6), (3,6), (4,6), (5,6), (6,6), (6,5), (6,4), (6,3), (6,2), (6,1)}.
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(3) Random event that the summation of two numbers is 7:

Az ={(1,6),(2,5),(3,4),(4,3),(5,2), (6,1)}.

1.1.3 Calculation among random events

For any sample space (2, there are many random events. Sometimes, we know some
random events, however, what we are interested in may be another event. Calculation

among events can solve these kinds of problems.

1. Complement of an event

Let A be a random event of a sample space €2, the complement of event A is denoted
by A’ (also by A) and is defined by A’ = Q\ A = {w : w € Q,w € A}. From this
definition, we know that the relationship between event A and its complement A’ can

be depicted in Fig. 1.1 as follows.

Fig. 1.1 Relationship between event A and its complement A’

One may note that a simple conclusion on the computation of complement of event
A is that (A") = A.

2. Intersection of events

Let A and B represent two events, the intersection of these two events consists of
all outcomes that are contained within both events A and B, and is denoted by AN B
(also by AB). The intersection of two events can be depicted as the shadow area in
Fig. 1.2.

Mathematically, we understand that AN B = {w|lw € A and w € B}, which
means that the intersection of events A and B is the set consisting of the sample

points, not only in A, but also in B.
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2

Fig. 1.2 Intersection of events A and B

Example 1.10 Consider Example 1.9 again, and find the intersection of As
and As.

Solution From the definition of the intersection of events and the values of
events A, and Az, we know that

A N Az = {(1,6),(6,1)}.

Let n be a positive integer, and A, As, -+, A, be n events, and then the in-
tersection of these n events is the event which consists of sample points belonging
n

to all n events and is denoted by 41 N A2 N---NA,, or (| A,. It means that

k=1
N A ={wlwe A and --- and w € A,}. The case of n = 3 is as the shadow
r=1

area shown in Fig. 1.3.

Fig. 1.3 Intersection of three events

It’s easy to see that event A and its complement A’ have no common sample
points, and therefore AN A" = @. Generally, if events A and B have no common

sample points, namely, AN B = &, then we call events A and B mutually exclusive

events. See Fig. 1.4.
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Fig. 1.4 Mutually exclusive events

As we know, a random event is a subset of a sample space. Sometimes, we may

have that event A is included in event B, in which case, AN B = A. See Fig.1.5.

Fig. 1.5 Event A is included in event B

We should note that the relationship between two events has three cases, which

are depicted in Fig. 1.4, Fig. 1.2 and Fig. 1.5, respectively.

3. Union of events

Let A and B represent two random events of a sample space, the union of events A
and B is the set consisting of the outcomes that are contained within at least one of

the events of A and B, and is denoted by the notation AU B. See Fig. 1.6 as in the

following.
Similar to the computation of intersection, the union of n events Aj,---, A, is
n
denoted by |J Ay, ={wjwe A1 or we Ay or -+ or weA,}.
k=1

Based on the definition of complement, intersection and union, we have the fol-

lowing properties.
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Fig. 1.6 Union of events A and B
Property 1.1  Let Ay,---, A, be n events of a sample space 2. Then

(1) (A1 NAs)" = A} U Ay,

(2) (Al U Az) All n AIQ,

(3) A U Az) = (A1 N Az) U (A1 N Az);
(4) AQ n Ag) = (Al U AQ) N (A1 U Ag),
(5) A

l
A a) -
1

Proof We just give the proof of (3) and leave the proofs of the rest of the
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properties to readers.

In order to prove the equality of two events, the idea is to prove that the first
event belongs to the second one and the second event belongs to the first one too.
For this sake, take any sample point from the left hand side event of (3), namely,
take w € A3 N (A U A3), then w € Ay and w € Ay U A3 simultaneously. It implies
from w € Ay U Ag that w € Ay or w € A3. Combine the property that w € A;, we
have that w € A; and w € As, or w € Ay and w € A3, and therefore w € Ay N Ay or
w € A; N As, which implies that w € (A; N A2) U (41 N A3). For the arbitrary of w,
we know that A1 N (A2 U As) C (A1 N Ay) U (A N As).

For another direction, take any sample point from the right hand side event of
(3), namely, w € (A3 N Ay) U (A1 N A3), and then w € A; N As or w € Ay N As.
It implies that w € Ay and w € Ay or w € As, which means that w € A; and
w € Ag U As. Therefore, we have that w € A; N (A2 U As). Finally, we have that
(A1NA)U (A1 NA3) C A N(Az U Ag).

