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Mathematics is not only a beautiful and exciting subject in its own right, but also one that underpins 




many other branches of learning. It is consequently fundamental to our national well-being. 




This book covers the compulsory core content of Advanced Level Further Mathematics study, following 




on from the Year 1/AS Further Mathematics 

book. The 

optional applied content is covered in the 




Mechanics and Statistics books, and the remaining options in the Modelling with Algorithms, Numerical 




Methods, Further Pure Maths with Technology and Extra Pure Maths books. 




Between 2014 and 2016 A Level Mathematics and Further Mathematics were very substantially revised, 




for first teaching in 2017. Major changes included increased emphasis on: 




■ 




Problem solving 




■ 




Mathematical proof 




■ 




Use of ICT 




■ 




Modelling 




■ 




Working with large data sets in statistics. 




This book embraces these ideas. A large number of exercise questions involve elements of problem 




solving. The 

ideas of 

mathematical proof

, rigorous logical argument and mathematical modelling are 




also included in suitable exercise questions throughout the book. 




The use of 

technology

, including graphing software, spreadsheets and high specification calculators, 




is encouraged wherever possible, for example in the Activities used to introduce some of the topics. In 




particular, readers are expected to have access to a calculator which handles matrices up to order 3 

× 

3. 




Places where ICT can be used are highlighted by a   

T 

icon. Margin boxes highlight situations where 




the use of technology – such as graphical calculators or graphing software – can be used to further 




explore a particular topic. 




Throughout the book the emphasis is on understanding and interpretation rather than mere routine 




calculations, but the various exercises do nonetheless provide plenty of scope for practising basic 




techniques. The 

exercise questions are split into three bands. Band 1 questions are designed to reinforce 




basic understanding; Band 2 questions are broadly typical of what might be expected in an examination, 




but you should refer to the OCR SAMs and practice papers; Band 3 questions explore around the topic 




and some of them are rather more demanding. In addition, extensive online support, including further 




questions, is available by subscription to MEI’s Integral website, integralmaths.org. 




In addition to the exercise questions, there are three sets of Practice questions, covering groups 




of chapters. These 

include identified questions requiring 

problem solving 

    PS 

 , 




mathematical proof 

MP 

, 

use of ICT 

  

T 

and 

modelling 

M 

. 




This book is written on the assumption that readers are studying or have studied A Level Mathematics. 




It can be studied alongside the Year 2/A Level Mathematics book, or after studying A Level Mathematics. 




There are also places where an understanding of the topics depends on knowledge from earlier in the 




book or in the Year 1/AS Mathematics book, the Year 2 Mathematics book or the Year 1/AS Further 




Mathematics book, and this is flagged up in the Prior knowledge boxes (as well as in specific review 




sections – as explained in the paragraph 

below). This 

should be seen as an invitation to those who 




have problems with the particular topic to revisit it. At the end of each chapter there is a list of key 




points covered as well as a summary of the new knowledge (learning outcomes) that readers should 




have gained. 
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Getting the most from this book 




This book follows on from 

MEI A Level Further Mathematics 

forYear 

1 (AS) 

and most readers will be familiar 




with the material covered in it. However, there may be occasions when they want to check on topics in the 




earlier book: we have therefore included three short Review chapters to provide a condensed summary of 




the work that was covered in the earlier book, including one or more exercises. In addition there are three 




chapters that begin with a Review section and exercise, and then go on to new work based on it. Confident 




readers may choose to miss out the Review material, and only refer to these parts of the book when they 




are uncertain about particular topics. Others, however, will find it helpful to work through some or all of the 




Review material to consolidate their understanding of the first year work. 




Two common features of the book are Activities and Discussion 

points. These 

serve rather different purposes. 




The Activities are designed to help readers get into the thought processes of the new work that they are 




about to meet; having done an Activity, what follows will seem much 

easier. The 

Discussion points invite 




readers to talk about particular points with their fellow students and their teacher and so enhance their 




understanding. Another feature is a Caution icon     , highlighting points where it is easy to go wrong. 




Answers to all exercise questions and practice questions are provided at the back of the book, and also online 




at www.hoddereducation.co.uk/MEIFurtherMathsYear2 




This is a 4th edition MEI textbook so much of the material is well tried and tested. However, as a 




consequence of the changes to A Level requirements in further mathematics, large parts of the book are 




either new material or have been very substantially rewritten. 




Catherine Berry 




Roger Porkess 
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Prior knowledge 




This book follows on from 

MEI A Level Further Mathematics Year 1 (AS). 

It is designed so that it can be 




studied alongside 

MEI A level Mathematics Year 2. 

Knowledge of the work in 

MEI A Level Mathematics 




Year 1 (AS) 

is assumed. 




■ 




Chapter 

1: Vectors 

1 

reviews and develops the work in Chapter 7 of 

MEI A Level Further 




Mathematics Year 1. 




■ 




Review: Matrices and transformations 

reviews the work covered in Chapter 1 of 

MEI A Level 




Further Mathematics Year 1. 




■ 




Chapter 2: Matrices 

reviews and builds on the work in Chapter 6 of 

MEI A Level Further 




Mathematics Year 1. 




■ 




Chapter 3: Series and induction 

reviews and develops the work introduced in Chapter 4 of 

MEI 




A Level Further 

MathematicsYear 

1. 

It requires knowledge of partial fractions which is covered in 




chapter 7 of 

A Level Mathematics Year 2 




■ 




Chapter 4: Further calculus assumes 

knowledge of the calculus from 

MEI A Level Mathematics 




Year 1 

(chapter 10 and 

11). You 

also need to be able to differentiate and integrate exponential 




functions, the function 

x 




1 

and related functions, and trigonometric functions (covered in chapter 9 




and 10 of 

MEI A Level Mathematics Year 

2). You 

need to be able to differentiate a function implicitly 




(chapter 9 of 

MEI A Level Mathematics Year 

2). You 

should also be familiar with the inverse 




trigonometric functions (covered in Chapter 6 of 

MEI A Level Mathematics Year 

2). You 

also need to 




have covered the work on partial fractions in Chapter 7 of 

A Level Mathematics Year 2. 




■ 




Chapter 5: Polar coordinates 

assume knowledge of radians (covered in Chapter 2 of 

MEI A Level 




Mathematics Year 

2). You 

will need to be familiar with the reciprocal trigonometric functions sec and 




cosec (introduced in Chapter 6 of 

MEI A Level Mathematics Year 2), 

and the double angle formulae 




(introduced in Chapter 8 of 

MEI A Level Mathematics Year 

2). You 

also need to be confident in 




integration (covered in Chapter 11 of 

MEI A Level Mathematics Year 1) 

and know how to integrate 




simple trigonometric functions (chapter 10 of 

MEI A Level Mathematics Year 2). 




■ 




Chapter 6: Maclaurin series 

uses differentiation of simple exponential, logarithmic and 




trigonometric functions, covered in Chapter 9 of 

MEI A Level Mathematics Year 2. 




■ 




Review: Complex numbers 

reviews the work in chapter 1 and 5 of 

MEI A Level Further 




MathematicsYear 

1. 




■ 




Chapter 7: Hyperbolic functions 

uses the ideas of the domain and range of a function, and an 




inverse function, covered in Chapter 4 of 

MEI A Level Mathematics Year 2. 

