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    1. Introduction


    The effect of variable loading on materials causing mechanical fatigue is one of the main reasons of failure. The usual technics to estimate fatigue damage are based on signals of strain or stress (KERR et al., [s.d.]) in time domain, followed by a cycle counting and damage estimation. The study in the frequency domain, often called Spectral Fatigue, is a procedure to calculate fatigue damage and life for random vibrations, which are complicated to be analyzed within the time domain, through usual Rainflow.


    The Rainflow cycle counting was introduced in 1968 by Matsuishi and Endo (MATSUISHI; ENDO, 1968)


    This counting procedure is still used nowadays but it can be dispendious for long time signals because the whole set of data, during the whole test, must be used to compute the damage generated in the material due to the loading. Most of real mechanic behaviors are non-stationary random processes. Nevertheless, as the signal varies slowly or almost constantly, in the majority of cases, the load is considered stationary for any time sample. To analyze the fatigue life and damage, the loading must be considered random, stationary and Gaussian.(BISHOP; SHERRATT, 1989)


    The Spectral analysis is carried out in the frequency domain. For this reason, it’s possible to calculate the damage through statistic properties of the Power Spectral Distribution (PSD) of the time signal. These properties are equal for the whole signal as well for smaller samples, due to the ergodic feature of the signal. (NEWLAND; NEWLAND; NEWLAND, 1993)


    The Fatigue damage is calculated by the Palmgren-Miner accumulation rule where the number of occurrences is taken from the Power Distribution Function (PDF) of the PSD moments. There are several technics to evaluate the probabilities from the PSD, such as Rayleigh, Dirlik (DIRLIK T., 1985) and Benasciutti-Tovo (TOVO, 2002)


    Nonetheless, this method does not include the effects of the mean stress, because the PSD is computed from the Fast Fourier Transform (FFT) of the strain signal in time and a non-zero mean value generates a constant value in the zero frequency. Thus, only the levels of amplitude are considered, (MRŠNIK; SLAVIČ; BOLTEŽAR, 2013)


    The mean values are ignored, and they are not considered when calculating the damage.


    The negative effect in fatigue for metals when loaded with a tractive mean stress is well discussed. Ignoring the values of mean stress can underestimate the level of damage accumulated and overestimate the life under fatigue. So, it is necessary to correct the amplitude values using existent correction factors. (NIESŁONY; BÖHM, 2015)


    In time domain, during the damage accumulation, there are some mean stress equations that calculate an all-reversed alternate stress, an alternate stress calculated in the particular case of zero mean stress through a Mean Stress Equation and it represents the alternate stress taking the non-zero mean value into account. As the mean value is disregarded from the signal during the PSD generation, the mean effects can’t be estimated in the damage calculation the using those equations.


    In this paper, a different approach for this issue is demonstrated. First, a random, stationary and gaussian stress signal with a non-zero mean stress is imputed and the damage is accumulated by the means of Rainflow cycle counting, as a reference value since this is a well-established and world-wide used method for fatigue damage and life estimation. Afterwards, the global mean value is removed from the imputed signal and then, the processes of spectral fatigue are put in practice, aiming at comparing the results of fatigue damage calculated by these methods against the reference values calculated in time domain.


    The mean stress correction factors proposed by Goodman, Morrow and Walker are used to increase the amplitude signal in both domains. The Walker correction factor is used to represent the Smith-Watson-Topper factor. The calculated damage for the time-based analysis is compared to the frequency-based studies with and without mean stress and with and without the mean stress correction in the next sections.


    1.1 Motivation


    The spectral fatigue analysis is relatively little researched up to this moment, with some specific studies in welding and offshore structures. This study is applied to general fatigue for uniaxial stress state with a non-zero mean stress, which is also little approached in studies in Brazil and around the world.


    1.2 Objectives


    The main goal of this paper is to present a faster and yet reliable way to consider mean stress effects in fatigue while analyzing the fatigue damage within frequency domain. And, to demonstrate that ignoring those effects can induce errors in fatigue damage and life estimation.

  


  
    2. Theoretical Fundamentals


    This chapter introduces some of the theory concepts that will be presented in the methodology.


    2.1 Cyclic Loading


    Most of the mechanical components are submitted to external cyclic loadings between maximum and minimum levels. This cyclic aspect can be described in stress and strain values. To illustrate the equations involved in measuring cycle loading, the quantities are shown in stress levels and this is called a constant amplitude stressing, as shown in Fig. 1. The same equations and graphics can be expressed in levels of strain as well.