Combining the above two facts together, we have the result of (3) in Property 1.1.

4. Calculation of infinitely many of random events

Sometimes, we happen to have infinitely many of random events, say A;, Ag,---
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The intersection and the union of these infinitely many of events can be calculated

similarly.

8

ﬂAH:{WWGz‘h and we Ay and .-},
r=1

UA,Q:{w|w6A1 or weAy or .-}
k=1

Apparently, we have that
o0 o0
AENSUE™
k=1 k=1

We need to pay attention to two special cases. One case is that the sequence of

random events satisfies A; D Ay O A3 DO ---. In this case, we denote it by
oo
Hh_}n;o A, = ﬂ A,..
k=1
Another case is that the sequence satisfies A1 C Ay C A3z C ---. Similarly, it is
denoted by
o0
Hh_}n;@ A, = U A,..
k=1

Based on these two facts, for the general sequence of random events: {A;, A, As,

-+« }, we have the following result

UNacn

n=1k=n n=1k

(@

A, (1.1)

n

Intuitively, the event on the left hand side | J;—; N 2,, A« includes the sample points
which do not belong to finitely many of events, while the event on the right hand side

N>, U=, A, includes the sample points which belong to infinitely many of events.

1.1.4 o-algebras

To investigate a random phenomenon, it is very important to know the possibility of
an event in any experiment, the concept of which will be defined in the next section.
This involves the definition of a random event. For a simple case, like in Definition
1.2, an event is defined as a subset of the sample space. These kinds of random events
can be called classical random events. However, in a more complicated case, this

classical definition may bring some difficulties. The worst case is that the possibility
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of some events can not be well defined. To avoid this, we have a new family of sets

called a g-algebra.

Definition 1.3 o-algebra

Let Q be a sample space, . be a family of sets consisting of parts of all subsets
of the sample space. If this family .# has the following properties:

(1) Qe .7;

(2) If Ae Z, then A' € F;

(3) Take Ax € F, k=1,2,---, then |J72; A, € Z.
Then .7 is called a o-algebra of the sample space €.

For the concept of o-algebras for a sample space €2, we have the following state-
ments.

(1) Define Fgman = {9, Q}, then Fypan is a o-algebra, which includes the smallest
number of elements.

It is easy to verify that Funan is a o-algebra. Note that, condition (1) indicates
that Q € Fgman, while condition (2) implies that @ = Q' € Fgnan.
C Q, then a o-

=
algebra containing the subset A and having the smallest number of elements is

Fp={9,0,A A’}
We refer the readers to prove that %4 is a g-algebra. Naturally, A € .%4. More-

(2) Let A be a true subset of the sample space 2, i.e. A

over, condition (2) implies that A’ € F4.

(3) Using the same notation as above, %, is a o-algebra.

(4) If F, and Z; are two different o-algebras, then .%; N.%5 must be a o-algebra,
while .%1 U.%5 maybe not.

(5) Let G be a family of some subsets of the sample space, then the o-algebra
containing G with the smallest number of elements is always denoted by F#g=0(G)=

N Z'. Tt is called the o-algebra generated by the family G.
Z' is a o-algebra, gc.#/

Particularly, if G = {A}, then .Zg = 0(G) = 0c({A}) = {2,Q, A, A'}.

Statements (1)-(3) show that for one sample space €2, we can have various different
o-algebras. Generally, for any o-algebra %, the notation (2,.%) is often called a
measurable space, which means that the possibility of any element in .% can be
well defined, or can be measured.

After giving the definition of a o-algebra for a sample space €2, we only call the

elements of .# random events. Let A be a subset of the sample space Q, if A € .F,
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then we call A an event. However, if A ¢ %, then we can not call A an event even
if A is a subset of the sample space. That is to say, the unique criteria of judging a
subset is an event or not is that the subset belongs or doesn’t belong to the o-algebra.

Classical random events are a rough concept. It is only correct within a certain
range. The most important thing of giving the definition of o-algebra is that the
barrier problem mentioned above can be avoided. In fact, for one sample space, we

can have various o-algebras. .%,;; is only one special case of those o-algebras.

1.2 Probability

For a random phenomenon, it is very important to know the random events of the
sample space corresponding to the random phenomenon. However, one more impor-
tant thing is to know the possibilities of events in the future. For example, when we
consider the weather for tomorrow, knowing the state, such as sunny, cloudy, rainy, of
tomorrow is important. More importantly, it is to know the possibility of there being
rain tomorrow. In the case of rain, an individual may bring an umbrella for himself.
In probability theory, one may use the probability of the event to indicate this kind

of indexes.