It uses similar techniques 




to those covered in 

chapter 4 

of this book. 




■ 




Chapter 8: Applications of integration 

uses all the calculus techniques covered in 

MEI A Level 




Mathematics Year 1 

and 

MEI A Level Mathematics Year 2, 

and in 

chapter 4 and 7 

of this book. 




■ 




Review: Roots of polynomials 

reviews the work covered in Chapter 3 of 

MEI A Level Further 




MathematicsYear 

1. 




■ 




Chapter 9: First order differential equations 

uses all the calculus techniques covered in 

MEI A 




Level Mathematics Year 1 

and 

MEI A Level Mathematics Year 2, 

and in 

chapter 4 and 7 

of this book. 




■ 




Chapter 10: Complex numbers 

builds on the work reviewed in 

Review: Complex numbers. 




You need to be familiar with trigonometric identities such as the double angle formulae (covered 




in Chapter 8 of 

MEI A Level Mathematics Year 2) 

and you need to know about geometric series 




(covered in Chapter 3 of 

MEI A Level Mathematics Year 2). 




■ 




Chapter 

11: Vectors 

2 

builds on the work on lines and planes in 

chapter 1 

of this book and in




chapter 

7 of 

MEI A Level Further 

MathematicsYear 

1. 












viii 




■ 




Chapter 12: Second order differential equations 

uses all the calculus techniques covered in 

MEI A 




Level Mathematics Year 1 

and 

MEI A Level Mathematics Year 2, 

and in 

chapter 4 and 7 

of this book. It 




follows on from 

chapter 9 

of this 

book. You 

also need to know how to write an expression of the form 




a cos θ + b sin θ in the form r sin(θ + α).  This is covered in Chapter 8 of 

MEI A Level Mathematics Year 2. 




Prior 




knowledge 












1 




I pulled out, on the spot, 




a pocket book, which still 




exists, and made an entry, 




on which, at the very 




moment, I felt it might be 




worth my while to expend 




the labour of at least ten 




(or it might be 

fifteen) 




years to come. But then it 




is fair to say that this was 




because I felt a problem to 




have been at that moment 




solved, an intellectual 




want relieved, which had 




haunted me for at least 




fifteen 

years before. 




William R. Hamilton, writing 




on 16th October 1858, about 




his invention of quarternions 




on 16th October 1843 




Prior knowledge 




You need to be able to use the language of vectors, including the terms magnitude, 




direction and position vector. You should also be able to 

find 

the distance between 




two points represented by position vectors and be able to add and subtract vectors 




and multiply a vector by a scalar. 




•

A vector quantity has magnitude and direction. 




• 

A scalar quantity has magnitude only. 




• 

Vectors are typeset in bold, 

a 

or 

OA, 

or in the form 




OA. 




They are handwritten either in the underlined form 

a, 

or as 




OA. 




Review: Working with vectors 




Discussion points 



➜ 

A zip wire can be modelled as a straight line. How can you 

find 

the equation of a 




line in three dimensions? 



➜ 

How could you work out the distance between the two zip wires? 






Vectors 1 




1 










2 




Review: Working with vectors 




The scalar product 




Figure 1.1 shows two vectors 




a 




a 




1 




2 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




and 




b 




b 




1 




2 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 

. The angle between these two 




vectors can be found using the 

scalar product: 




a.b a b 

cos 




= 




u 




y 




x 




O 




θ 




a 




b 




(b 

1, 

b 

2) 




(a 

1, 

a 

2) 




A 




B 




Figure 1.1 




Using the column format, the scalar product can be written as: 




a 




a 




b 




b 




a b a b 




a.b 




· 




1 




2 




1 




2 




1 1 




2 2 




= 




⎛ 




⎝ 




⎜ 




⎞ 




⎠ 




⎟ 




⎛ 




⎝ 




⎜ 




⎞ 




⎠ 




⎟ = 




+ 




In three dimensions this is extended to: 




a 




a 




a 




b 




b 




b 




a b a b a b 




a.b 




· 




1 




2 




3 




1 




2 




3 




1 1 2 2 




3 3 




= 




⎛ 




⎝ 




⎜ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




⎟ 




⎛ 




⎝ 




⎜ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




⎟ 




= 




+ 




+ 




• 

Unit vectors in the 

x, y 

and 

z 

directions are denoted by 

i, j 

and 

k 

respectively. 




• 

The resultant of two (or more) vectors is found by the sum of the vectors. 




A resultant vector is usually denoted by a double-headed arrow. 




• 

The position vector 




OP 

of a point P is the vector joining the origin to P. 




• 

The vector 

AB 




= 

b 

− 

a, 

where 

a 

and 

b 

are the position vectors of A and B. 




• 

The length (or modulus or magnitude) of the vector 

r 

is written as 

r 

or as |r|. 




= + + ⇒ = 




+ + 




a b c 




a b c 




r 




i j k 




r 




2 2 2 




Example 1.1 




Find the acute angle between the vectors: 




(i) 




a 




2 




3 




= − 




⎛ 




⎝ 




⎜ 




⎞ 




⎠ 




⎟ 

and 

b 




4 




5 




= 




⎛ 




⎝ 




⎜ 




⎞ 




⎠ 




⎟ 




(ii) 




c 




1 




2 




1 




= 




⎛ 




⎝ 




⎜ 




⎜ ⎜ 




⎞ 




⎠ 




⎟ 




⎟ ⎟ 




and 

d 




0 




4 




3 




= 




− 




⎛ 




⎝ 




⎜ 




⎜ ⎜ 




⎞ 




⎠ 




⎟ 




⎟ ⎟ 












1 




3 




Chapter 




1 




Vectors 




1 




Solution 




(i) 




x 




y 




ș 




(4, 5) 




(2, –3) 




Figure 1.2 




a 




2 




3 




13 




2 




2 




( ) 




= 




+ − 




= 




and 

b 




4 5 




41 




2 2 




= 




+ = 




Then 




( 




) ( 




) 




= 




⇒ 




× + − × = 




⇒ 




− 




= 




⇒ = 




° 




a.b a b 

cos 




2 4 




3 5 




13 41cos 




7 




13 41 




cos 




107.7 




u 




u 




u 




u 




So the acute angle between the vectors is 180° 

− 

107.7° 

= 

72.3°. 




(ii) 




= 




+ 




+ = 




c 




1 




2 




1 




6 




2 




2 




2 




and 

d 




0 4 ( 3) 5 




2 2 




2 




= 




+ + − = 




Then 




( 




) ( 




) ( 




) 




= 




⇒ × + × + × − = × × 




⇒ = 




⇒ 




= 




⇒ = 




° 




c.d 




c d 

cos 




1 0 




2 4 




1 3 




6 5 cos 




5 5 6cos 




1 




6 




cos 




65.9 




u 




u 




u 




u 




u 




Notes 




1 

The scalar product, unlike a vector, has size but no direction. 




2 

The scalar product of two vectors is 

commutative. 