    
      [image: ]
    


    Figure 1- Constant amplitude cycling and the mean stress associated with each loading. (a) with a zero mean stress and (b) with a nonzero positive mean stress. (DOWLING, 2013)


    The stress range is defined as the difference between the maximum and the minimum values, as represented by Eq. 1.
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    The average stress can be determined by averaging the minimum and maximum levels. Figure 1 (a) shows a zero mean and it’s characterized by having the same levels of maximum and minimum stresses. Often, this condition is not found in real structures and machines and the levels of stress feature a nonzero mean stress, as represented by Fig. 1 (b). The mean stress can be obtained by Eq. 2. (DOWLING, 2013)
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    The alternate stress is defined in this paper as the amplitude of stress, in other words, the variation of the mean, as shown in Eq. 3.
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    2.2 Fatigue of Materials


    If a component or machine is subjected to a sufficiently severe cyclic stress, a fatigue crack or other fatigue damage will develop and grow, leading to a fatigue failure of the material. A way to represent a fatigue test is plotting the stress level and the number of cycles a specimen test will take to failure. This approach is called the Stress versus Life, or the S-N curve. (DOWLING, 2013)
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    Figure 2 – S-N curve for an A517 Steel


    The levels of stress amplitude are plotted against the experimental data of fatigue life (in numbers of partial cycles until failure). The data can be fitted into a straight line on a log-log plot, that creates the Eq. 4.
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    The coefficients [image: ] and [image: ] are fitting parameters and [image: ] is the fatigue life. The Eq. 4 can be rewritten in the following form, considering full cycles.


    
      [image: ] (5)
    


    Where [image: ] in Eq. 5 is the fatigue strength coefficient and [image: ] is the fatigue exponent. These material properties are obtained from various tests at different levels of alternating stresses, using unnotched specimens with a zero mean stress level. In these cases, the test is called all reversed alternating stress, indicated by the symbol [image: ]. (DOWLING, 2013)


    2.3 Mean Stress Correction


    As the fatigue data are usually taken from zero mean stress tests, it is important to discuss the effect that those mean values generate in the structure. Some tests are carried out with different levels of mean stresses and alternating stresses and the life is plotted on life constant curves. These are the constant-life diagrams and they show the effect of mean stresses in a single curve.


    This diagram in Fig. 3 yields to the conclusion that higher mean stresses lessen the alternating stresses in order to keep the life constant. This effect is negative for the material properties and its discussed in many papers in this area.


    Dowling, (2013) features some procedures to consider the effect of mean stresses within the all reversed alternating stress. These curves are equations for the test data when its plotted on a normalized amplitude stress versus mean stress diagram, shown in Fig. 4
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    Figure 3 – Constant-life diagram for unnotched Aluminum 7075-T6 with different mean stress levels. For [image: ]. Each line represents a certain level of life. (DOWLING, 2013)
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    Figure 4 – Normalized amplitude stress versus mean stress diagram for the aluminum 7075 T6 from Fig. 3. Each line represents a relationship between all reversed alternating stress and mean stress (DOWLING, 2013)


    A straight line connecting the point that represents a zero-mean stress ([image: ]) and the value of stress ultimate strength [image: ] is often used to fit the data. Hence, this line is generally conservative for positive mean-stresses and tend to represent overestimated life. This relationship was introduced by (SMITH, 1942) and it’s called the modified Goodman line and the equation follows as Eq. 6
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    Additional equations have been proposed to fit the data results. Morrow (MORROW, J., 1968) introduced an agreement for ductile materials where the ultimate strength can be replaced by the corrected fracture strength [image: ] or the fatigue strength coefficient [image: ] from the fatigue test. Both equations are shown as Eq. 7 and Eq. 8, respectively.
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    These two coefficients are approximately equal for steel and are higher than [image: ], which creates a better agreement fitting the data shown in Fig. 4. The approximation presented in Eq. 8 is not reasonable for aluminum alloys where the coefficients [image: ] and [image: ] differ a lot and the best fitting is obtained using the Eq. 7. As [image: ] is more difficult to be found and needs a separated stress test, another relationship was presented by Smith, Watson and Topper (SWT) (SMITH, K. N.; WATSON, P.; TOPPER, T. H., 1970) that does not rely on material properties, therefore can be used for any materials. SWT equation is represented by Eq. 9.
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    This relationship is a special case of the Walker equation (WALKER, 1970), that follows as Eq. 10 and introduces a material property [image: ]. SWT can be achieved when this coefficient is 0.5.
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    All those equations can be represented as a constant that multiplies and amplifies the alternating stress to obtain the related all reversed stress. These constant factors are shown ahead as Eq. 11, Eq. 12, Eq. 13 and Eq. 14 for Modified Goodman, both Morrow equations and Walker respectively
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    2.4 Rainflow Cycle Counting


    As shown in section 2.1, the loadings are described in terms of their alternating and mean stresses. However, several mechanical components are submitted to cyclic variable loading. Because of this, it’s necessary to count each cycle and its properties (mean and range) separately. The goal is to reduce the complicated stress histories in time domain in a simpler way of analyzing the loading under the fatigue’s perspective. (BISHOP; SHERRATT, 1989)


    A well-known method for cycle counting is the Rainflow, introduced by (MATSUISHI; ENDO, 1968), consists of the counting of full and half cycles of stress in time. It’s an analogy of the “rain drops falling from a pagoda roof”. The procedure to count the cycles is presented ahead. (LEE; BARKEY; KANG, 2012)