1.2.1 What is probability

Let’s consider the random phenomenon of tossing a fair coin. If we just flip one time,
then we may find that there is no clue about what we can get from this toss. However,
if the coin is flipped more times, then some particular information may appears. In
history, there were several scientists who had done the experiment of tossing fair coins.

Some data are shown in Table 1.1.

Table 1.1 Historical experiment of tossing coin

Experimenters Numbers of tossing Numbers of head upside Frequencies of head upside

De Morgan 4092 2048 0.5005
Buffon 4040 2048 0.5069
Feller 10000 4979 0.4979
Pearson 12000 6019 0.5016
Pearson 24000 12012 0.5005
Romanovsky 80640 39699 0.4923

From this data, we may find that if the number of toss is big enough, then the
frequencies of head (H) upside of these tosses are approximately 0.5. Apparently, if
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the frequency of head upside is 0.5, then that of tail (7) upside is also 0.5. These two
0.5 and 0.5 are the possibilities of the head and the tail in one toss, respectively. We
call them probabilities and denote them by: P(H) = 0.5 and P(T") = 0.5. We should
note that the formula P(H) = 0.5 indicates that there is a possibility of reoccurring
heads in one toss of this particular coin.

If someone chooses another new coin to do the same experiment, then the result
might be different. Say, P(H) = 0.7 and P(T) = 0.3. These 0.7 and 0.3 are also
called probabilities of tossing with this new coin.

Apparently, the probabilities of occurring head, or tail, in one toss corresponding
to different coins may be different. Generally, from mathematical point of view, the
concept of probabilities is to assign a nonnegative value to each event (outcome) with

some properties. The concrete definition is as follows.

Definition 1.4 Probability

Suppose that (£2,.%) is a measurable space. For each A € %, there corresponds
a nonnegative number P(A), moreover, if these values {P(A), A € .7} satisfy that

(1) For any A€ .#,0< P(A) < 1;

(2) P() =1;

(3) For any sequence Ay, Ay --- € Z,if A;NA; = @ fori # j, then P({J. 2, Ax) =
Yoo P(Ay), then P = P(-) is called a probability. P(A) is called the probability

of event A.

Remark 1.2 In the definition of probability, there is a family of events F .
In the classical case in this book (see Definition 1.2), F = Fqy includes all subsets
(events) of the sample space. In a general case, the family of sets, F, is defined as a
o-algebra. Above all, Q) is a sample space, (2, F) is a measurable space and (2, %, P)

is called a probability space.

Remark 1.3 The probability P(-) can be regarded as a mapping from F to
[0,1],
P(): F —[0,1].

One may note that a probability P(-) is a set function, while those functions we have
learned in the classical mathematics, such as advanced mathematics, calculus, algebra,
are point functions. Therefore, results on point functions can not be applied to the

probability. In order to solve this kind of problem, we need to construct a bridge
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between set functions and point functions. Readers will find this part of contents in

the following Section 1.8 entitled random variables.

1.2.2 Properties of probability

Let (2, #, P) be a probability space, statements of properties of probability are as
the following

(1) P(@) = 0.

Consider a sequence of random events A, As,---, and A, = @, k = 1,2,---.
Apparently, A; N A; = @ for i # j and |J._, A, = @. It implies from condition (3)
of the definition of probability that

Due to the fact that P(@) > 0, it implies from the above formula that P(@) = 0.

(2) For any positive integer n, and random events Ay, --- , A, € Z. If A,NA; =@
for any i # j, then P(J_, Ax) = > 1_, P(A,).
For the random events Aq,---, A,, consider events A, 11 = &, A0 =, ---.

Namely, A, 4, = @ for k > 1. In this case, we still have the property that A;NA; = @
for any i # j. Note that P(&) = 0, then we have that

i34)-+(5

=Y P(A)+ > P(A)
r=1 r=n+1
= Z P(An)

(3)If A,Be % and A C B, then P(A) < P(B).

Since that A C B, we have that B = AU (BN A’), moreover AN(BNA")=o. It
means that P(B) = P(AU (BN A")) = P(A) + P(BNA’) > P(A), in which we use
the fact that P(BNA") >0
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(4) For any events A, B € .7, we have that P(AUB) = P(A)+ P(B)— P(ANB).
Note that AUB =AU (BNA)and AN(BNA)=2. B=(ANB)U(BNA')
and (AN B)N (BN A") = @. Therefore,
P(B)=P(AnB)+P(BNA),
P(AUB)=P(AU(BNA))
=P(A)+P(BNA)
=P(A)+ P(B) — P(AN B).