This is because 




multiplication of numbers is commutative. For example: 




( ) ( 




) ( ) ( 




) 




− 




⎛ 




⎝⎜ 




⎞ 




⎠⎟ 




⎛ 




⎝⎜ 




⎞ 




⎠⎟ = × + − × = × + × − = 




⎛ 




⎝⎜ 




⎞ 




⎠⎟ 




− 




⎛ 




⎝⎜ 




⎞ 




⎠⎟ 




· 




· 




3 




4 




1 




5 




3 1 




4 5 1 3 5 4 




1 




5 




3 




4 












4 




Review: Working with vectors 




3 

When 

finding 

the scalar product, using 




the vectors 

AB 




and 

CB 




(both directed 




towards the point B), or the vectors 

BA 




and 

BC 




(both directed away from the point 




B) gives the angle 

θ. 

This angle could be 




acute or obtuse. 




However, if you use vectors 

AB 




(directed 




towards B) and 

BC 




(directed away 




from B), then you will obtain the angle 




180° 

− 

u 

instead, as shown in Figure 1.3. 




4 

If two vectors are 

perpendicular, 

then the angle between them is 

90°. 




Since 

cos 90° 

= 

0, 

it follows that if vectors 

a 

and 

b 

are perpendicular then 

a.b 

= 

0. 




Conversely, if the scalar product of two non-zero vectors is zero, they are 




perpendicular. 




Solution 




(i) 




AB 




5 




2 




2 




4 




17 




1 




9 




15 




1 




= 




− 




⎛ 




⎝ 




⎜ 




⎜ ⎜ 




⎞ 




⎠ 




⎟ 




⎟ ⎟ 




− 




− 




− 




⎛ 




⎝ 




⎜ 




⎜ ⎜ 




⎞ 




⎠ 




⎟ 




⎟ ⎟ 




= − 




− 




⎛ 




⎝ 




⎜ 




⎜ ⎜ 




⎞ 




⎠ 




⎟ 




⎟ ⎟ 




= 




− 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




− 




− 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




= 




− 




− 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




BC 




1 




5 




9 




5 




2 




2 




4 




3 




7 




= 




− 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




− 




− 




− 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




= − 




− 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




AC 




1 




5 




9 




4 




17 




1 




5 




12 




8 




( 




) ( 




) ( 




) 




= − 




− 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




− 




− 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




= × − + − × + − × − = − 




. 




. 




AB BC 




9 




15 




1 




4 




3 




7 




9 4 




15 3 




1 




7 74 




( 




) ( 




) ( 




) 




= 




− 




− 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




− 




− 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




= − × + × − + − × − = 




. 




. 




BC AC 




4 




3 




7 




5 




12 




8 




4 5 3 12 




7 




8 0 




So vectors BC 




and AC 




are perpendicular and angle C is 90°. 




(ii) 




The area of triangle ABC is 




× 




× 




1 




2 




BC AC 




= × − + + − × 




+ − + − 




= × 




× 




1 




2 




( 4) 3 ( 7) 




5 ( 12) ( 8) 




1 




2 




74 




233 




2 




2 




2 




2 




2 




2 




= 

65.7 square units (to 3 

significant figures) 




The scalar product of 




vectors 

AB 




and 

BC 




is not zero, so these 




two vectors are not 




perpendicular. 




A, B and C have position vectors 

− + − 




i 




j k 




4    17 




, 

+ 




i j k 




5    2  – 2 and 




i  j 




k 




5  – 9 




+ 




respectively. 




(i) 




Prove that triangle ABC is right-angled. 




(ii) Find the area of ABC correct to three 

significant figures. 




Example 1.2 




A 




C 




B 




180 – 

ș 




ș 




Figure 1.3 












1 




5 




The equation of a plane 




You can write the equation of a plane in either vector or cartesian form. 




A vector which is at right angles to every straight line in a plane is called a 




normal 

to the plane and is often denoted 

= 




⎛ 




⎝ 




⎜ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




⎟ 




n 




n 




n 




n 




1 




2 




3 




. 




In Figure 1.4 the point A is on the plane and the vector 

n 

is perpendicular to 




the plane. 




The vector AR 




is 

r 

– 

a. 




AR.n 

= 0 




n 




A 




R 




The point A has 




position vector 

a. 




The point R has 




position vector 

r. 




Figure 1.4 




The vector AR 




is a line in the plane and can be written 




= − 




r a 




AR 




. 




As AR 




is at right angles to the direction 

n: 




(r 

− 

a).n 

= 

0 




This is the 

vector equation of the plane. 




Expanding the brackets gives an alternative form: 




r.n 

− 

a.n 

= 

0 




Writing the normal vector 

n 

as 




⎛ 




⎝ 




⎜ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




⎟ 




n 




n 




n 




1 




2 




3 




, the position vector of A as 

= 




⎛ 




⎝ 




⎜ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




⎟ 




a 




a 




a 




a 




1 




2 




3 




and the position vector of the general point R as 

= 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




x 




y 




z 




r 




and substituting 




into the equation 

r.n 

− 

a.n 

= 

0 gives 




+ 




+ 




+ = 




n x n y n z d 

0 




1 




2 




3 




where 




= − + + 




d 




an a n an 




( 




) 




1 1 2 2 3 3 

. 




This is known as the 

cartesian equation of the plane. 

Notice that the 




coefficients of 

x, y 

and 

z 

are the three elements of the normal vector. 




This can also be written as 

r.n 

= 

a.n. 




Notice that 

d 

is a 




constant and is a scalar 




quantity. 




R is any point on 




the plane other 




than A. 
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Review: Working with vectors 




In general the vector 




⎛ 




⎝ 




⎜ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




⎟ 




n 




n 




n 




1 




2 




3 




is perpendicular to all planes of the form 




+ 




+ 




+ = 




n x n y n z d 

0 




1 




2 




3 




whatever the value of 

d 

(see Figure 1.5). 




n 

1 




n 

2 




n 

3 




n 

1x 

+ 

n 

2 

y 

+ 

n 

3z 

+ 

d 

1 

= 0 




n 

1x 

+ 

n 

2 

y 

+ 

n 

3z 

+ 

d 

2 

= 

0 




n 

1x 

+ 

n 

2 

y 

+ 

n 

3z 

+ 

d 

3 

= 0 




Figure 1.5 




Consequently, all planes of that form are parallel; the coefficients of 

x, y 

and 

z 




determine the direction of the plane, the value of 

d 

its location. 




Solution 




The general vector equation of a plane is given by (r 

− 

a).n 

= 

0. 




The vector equation of this plane can therefore be written as 




− 




− 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




− 




− 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




= 




r 




. 




1 




2 




4 




3 




1 




2 




0 




The general cartesian equation of a plane is given by 




+ + + = 




n x n y n z d 

0 




1 2 3 




. 




= 




− 




− 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




n 




3 




1 




2 




so 

= − 




n 




3 




1 




, 




= 




n 

1 




2 




and 




= − 




n 




2 




3 




. 




The equation of the plane is 

− + − + = 




x y z d 




3 




2 




0, where 

d 

is a constant 




to be found. 




You can use either the cartesian equation or the vector equation to find 

d. 




The point A(−1, 2, 4) lies on a plane. The vector 

= 




− 




− 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




n 




3 




1 




2 




is 




perpendicular to the plane. 




Find the vector and cartesian equations of the plane. 




Example 1.3 












1 




7 




The angle between planes 




The angle between two planes can be found by using the scalar product. As 




Figures 1.6 and 1.7 show, the acute angle between planes π 

1 

and π 

2 

is the same 




as the acute angle between their normal vectors, 

n 

1 

and 

n 

2. 