    Rotate the loading history 90°such that the time axis is vertically downward, and the load time history resembles a pagoda roof. Imagine a flow of rain starting at each successive extremum point. Define a loading reversal (half-cycle) by allowing each rainflow to continue to drip down these roofs until it either falls opposite a larger maximum (or smaller minimum) point, it meets a previous flow falling from above or it falls below the roof. Then, identify each hysteresis loop (cycle) by pairing up the same counted reversals. Figure 5 shows the procedure in picture. (LEE; BARKEY; KANG, 2012)


    
      [image: ]
    


    Figure 5 – Illustration of the Rainflow technique. (a) Represents a stress (or strain) time history and (b) shows the rotated time history with the rain drops falling from the roof. Adapted from (LEE; BARKEY; KANG, 2012)


    2.5 Palmgren-Miner Rule


    After each cycle counted using the method proposed in section 2.4, the fatigue damage can be accumulated in each cycle using the Palmgren-Miner Rule. Each cycle features a different value of stress amplitude [image: ] and mean stresses [image: ]. The index i represents each cycle counted. Hence, each cycle has a related fatigue damage and fatigue life. The Palmgren-Miner Rule (PALMGREN, 1924), (MINER, M. A., 1945) assumes that the fraction of damage generated by each cycle is linearly proportional to the ration of number of counted cycles with a certain level of [image: ] and [image: ] and the estimated fatigue life for this combination of stresses. To accumulate the total damage generated, the summation of all fractions is made. Equation 15 shows this relationship. (DOWLING, 2013)
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    Where D is the total damage, [image: ] is the number of cycles and [image: ] is the associated fatigue life, calculated by Eq. 5. It’s used any of the Eq. 11 to 14 to take the mean stress effect into account. When the value reaches 1, the fatigue failure takes place.


    2.6 Spectral Fatigue


    Most of the loadings found in nature present a random behavior and the spectral fatigue method is an alternative for the traditional fatigue analyses when the study is carried out on a larger time history of a random vibration. In this alternative route, the study is taken by first transforming the time history into the frequency domain and then calculate fatigue parameters within statistic field. (BISHOP; SHERRATT, 1989)


    Beyond that, the spectral fatigue presents a smaller computational cost, because instead of counting the cycles in the full-time history, the statistic properties can be defined from smaller samples of the random signal.


    2.7 Random Loading


    According to Lee, Barkey, and Kang (2012), when the system’s behavior or excitation [image: ] is unpredictable, the vibration system is considered a random vibration system due to the fact that is impossible to determine the exact value of [image: ] and it can only be described through its statistic properties.


    This thesis aims at showing that it is possible to study the probabilistic parameters of a stress signal that will characterize it as well as determine fatigue parameters.


    Considering [image: ] as the system response and [image: ] as the total time, the mean value [image: ], also known as expected value of X, [image: ] describes the tendency of the random process and it’s defined as Eq. 16.
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    The mean-square value of [image: ] is the average value of [image: ], given by Eq. 17.
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    The variance [image: ] of the process is the dispersion of the data from the mean value. It can be determined as Eq. 18.
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    And the standard deviation from mean value is the [image: ]. Often, the mean value of a random process is zero, or it’s meant to be zero. In this case, the variance equals the mean square value. The root mean square [image: ] of the random process is defied by Eq. 19.
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    2.7.1. Stationary Random Loading


    A stationary random process is the one where the statistical properties measured across a set of records (or ensemble) at a particular set of time, [image: ], are identical with other properties measured across any other time [image: ]. (BISHOP; SHERRATT, 1989)


    Considering a set of sample time histories, the ensemble X(t) is shown in Fig. 6. The statistical properties of the ensemble can be computed for any time instant and they remain the same for any time period.
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    Figure 6 – Ensemble of a random process. (BISHOP; SHERRATT, 1989)


    2.7.2. Ergodic Stationary Random Loading


    A stationary random loading is called ergodic if the statistical properties along any single sample time history are the same as the properties taken across the ensemble. So, every sample from time history represents the ensemble. For a process to be ergodic, it has to be stationary. The opposite is not true. (LEE; BARKEY; KANG, 2012)


    2.7.3. Gaussian distribution


    Normal or Gaussian distributions are often used in engineering because of the central limit theorem. This states that, in general, any


    

    2.8 Power Spectral Density
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    2.9 Wide Band and Narrow Band Processes


    

    

    
      [image: Uma imagem contendo textoDescrição gerada automaticamente]
    


    

    

    
      [image: ]
    


    

    2.10 Moments of the PSD
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    2.11 Fatigue Analysis Within Frequency Domain
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    2.11.1. The Rayleigh Method
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    2.11.2. Tovo-Benasciutti Method
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    2.11.3. Dirlik Method
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    2.12 Global Mean Stress Value
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