(5) Let A, € Z, Kk =1,2,--- be a sequence of events, and A1 O A,

1

-, then

we have that
P(lim Ay) <ﬂ A ) = lim P(Ay),
which is called the upper-continuous property of probability.

(6) Let A, € Z#, kK =1,2,--- be a sequence of events, and A; C Ay C ---, then

we have that
P(lim Ay) <U A ) = lim P(Ay),
which is called the lower-continuous property of probability.

Remark 1.4 Under the frame of probability space, we should note that only
events (elements) of the o-algebra, say A € F, there is P(A) corresponding to it.
Otherwise, even if A C Q, as long as A ¢ F, we must realize that P(A) does not
make sense. This will bring a peculiar problem. Suppose that B € F and P(B) =0,
and that A C B and A & %. On one hand, according to the property of probability
that 0 < P(A) < P(B) = 0, which results in P(A) = 0. On the other hand, A ¢ F
P(A) does not make sense.

In order to solve this problem, one may extend the set of %, the domain of prob-
ability P(). In fact, for a general probability space (2, %, P), define

F =0(FU{A|JAC B,Be .Z,P(B)=0})
= {A|A C Q,Bl CAC By, By € 32.,32 S y7P(B2\Bl) ZO},
P(A) = P(By), if By C AC By and P(Bs\ By) = 0.
Then, (Q,ﬁz\,lﬁ) is usually called the completion of (2, %, P) with respect to P. If

F = F, then (Q,.%, P) is a complete probability space. For a complete probability

space, peculiar problems mentioed above do not exist anymore.
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1.2.3 Two fundamental probability models

A probability space (€2, %, P) is often regarded as a stage on which we will deal with
all random phenomena. However, a probability space is always an abstract concept.
Fortunately, for some particular cases, it has some simplified forms. We consider two

simplified probability models in this subsection.

1. Classical probability model

Suppose that the cardinal number of the sample space for one random phenomenon
is finite and that all sample points are equally likely to occur. The probability model
set up for this random phenomenon is called a classical probability model. In this
case, the family of all subsets of the sample space is often taken as the o-algebra,

Fall-

Let n be a positive integer and Q = {wy,- -+ ,w, }. From the description mentioned
above, we know that P({w1}) = -+ = P({wn}). Combining with P(Q2) = 1, we have
that 1

P({wr}) =+ = P(fwn}) = .

If we denote the cardinal number of a set D by |D|, then the probability of event
A can be computed as
play A1 _ 1A
no |9
Example 1.11 Toss two fair dice simultaneously and find the probability of

the event that the summation of two tossed numbers is 7.

Solution It is easy to see that the sample space is = {(1,1),(1,2),---,(1,6),
(2,1),---,(6,6)} and |Q2] = 36. Moreover, since two dice are fair, it is the case of a

classical probability model. The event we are considering is
A= {(17 6)7 (27 5)7 N (6, 1)}

Therefore |A| = 6, and we have that
Al 6 1
PA=1-=—=_.
A=10"3 5
2. Geometrical probability model

The finiteness of the number of sample points in the classical probability model limits
its applications. In order to solve this problem, one method is to relax the finiteness
of the number of sample points in the last model and to keep the identical possibility

of each elementary event.
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Let’s consider a random phenomenon, each outcome of which has a one to one
relationship with some point within a bounded region in an Euclidean space of some
dimension d, say d = 2. Therefore, once we proceed an experiment, it is similar to
dropping a point in the region randomly. Moreover, if the possibility of dropping a
point in some subregion is only depending on the area of the subregion and has no
relationship with the shape and the location of the subregion, then the model is called
a geometrical probability model.

See Fig. 1.7, and suppose that B and C are two disjoint subsets of the bounded
domain D. Moreover, we may suppose that P(B) = f(Area(B)), where f(-) is a
function valued in [0,1] and Area(B) is the area of subset B. According to the
properties of probability and the above hypothesses, we have that

f(Area(B) + Area(C)) = f(Area(B U (C))
=P(BUCQC)
= P(B)+ P(C)
= f(Area(B)) + f(Area(C)).