π 

1 




π 

2 




n 

2 




n 

1 




ș 




π 

2 




π 

1 




n 

2 




n 

1 




ș 




ș 




Figure 1.6 




Figure 1.7 




Using the cartesian equation Using the vector equation 




The point A is (−1, 2, 4). 




Substituting for 

x, y 

and 

z 

in 




−3x + 

y 

− 

2z 

+ 

d 

= 

0 gives 




d 




( 3 




1) 2 (2 4) 




0 




− × − + − × + = 




and so 

d 

= 

3. 




= − 




d 




a.n 




where 

a 

is the position vector 




of A(−1, 2, 4). 




so 

= 




− 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




a 




1 




2 




4 




and 




= 




− 




− 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




n 




3 




1 




2 




Then 




( 




) ( ) ( 




) 




= − 




− 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




− 




− 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




= − − × − + × + × − 




= 




d 




. 




1 




2 




4 




3 




1 




2 




[ 1 3 2 1 4 




2 ] 




3 




Using either method the cartesian equation of the plane is 

− + − + = 




x y z 




3 




2 3 

0. 




Side view. 




Find, to one decimal place, the acute angles between the planes 




− + 




− 




= 




x 




y 




z 




4 




2 




3 and 




+ + = 




x 




y z 




2 




5 




9. 




Example 1.4 




Solution 




The planes have normal 




= 




− 




− 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




n 




1 




4 




2 




1 




and 




= 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




n 




2 




5 




1 




2 




so the angle 




between the planes is satisfied by 

n n n n 




. 




cos 




1 2 




1 2 




= 




u. 
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Review: Working with vectors 




1 




4 




2 




. 




2 




5 




1 




1 16 4 4 25 1cos 




2 20 2 




21 30 cos 




cos 




16 




21 30 




50.4 




1 




u 




u 




u 




⇒ 




− 




− 




⎛ 




⎝ 




⎜ 




⎜ ⎜ 




⎞ 




⎠ 




⎟ 




⎟ ⎟ 




⎛ 




⎝ 




⎜ 




⎜ ⎜ 




⎞ 




⎠ 




⎟ 




⎟ ⎟ 




= 




+ + 




+ + 




⇒ − + 




− = 




⇒ = 




⎛ 




⎝ 




⎜ 




⎞ 




⎠ 




⎟ = 




° 




− 




So the acute angle between the planes is 50.4°. 




① 

Find, to one decimal place, the angle between each pair of vectors. 




(i) 




⎛ 




⎝⎜ 




⎞ 




⎠⎟ 




2 




5 




and 

− 




⎛ 




⎝⎜ 




⎞ 




⎠⎟ 




1 




3 




(ii) 




− 




⎛ 




⎝⎜ 




⎞ 




⎠⎟ 




4 




3 




and 

⎛ 




⎝⎜ 




⎞ 




⎠⎟ 




3 




4 




(iii) 




+ 




i 




j 

7 and 




+ 




i 




j 




2 3 




② 

Find, to one decimal place, the angle between each pair of vectors. 




(i) 




− 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




2 




3 




1 




and 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




1 




2 




8 




(ii) 




− 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




4 




0 




1 




and 




− 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




3 




1 




5 




(iii) 




+ + 




i j k 

and 




+ + 




i 




j k 




2 2 2 




③ 

Find the vector and cartesian equations of the plane which is perpendicular 




to the vector 

= − 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




n 




3 




2 




1 




and passes through the point A(5, 

−2, 

0). 




④ 

Find the cartesian equation of the plane which is parallel to the plane 




r 




i j 




k . i j k 




4 




3 




2 




7 




0 




( 




) 




( 




) ( 




) 




− 




− + 




+ − 




= 




and which passes through the point A(−5, 0, 3). 




⑤ 

Find, to one decimal place, the acute angle between the planes: 




(i) 




− 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




= 




r. 




4 




1 




2 




11 and 




− 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




= − 




r. 




3 




2 




8 




4 




(ii) 




− − 




= 




x y 




z 




2 




3 




9 and 




+ + = 




x y z 




5 3 3 7. 




⑥ 

The planes 




kx 




y z 




π :  




5 3 




2 




1 




− + = 

and 




kx ky 




π :  




2 1 




2 




+ + = 

are 




perpendicular. 




(i) 




Find the possible values of 

k. 




A third plane π 

3 

is parallel to π 

1 

and passes through the point A(2, 1, 2). 




(ii) 

Find the possible equations of plane π 

3. 




⑦ 

Find the equation of the plane π which is perpendicular to the planes 




− + − + = 




+ 




+ + = 




x y z 




x 




y z 




2 




6 0 




3 




2 




2 0 




and which passes through the point P(−3, 0, 3). 




Review exercise 










1 




9 




⑧ 

The points A, B and C have coordinates (2, 0, 

−1), 

(4, 1, 1) and (−3, 

−1, 

0). 




(i) 




Write down the vectors AB 




and AC 




. 




(ii) 

Show that 




− 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




= 




− 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




= 




. 




. 




AB 




1 




4 




1 




AC 




1 




4 




1 




0 




. 




(iii) 

Find the equation of the plane containing the points A, B and C. 




⑨ 

Find an equation of the plane that passes through the three points 




A(−4, 0, 1), B(−2, 2, 

−2) 

and C(5, 

−2, 

1). 




⑩ 

Three planes have equations. 




ax 




y z 




x ay z 




x y az 




π : 




2 




5 




π : 2 




1 




π : 




2 




1 




2 




3 




+ 




+ = 




+ + = 




+ + 




= − 




Given that the angle between planes π 

1 

and π 

2 

is equal to the angle between 




the planes π 

2 

and π 

3, 

show that 

a 

must satisfy the equation: 




+ 




− 




+ 




− 




− = 




a 




a 




a 




a 




a 




12 




69 




24 




27 




120 90 0 




6 




4 




3 




2 




⑪ 

Four planes are given by the equations: 




+ + 




− = 




+ 




− 




+ = 




− − 




− 




− = 




− + + − = 




x y 




z 




x 




y 




z 




x 




y 




z 




x y z 




π : 3 




2 




2 0 




π :  




3 




3 




4 0 




π : 6 




2 




4 




4 0 




π : 




5 0 




1 




2 




3 




4 




Determine whether each 

pair 

of planes are parallel, perpendicular or neither. 




⑫ 




y 




x 




O 




θ 




a 




b 




(b 

1, 

b 

2) 




(a 

1, 

a 

2) 




A 




B 




Figure 1.8 




(i) 




Write down the compound angle formula for cos (A 

− 

B). 




(ii) 

Hence show that 




= 




+ 




a b a b 




a b 




cos 




1 1 2 2 




u 




. 




How would you usually write the numerator of the right hand side? 
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The vector equation of a line 




1 The vector equation of a line 




Lines in two dimensions 




Before looking at the equation of a line in three dimensions, Activity 1.1 looks 




at a new format for the equation of a line in two dimensions. This is called the 




vector equation of the line. 




ACTIVITY 1.1 




The position vector of a set of points is given by 




r 




2 




1 




2 




4 




l 




= − 




⎛ 




⎝ 




⎜ 




⎞ 




⎠ 




⎟ + 




⎛ 




⎝ 




⎜ 




⎞ 




⎠ 




⎟ 




where 

l 

is a parameter that can take any value and A is the point 

(2, −1). 




(i) 

Show that 




1 




l 

= 

corresponds to the point B with position vector 




⎛ 




⎝⎜ 




⎞ 




⎠⎟ 




4 




3 




. 




(ii) 

Find the position vectors of the points corresponding to values of 

l 

of 




−2, −1, 

0, 1 




2 




, 

3 




4 




, 

2, 3. 




(iii) 

Plot the points from parts (i) and (ii) on a sheet of graph paper and show they 




can be joined to form a straight line. 




(iv) 

What can you say about the position of the point if: 




(a) 




< < 




l 




0 




1 




(b) 




> 




l 

1 




(c) 




< 




l 

0? 




This activity should have convinced you that 

r 




2 




1 




2 




4 




l 




= − 




⎛ 




⎝ 




⎜ 




⎞ 




⎠ 




⎟ + 




⎛ 




⎝ 




⎜ 




⎞ 




⎠ 




⎟ 

is the 




equation of a straight line passing through the point (2, 

−1). 

The vector 




⎛ 




⎝⎜ 




⎞ 




⎠⎟ 




2 




4 




determines the direction of the 

line. You 

might find it helpful to think of this as 




shown in Figure 1.9. 




Starting from the origin, you can ‘step’ on to the line at a given point A. All 




other points on the line can then be reached by taking ‘steps’ of different 




sizes 

l 




( ) in the direction of a given vector, called the 

direction vector. 












1 




11 




–1 




1 




2 




–2 




–1 




1 




2 




3 




3 




A(2, –1) 




B(4, 

3) 




4 




5 




O 




2 Move to the point A 




with position vector 




. 




1 Start at the 




origin. 




2 




4 




2 




–1 




2 




r = 




+ 

Ȝ 




–1 




3 Move 

Ȝ 

steps of (i.e. 




in the direction AB). 

Ȝ 

need 




not be a whole number and 




may be negative. 




2 




4 




and then 




Figure 1.9 




You should also have noticed that: 




0 




l 

= 




corresponds to the point A 




1 




l 

= 




corresponds to the point B, one ‘step’ along the line away from A 




0 




1 




l 




< < 




corresponds to points lying between A and B 




1 




l 

> 




corresponds to points lying beyond B 




0 




l 

< 




corresponds 

to points beyond A, in the opposite direction to B. 




The vector equation of a line is not unique. In this case, any vector parallel, or 




in the opposite direction to, 

⎛ 




⎝⎜ 




⎞ 




⎠⎟ 




2 




4 




could be used as the direction vector, for 




example, 




⎛ 




⎝⎜ 




⎞ 




⎠⎟ 




1 




2 




, 3 




6 




⎛ 




⎝⎜ 




⎞ 




⎠⎟ 




or 




⎛ 




⎝⎜ 




⎞ 




⎠⎟ 




20 




40 




. Similarly, you can ‘step’ on to the line at any 




point, such as B(4, 3). 




So the line 

r 




2 




1 




2 




4 




l 




= − 




⎛ 




⎝ 




⎜ 




⎞ 




⎠ 




⎟ + 




⎛ 




⎝ 




⎜ 




⎞ 




⎠ 




⎟ 

could also have equation 




r 




2 




1 




1 




2 




l 




= − 




⎛ 




⎝ 




⎜ 




⎞ 




⎠ 




⎟ + 




⎛ 




⎝ 




⎜ 




⎞ 




⎠ 




⎟ 

or 

r 




4 




3 




2 




4 




l 




= 




⎛ 




⎝ 




⎜ 




⎞ 




⎠ 




⎟ + 




⎛ 




⎝ 




⎜ 




⎞ 




⎠ 




⎟ 

, for example. 




In general, the 

vector equation of a line 

in two dimensions is given by: 




r a 




d 




l 




= + 




where 

a 

is the position vector of a point A on the line and 

d 

is the direction 




vector of the line. Sometimes a different letter, such as 

μ 

or 

t 

is used as the 




parameter instead of 

l. 




This is shown by the 




green part of the line in 




Figure 1.9. 




In two dimensions the 




equation of a line usually 




looks easier in cartesian 




form than in vector 




form. However, as you 




are about to see, the 




opposite is the case in 




three dimensions where 




the vector form is much 




easier to work with. 
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The vector equation of a line 




ACTIVITY 1.2 




The vector equation of a line 




r a 




d 




l 




= + 




is written in the form 




x 




y 




a 




a 




d 




d 




1 




2 




1 




2 




l 




⎛ 




⎝ 




⎜ ⎜ 




⎞ 




⎠ 




⎟ ⎟ = 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ + 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




. 




(i) 

Write down expressions for 

x 

and 

y 

in terms of 

l. 




(ii) 

Rearrange the two expressions from part (i) to make 

l 

the subject. 




By equating these two expressions, show that the vector equation of the line can 




be written in the form 




= 




+ 




y mx c 




where 

m 

and 

c 

are constants. 




Activity 1.2 shows that the vector and cartesian equations of a line are 




equivalent. 




Lines in three dimensions 




The same form for the vector equation of a line can be used in three 




dimensions. For example: 




r 




3 




4 




1 




2 




3 




6 




l 




= 




⎛ 




⎝ 




⎜ 




⎜ ⎜ 




⎞ 




⎠ 




⎟ 




⎟ ⎟ 




+ 




⎛ 




⎝ 




⎜ 




⎜ ⎜ 




⎞ 




⎠ 




⎟ 




⎟ ⎟ 




represents a line through the point with position vector 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




3 




4 




1 




with direction 




vector 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




2 




3 




6 




. 




Writing 

r 

as 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




x 




y 




z 




gives 




x 




y 




z 




3 




4 




1 




2 




3 




6 




l 




⎛ 




⎝ 




⎜ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




⎟ 




= 




⎛ 




⎝ 




⎜ 




⎜ ⎜ 




⎞ 




⎠ 




⎟ 




⎟ ⎟ 




+ 




⎛ 




⎝ 




⎜ 




⎜ ⎜ 




⎞ 




⎠ 




⎟ 




⎟ ⎟ 




. This equation contains the 




three relationships 




x 




y 




z 




3 2 




4 3 




1 6 




l 




l 




l 




= + 




= + 




= + 




Making 

l 

the subject of each of these gives: 




x 




y 




z 




3 




2 




4 




3 




1 




6 




l 

= − = 




− = − 




This is the 

cartesian equation of a line 

in three dimensions. 




This form is not easy to work 




with and you will often find 




that the first step in a problem 




is to convert the cartesian 




form into vector form. 












1 
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Generally, a line with direction vector 

= 




⎛ 




⎝ 




⎜ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




⎟ 




d 




d 




d 




d 




1 




2 




3 




passing through the point A 




with position vector 

= 




⎛ 




⎝ 




⎜ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




⎟ 




a 




a 




a 




a 




1 




2 




3 




has the cartesian equation: 




− 




= 




− 




= 




− 




x a 




d 




y a 




d 




z a 




d 




1 




1 




2 




2 




3 




3 




Special cases of the cartesian equation of a line 




In the equation 




− 




= 




− 




= 




− 




x a 




d 




y a 




d 




z a 




d 




1 




1 




2 




2 




3 




3 




it is possible that one or two of the values of 

d 

i 

might equal zero. In such cases 




the equation of the line needs to be written differently. 