Y

Fig. 1.7 Geometrical probability model

If we suppose that @ = Area(B) and y = Area(C), the arbitrary of subsets B and C'
indicates that f(z +vy) = f(z) + f(y) for any z,y > 0. Furthermore, the monotone
property of probability implies the same property holds for function f(-). It is easy
to see that the structure of function f(-) is a linear function, f(z) = Az, where A is a

positive constant. Therefore, for any subset B C D, we have

P(B) = f(Area(B)) = Mrea(B).
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1
Note that 1 = P(D) = f(Area(D)) = Area(D) indicates that A = Area(D)’ There-
fore, the probability of any subset B of domain D can be computed as
Area(B)
P(B) = ———=.
(B) Area(D)

Example 1.12  Two friends make an appointment that they will meet at the
lobby in the library during the time period from 15:00 to 16:00 tomorrow afternoon
and agree that the first arriving one can leave after 20 minutes of waiting for the other.
Suppose that these two friends came to the lobby randomly during the appointed time
period. Find the probability that these two friends can meet each other during this

designated time.

Solution  We use one minute as the time unit. After regarding 15:00 as 0 and
16:00 as 60, we can construct a coordinate system shown in Fig. 1.8. Suppose that
the time epoch at which one friend arrives is « and that the other friend arrives is y.

Then, the sample space can be written as

D = {(2,9)0 <z < 60,0 <y <60}

>
>

o 20 6

Fig. 1.8 An example of geometrical probability model

We use A to denote the event that the two friends can meet each other. Then

event A can be written as

A ={(z,9)]0 <2z <60,0 <y <60,z —y| <20}
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According to the computation formula, we know that

Area(A)
PA) = —=
(4) Area(D)
6060 — (60 — 20) * (60 — 20)
B 60 * 60
3616
36
_3
=3

Remark 1.5  Symbol “«” used above stands for a multiplication sign. It is also
used for an operator of convolution between two functions in the sequel. Readers may

find the meaning of the symbol according to contents.

1.2.4 Conditional probability and three important formulas

In this subsection, we will discuss conditional probabilities of events and three classical

formulas, which play an important role in probability computation.

1. Conditional probability

The physical meaning of the probability of an event is to measure the possibility of the
event in one experiment. This kind of probability is always called an unconditional
probability. For example, P(A) is referred as the unconditional probability of event
A. Sometimes, before we discuss the probability of some event, say A, we have already
known that some other event had already occurred, say B. This kind of probability
is always called a conditional probability and is denoted by P(A|B).

Definition 1.5 Conditional probability

Suppose that B € % is an event and P(B) > 0. For any event A € .Z, the
conditional probability of A given event B is defined as

P(ANB)

P(AIB) = 55

(1.2)

Remark 1.6  In the procedure of discussing conditional probabilities, note that
we have already known that event B occurred, and we can regard event B as a new
sample space Q' = B (Fig. 1.9).

Using the idea similar to the geometrical probability model, to compute the condi-

tional probability of A given B is to compute the probability of AN B under the new
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sample space Q' = B. Therefore,

Area(AN B)
Area(B)
_ Area(AN B)/Area(Q)
Area(B)/Area(Q)
_ P(ANB)
- P(B)

P(A|B) =

A 2

Fig. 1.9 Figure for conditional probability

2. Multiplication formula for probabilities

From Definition 1.5, we know that for two events A and B, if P(B) > 0, then by
multiplying both sides of equation (1.2) by P(B), we have that

P(AB) = P(B)P(A|B).

This equality also holds for the case that P(B) = 0. In fact, if P(B) = 0, then the
right hand side is 0, while the complete probability space indicates that the left hand
side is also 0. Symmetric property indicates that P(AB) = P(A)P(B|A). Tt is called
a multiplication formula for probabilities of two events. For the case of multiple
events, if n > 2 and Ay, Az, -+, A, € %, we have that

P(A1As - Ay) = P(A1)P(As| A1) P(A3| A1 Ag) - P(A|A1As -+ A1), (1.3)

Example 1.13 (Example 1 on page 24 in Ref. [1]) Consider a family with two
children. We ask for the probability that both children are boys, assuming that

(a) The older child is a boy;

(b) At least one of the children is a boy.

Solution  The sample space is

Q= {BB, BG,GB,GG},
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where BG means that the older child is a boy and the younger is a girl, etc.
Suppose that all sample points are equally probable:
1
=1
Let C be the event that the older child is a boy, and D that the younger child
is a boy. Then C'U D is the event that at least one child is a boy, and CD is the
event that both children are boys. In question (a) we want to find the conditional
probability P(C'D|C'), and in (b), the conditional probability P(CD|C U D).