For example, the line through (7, 2, 3) in the direction 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




0 




5 




2 




would have 




equation: 




x 




y 




z 




7 




0 




2 




5 




3 




2 




l 

= − = 




− = − 




The first fraction involves division by zero, which is undefined. The expression 




− 




x 

7 




0 




comes from the rearrangement of 

x 

7 0l 




− = 




and so you can write this as 




− = 




x 

7 0 or 

= 




x 

7. 




So the equation of this line would be written: 




x 




y 




z 




7 and 




2 




5 




3 




2 




l 




= 




= 




− = − 




Note that all three of the 

d 

i 

could not equal zero as it is not possible for a line to 




have a zero direction vector. 




The direction vector 




of the line can be read 




from the denominators 




of the three expressions 




in this equation; 




the point A can be 




determined from the 




three numerators. 




Example 1.5 




Write the equation of this line in vector form: 




− = 




− 




− 




= + 




x 




y 




z 




4 




3 




3 




2 




6 




4 
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The vector equation of a line 




Solution 




x 




y 




z 




4 




3 




3 




2 




6 




4 




l 

= − = 




− 




− 




= + 




x 




x 




y 




y 




z 




z 




4 




3 




3 




4 




3 




2 




2 




3 




6 




4 




4 




6 




l 




l 




l 




l 




l 




l 




= − ⇒ = 




+ 




= 




− 




− 




⇒ = − + 




= + ⇒ = 




− 




So 




x 




y 




z 




r 




r 




3 4 




2 




3 




4 




6 




4 




3 




6 




3 




2 




4 




l 




l 




l 




l 




= 




⎛ 




⎝ 




⎜ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




⎟ 




= 




+ 




− + 




− 




⎛ 




⎝ 




⎜ 




⎜ ⎜ 




⎞ 




⎠ 




⎟ 




⎟ ⎟ 




⇒ = 




− 




⎛ 




⎝ 




⎜ 




⎜ ⎜ 




⎞ 




⎠ 




⎟ 




⎟ ⎟ 




+ 




− 




⎛ 




⎝ 




⎜ 




⎜ ⎜ 




⎞ 




⎠ 




⎟ 




⎟ ⎟ 




Solution 




The line has vector form 

r a d 




7 




12 




4 




2 




5 




3 




l 




l 




= + = − 




⎛ 




⎝ 




⎜ 




⎜ ⎜ 




⎞ 




⎠ 




⎟ 




⎟ ⎟ 




+ 




− 




− 




⎛ 




⎝ 




⎜ 




⎜ ⎜ 




⎞ 




⎠ 




⎟ 




⎟ ⎟ 




. 




This leads to the equations 




x 




y 




z 




7 2 




12 5 




4 3 




l 




l 




l 




= + 




= − − 




= − 




which can be rearranged to give the cartesian equation 




x 




y 




z 




7 




2 




12 




5 




4 




3 




l 

= − = 




+ 




− 




= − 




− 




Find the cartesian form of the equation of the line through the point 




A(7, 

−12, 

4) in the direction 

− − 




i j k 




2 5 3 . 




Example 1.6 




The intersection of straight lines in two 




dimensions 




You already know how to find the point of intersection of two straight lines 




given in cartesian form, by using simultaneous equations. 




You can also use vector methods to find the position vector of the point where 




two lines intersect. 




Find the position vector of the point where the following lines intersect. 




r 




2 




3 




1 




2 




l 




= 




⎛ 




⎝ 




⎜ 




⎞ 




⎠ 




⎟ + 




⎛ 




⎝ 




⎜ 




⎞ 




⎠ 




⎟ 

and 

r 




6 




1 




1 




3 




μ 




= 




⎛ 




⎝ 




⎜ 




⎞ 




⎠ 




⎟ + 




− 




⎛ 




⎝ 




⎜ 




⎞ 




⎠ 




⎟ 




Notice that 




different letters 




are used for the 




parameters in the 




two equations to 




avoid confusion. 




Example 1.7 












The intersection of straight lines in three 




dimensions 




Hold a pen and a pencil to represent two distinct straight lines as follows: 




■ 




hold them to represent two parallel lines; 




■ 




hold them to represent two lines intersecting at a unique point; 




■ 




hold them to represent lines which are not parallel and which do not 




intersect even if you were to extend them. 




In three-dimensional space two or more straight lines which are not parallel and 




which do not meet are known as 

skew 

lines. In two dimensions, two distinct 




lines are either parallel or intersecting but in three dimensions there are three 




possibilities: the lines are either parallel, intersecting or skew. This is illustrated in 




the following examples. 




1 




15 




Solution 




When the lines intersect, the position vector is the same for each of them. 




= 




⎛ 




⎝ 




⎜ 




⎞ 




⎠ 




⎟ = 




⎛ 




⎝⎜ 




⎞ 




⎠⎟ + 




⎛ 




⎝⎜ 




⎞ 




⎠⎟ = 




⎛ 




⎝⎜ 




⎞ 




⎠⎟ + 




− 




⎛ 




⎝⎜ 




⎞ 




⎠⎟ 




x 




y 




r 




2 




3 




1 




2 




6 




1 




1 




3 




l 




μ 




This gives two simultaneous equations for 

l 

and 

m. 




+ = + 




2 




6 




l 




m 




+ 




= − 




3 2 




1 3 




l 




m 




Solving these gives 




2 




l 

= 

and 




2 




μ 

= − 

. Substituting in either equation gives 




= 




⎛ 




⎝⎜ 




⎞ 




⎠⎟ 




r 




4 




7 




which is the position vector of the point of intersection. 




Solution 




(i) 




The equation of 

l 

1 

is 

r 




1 




6 




1 




1 




2 




3 




l 




= − 




− 




⎛ 




⎝ 




⎜ 




⎜ ⎜ 




⎞ 




⎠ 




⎟ 




⎟ ⎟ 




+ 




⎛ 




⎝ 




⎜ 




⎜ ⎜ 




⎞ 




⎠ 




⎟ 




⎟ ⎟ 




The equation of 

l 

2 

is 

r 




9 




7 




2 




2 




3 




1 




μ 




= 




⎛ 




⎝ 




⎜ 




⎜ ⎜ 




⎞ 




⎠ 




⎟ 




⎟ ⎟ 




+ 




− 




⎛ 




⎝ 




⎜ 




⎜ ⎜ 




⎞ 




⎠ 




⎟ 




⎟ ⎟ 




The lines 

l 

1 

and 

l 

2 

are represented by the equations 




l x 




y 




z 




l x 




y 




z 




:  




1 




1 




6 




2 




1 




3 




:  




9 




2 




7 




3 




2 




1 




1 




2 




− = 




+ = + 




− = 




− = − 




− 




(i) 




Write these lines in vector form. 




(ii) Hence find whether the lines meet and if so, the coordinates of their 




point of intersection. 




Example 1.8 
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The vector equation of a line 




(ii) 




If there is a point 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




X 




Y 




Z 




that is common to both lines then 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




= 

− 




− 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




+ 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




= 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




+ 




− 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




X 




Y 




Z 




1 




6 




1 




1 




2 




3 




9 




7 




2 




2 




3 




1 




l 




μ 




for some parameters 

l 

and 

m. 




This gives the three equations 




= + = 




+ 




= 




− = 




+ 




= 




− = − + 




X 




Y 




Z 




1 2 




9 




2 




6 3 




7 




3 




1 




2 




l 




m 




l 




m 




l 




m 




Now solve any two of the three equations simultaneously. 




2 




8 




2 




3 




13 




2 4 16 




2 3 13 




3, 2 




l 




μ 




l 




μ 




l m 




l m 




μ 




l 




− 




= 




− 




= 




⎫ 




⎬ 




⎭ 




⇔ 




− = 




− = 




⎫ 




⎬ 




⎭ 




⇔ = − = 




If these values for 

l 

and 

m 

also satisfy equation 

③, 

then the lines meet. 




Using equation 

③, 

when 




2 




l 

= 

, 

Z 

= 

6 

− 

1 

= 

5 and when 




3 




μ 

= − 

, 




Z 

= 

3 

+ 

2 

= 

5. 




As both values of 

Z 

are equal this proves the lines intersect. 




Using either 




2 




l 

= 

or 




3 




μ 

= − 

in equations 

①, ② 

and 

③ 

gives 




X 

= 

3, 

Y 

= −2, 

Z 

= 

5 so the lines meet at the point (3, 

−2, 

5). 




① 




② 




③ 




Solution 




If there is a point (X, 

Y, Z) 

common to both lines then 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




= 

− 




− 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




+ 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




= 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




+ 




− 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




X 




Y 




Z 




1 




6 




1 




1 




2 




3 




9 




8 




2 




2 




3 




1 




l 




μ 




for some parameters 

l 

and 

m. 




Prove that the lines 

l 

1 

and 

l 

2 

are skew, where: 




l 

: 




1 




6 




1 




1 




2 




3 




1 




l 




− 




− 




⎛ 




⎝ 




⎜ 




⎜ ⎜ 




⎞ 




⎠ 




⎟ 




⎟ ⎟ 




+ 




⎛ 




⎝ 




⎜ 




⎜ ⎜ 




⎞ 




⎠ 




⎟ 




⎟ ⎟ 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




+ 




− 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




l 

: 




9 




8 




2 




2 




3 




1 




2 




μ 




Example 1.9 




Using 

① 

and 

② 











1 
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Finding the angle between two lines 




Figure 1.10 shows two lines in two dimensions, with their equations given in 




vector form. 




1 




2 




3 




4 




5 




6 




–1 




1 




O 




2 3 4 5 6 




–2 




–3 




–4 




2 




1 




0 




3 




r 

= 




+ 

λ 




3 




1 




1 




r 

= + 

λ 

–3 




Figure 1.10 




The angle between the two lines is the same as the angle between their direction 




vectors, 




⎛ 




⎝⎜ 




⎞ 




⎠⎟ 




2 




1 




and 

− 




⎛ 




⎝⎜ 




⎞ 




⎠⎟ 




1 




3 




. So you can use the scalar product to find the angle 




between the two lines. 




= + = 




+ 




= 




− = 




+ 




= 




− = − + 




X 




Y 




Z 




1 2 




9 




2 




6 3 




8 




3 




1 




2 




l 




m 




l 




m 




l 




m 




2 




8 




2 




3 




14 




2 4 




16 




2 




3 




14 




2, 4 




l 




μ 




l 




μ 




l m 




l m 




μ 




l 




− 




= 




− 




= 




⎫ 




⎬ 




⎭ 




⇔ 




− 




= 




− 




= 




⎫ 




⎬ 




⎭ 




⇔ = − = 




When 




4 




l 

= 

, 

Z 

= 

12 

− 

1 

= 

11 




and when 




2, 




μ 

= − 

Z 

= 

2 

+ 

2 

= 

4. 




Therefore the values 




2, 




4 




μ 




l 




= − 




= 

do not satisfy the third equation and so 




the lines do not meet. As the lines are distinct, the only other alternatives are 




that the lines are parallel or skew. 




Look at the direction vectors of the lines: 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




1 




2 




3 




and 




− 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




2 




3 




1 




. Neither of 




these is a multiple of the other so they are not parallel and hence the two 




lines are not parallel. So, lines 

l 

1 

and 

l 

2 

are skew. 




① 




② 




③ 




Solving equations 




① 

and 

② 




simultaneously 




Find the acute angle between the lines 

r 




0 




3 




2 




1 




l 




= 




⎛ 




⎝ 




⎜ 




⎞ 




⎠ 




⎟ + 




⎛ 




⎝ 




⎜ 




⎞ 




⎠ 




⎟ 

and 




r 




3 




1 




1 




3 




μ 




= 




⎛ 




⎝ 




⎜ 




⎞ 




⎠ 




⎟ + 




− 




⎛ 




⎝ 




⎜ 




⎞ 




⎠ 




⎟ 

. 




Example 1.10 




Substitute these values 




into equation 

③ 
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The vector equation of a line 




The same method can be used for lines in three dimensions. Even if the lines do 




not meet, the angle between them is still the angle between their direction 




vectors. 




The lines 

l 

and 

m 

shown in Figure 1.11 are skew. The angle between them is 




shown in the diagram by the angle 

u 

between the lines 

l 

and 

m′, 

where 

m′ 

is a 




translation of the line 

m 

to a position where it intersects the line 

l. 




m 




mƍ 




l 




θ 




Figure 1.11 




Solution 




⎛ 




⎝⎜ 




⎞ 




⎠⎟ 




− 




⎛ 




⎝⎜ 




⎞ 




⎠⎟ = × + × − = − = − 




. 




2 




1 




1 




3 




(2 1) (1 3) 2 3 




1 




2 




1 




2 1 




5 




2 




2 




⎛ 




⎝ 




⎜ 




⎞ 




⎠ 




⎟ = 




+ = 




and 




1 




3 




1 ( 3) 10 




2 




2 




− 




⎛ 




⎝⎜ 




⎞ 




⎠⎟ = 




+ − = 




cos 




1 




5 10 




98.1 




u 




u 




= − 




= 




° 




So the acute angle between the lines is 




° − ° = ° 




180 98.1 81.9 . 




ACTIVITY 1.3 




Find the cartesian forms 




of the two equations 




in Example 1.10. How 




can you find the angle 




between them without 




using vectors? 




Solution 




The angle between the lines is the angle between their direction vectors 




− 




− 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




2 




1 




1 




and 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




3 




0 




1 




. 




Using 

a b a b 




. 




cosu 




= 




, 




. 




2 




1 




1 




3 




0 




1 




2 ( 1) ( 1) 3 0 1 cos 




6 0 1 




6 10 cos 




arccos 




5 




6 10 




49.8 




2 




2 




2 2 2 2 




− 




− 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




= 




+ − + − 




+ + 




⇒ + − = 




⇒ = 




⎛ 




⎝⎜ 




⎞ 




⎠⎟ = 




° 




u 




u 




u 




Find the angle between the lines 

r 




1 




0 




4 




2 




1 




1 




l 




= 




⎛ 




⎝ 




⎜ 




⎜ ⎜ 




⎞ 




⎠ 




⎟ 




⎟ ⎟ 




+ 




− 




− 




⎛ 




⎝ 




⎜ 




⎜ ⎜ 




⎞ 




⎠ 




⎟ 




⎟ ⎟ 




and 




r 




2 




1 




3 




3 




0 




1 




μ 




= − 




⎛ 




⎝ 




⎜ 




⎜ ⎜ 




⎞ 




⎠ 




⎟ 




⎟ ⎟ 




+ 




⎛ 




⎝ 




⎜ 




⎜ ⎜ 




⎞ 




⎠ 




⎟ 




⎟ ⎟ 




. 