It is easy to see that

P(BB) = P(BG) = P(GB) = P(GG)

P(CD) 1 /1 1
P<CDC>—W—1/§—§’
P(CD) 1 /3 1
P(CD|CUD)= -2~ [2_
(CDICUD) = 550D 4/4 3
3. Formula for total probability
Consider a complete set of disjoint events D = {Ay,---, A,} C ., which means that:
(i) 4iNAj =@ for 1 <i#j<n; (i) U'_; Ax = Q. For any event B € .Z, we have

that

P(B)=P(BA; + ---+ BA,)
(BA1) + -+ P(BA,)
(

ADP(BIA) + -+ P(A,)P(BIA,)

=3 P(A)P(B|A,). (L4)

k=1

It is called the formula for total probability.

Example 1.14 (Example 2 on page 26 of Ref. [1]) An box contains M balls,
m of which are “lucky”. We ask for the probability that the second ball drawn is
lucky (assuming that the result of the first draw is unknown, that a sample of size 2

is drawn without replacement, and that all outcomes are equally probable).

Solution  Let A be the event that the first ball is lucky, B the event that the
second ball is lucky. Then the conditional probability indicates that

m(m — 1)

e T
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m(M —m
P(AB) M(M —1) m
PBIA) =Dy = ar—m =1
M

It implies from the formula for the total probability that

P(B) = P(A)P(B|A) + P(A)P(B|A)
- m m—-1 M-m m _m
M OM-1T M T M—-1" M

It’s easy to see that P(B) = P(A) = %, which means that if the result of the
first ball is unknown, it does not affect the probability that the second ball is lucky.
In other words, whether a drawn ball is lucky or not does not depend on the drawing

order. This is the reason why drawing lots is often applied to our daily lives.

4. Bayes’s formula

Let D ={A,---,A,} be a complete set of disjoint events as in the former paragraph
and B € .%. Then the Bayes’s formula is as the following, for 1 < i < n,
P(A;B)
P(A;|B)=——+—+

_ P(Ai) P(B|Ai)
 P(A1)P(B|A1) + -+ + P(An)P(B|Ay)”

(1.5)

In the application area, P(4;) is often regarded as a priori probability of A;, while
P(A4;|B) is called a posteriori probability of A; after the occurrence of event B,
1<i<n.

Example 1.15 (Example 3 on page 27 of Ref. [1]) Let a box contain two coins:
1
Ay, a fair coin with probability 3 of falling H; and Az, a biased coin with probability

1
3 of falling H. A coin is drawn at random and tossed. Suppose that it falls head.
We ask for the probability that the fair coin was selected.

Solution  We use A; to indicate that a fair coin is selected and A, to indicate
that the biased coin is selected. H and T indicate that head and Tail fall respectively.
This is represented as

P(A) = P(43) = .
and
P(H|A) =5, P(H|A) = 5.
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Multiplication formula indicates that

P(ALH) = P(A)P(HIA) = 3, PAIT) = 1,

P(AH) = —, P(AgT):%.

| =

Then, Bayes’s formula implies that

P(A)P(H|A,) 3
P(A|H) = P(A1)P(H|Ai) +P(A2)P(H|A2) I

and therefore

P(As|H) =1 — P(A|H) = g

Since, P(A1|H) = = P(A3|H), we always believe that the fair coin is selected.

o] w
(SR )

1.2.5 Independence of events

From the previous subsection, we know that for any two events, A, B € %, uncon-
ditional probability P(A) is a priori probability and conditional probability P(A|B),
provided P(B) > 0, is a posteriori probability. Generally, P(A) is not necessarily
equal to P(A|B). However, if P(A) = P(A|B), then we say that event A is indepen-
dent of event B. It is easy to see that event A being independent of event B means
that whether event B occurred or not has no effect on the probability of event A.

Applying the multiplication formula we know that event A being independent of
event B means that

P(AB) = P(A)P(B).

Suppose that P(A) > 0, then event B is independent of A if P(B) = P(B|A). Similar
arguments indicate that P(AB) = P(A)P(B). This formula also holds for the case
that P(B) =0 or P(A) = 0. Above all, we have the following definition.

Definition 1.6 Independence or statistically independence of two events

Let A, B € Z, events A and B are called independent or statistically inde-
pendent (with respect to the probability P) if

P(AB) = P(A)P(B). (1.6)

The concept of independence of two events can be extended to multiple events.