Example 1.11 












1 
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Chapter 




1 




Vectors 




1 




① 

Find the equation of the following lines in vector form: 




(i) 




through (3, 1) in the direction 

− 




⎛ 




⎝⎜ 




⎞ 




⎠⎟ 




5 




2 




(ii) 

through (5, 

−1) 

in the direction 




⎛ 




⎝⎜ 




⎞ 




⎠⎟ 




0 




4 




(iii) 

through (−2, 4) and (3, 9) 




(iv) 

through (0, 8) and (−2, 

−3) 




② 

Find the equation of the following lines in vector form: 




(i) 




through (2, 4, 

−1) 

in the direction 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




3 




6 




4 




(ii) 

through (1, 0, 

−1) 

in the direction 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




1 




0 




0 




(iii) 

through (1, 0, 4) and (6, 3, 

−2) 




(iv) 

through (0, 0, 1) and (2, 1, 4) 




③ 

Write the equations of the following lines in cartesian form. 




(i) 




t 




r 




2 




4 




1 




3 




6 




4 




= 




− 




⎛ 




⎝ 




⎜ 




⎜ ⎜ 




⎞ 




⎠ 




⎟ 




⎟ ⎟ 




+ 




⎛ 




⎝ 




⎜ 




⎜ ⎜ 




⎞ 




⎠ 




⎟ 




⎟ ⎟ 




(iii) 




t 




r 




3 




0 




4 




1 




0 




2 




= 




⎛ 




⎝ 




⎜ 




⎜ ⎜ 




⎞ 




⎠ 




⎟ 




⎟ ⎟ 




+ 




⎛ 




⎝ 




⎜ 




⎜ ⎜ 




⎞ 




⎠ 




⎟ 




⎟ ⎟ 




(ii) 




t 




r 




1 




0 




1 




1 




3 




4 




= 




− 




⎛ 




⎝ 




⎜ 




⎜ ⎜ 




⎞ 




⎠ 




⎟ 




⎟ ⎟ 




+ 




⎛ 




⎝ 




⎜ 




⎜ ⎜ 




⎞ 




⎠ 




⎟ 




⎟ ⎟ 




(iv) 




t 




r 




0 




4 




1 




2 




0 




4 




= 




⎛ 




⎝ 




⎜ 




⎜ ⎜ 




⎞ 




⎠ 




⎟ 




⎟ ⎟ 




+ 




⎛ 




⎝ 




⎜ 




⎜ ⎜ 




⎞ 




⎠ 




⎟ 




⎟ ⎟ 




④ 

Write the equations of the following lines in vector form. 




(i) 




− = 




+ = − 




x 




y 




z 




3 




5 




2 




3 




1 




4 




(iii) 




= = 




x y z 




(ii) 




= = + 




x 




y 




z 




2 




1 




3 




(iv) 




= 




x 

2 and 




= 




y z 




⑤ 

Write down the vector and cartesian equations of the line through the 




point (3, 

−5, 

2) which is parallel to the 

y-axis. 




⑥ 

Find the position vector of the point of intersection of each of these pairs 




of lines. 




(i) 




r 




2 




1 




1 




0 




l 




= 




⎛ 




⎝ 




⎜ 




⎞ 




⎠ 




⎟ + 




⎛ 




⎝ 




⎜ 




⎞ 




⎠ 




⎟ 

and 

r 




3 




0 




1 




1 




μ 




= 




⎛ 




⎝ 




⎜ 




⎞ 




⎠ 




⎟ + 




⎛ 




⎝ 




⎜ 




⎞ 




⎠ 




⎟ 




(ii) 

r 




2 




1 




1 




2 




l 




= − 




⎛ 




⎝ 




⎜ 




⎞ 




⎠ 




⎟ + 




⎛ 




⎝ 




⎜ 




⎞ 




⎠ 




⎟ 

and 

r 




1 




1 




μ 




= 




⎛ 




⎝ 




⎜ 




⎞ 




⎠ 




⎟ 




(iii) 

r 




2 




3 




1 




3 




l 




= 




− 




− 




⎛ 




⎝ 




⎜ 




⎞ 




⎠ 




⎟ + 




− 




⎛ 




⎝ 




⎜ 




⎞ 




⎠ 




⎟ 

and 

r 




1 




3 




2 




1 




μ 




= 




⎛ 




⎝ 




⎜ 




⎞ 




⎠ 




⎟ + 




− 




⎛ 




⎝ 




⎜ 




⎞ 




⎠ 




⎟ 




Exercise 1.1 
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The vector equation of a line 




⑦ 

Decide whether the following pairs of lines intersect or not. If they do 




intersect, find the point of intersection; if not, state whether the lines are 




parallel or skew. 




(i) 




L x 




y 




z 




L x 




y 




z 




:  




6 




1 




4 




2 




2 




5 




:  




1 




1 




4 




1 




17 




2 




1 




2 




− = 




+ 




− 




= − 




− = 




− 




− 




= + 




(ii) 




L x y 




z 




:  5 




1 




3 




4 




3 




1 




= 




+ = − 




− 




L x 




y 




z 




:  




2 




4 




5 




3 




1 




2 




2 




− = 




− 




− 




= + 




(iii) 

r 




2 




0 




1 




3 




2 




1 




1 




l 




= 




⎛ 




⎝ 




⎜ 




⎜ ⎜ 




⎞ 




⎠ 




⎟ 




⎟ ⎟ 




+ 




⎛ 




⎝ 




⎜ 




⎜ ⎜ 




⎞ 




⎠ 




⎟ 




⎟ ⎟ 




r 




4 




9 




1 




6 




4 




2 




2 




μ 




= 




− 




⎛ 




⎝ 




⎜ 




⎜ ⎜ 




⎞ 




⎠ 




⎟ 




⎟ ⎟ 




+ 




− 




− 




− 




⎛ 




⎝ 




⎜ 




⎜ ⎜ 




⎞ 




⎠ 




⎟ 




⎟ ⎟ 




(iv) 

r 




9 




3 




4 




1 




2 




3 




1 




l 




= 




− 




⎛ 




⎝ 




⎜ 




⎜ ⎜ 




⎞ 




⎠ 




⎟ 




⎟ ⎟ 




+ 




− 




⎛ 




⎝ 




⎜ 




⎜ ⎜ 




⎞ 




⎠ 




⎟ 




⎟ ⎟ 




r 




1 




4 




5 




1 




1 




2 




2 




μ 




= − 




⎛ 




⎝ 




⎜ 




⎜ ⎜ 




⎞ 




⎠ 




⎟ 




⎟ ⎟ 




+ 




− 




⎛ 




⎝ 




⎜ 




⎜ ⎜ 




⎞ 




⎠ 




⎟ 




⎟ ⎟ 




(v) 




r 




2 




3 




1 




1 




1 




2 




1 




l 




= 




⎛ 




⎝ 




⎜ 




⎜ ⎜ 




⎞ 




⎠ 




⎟ 




⎟ ⎟ 




+ 




− 




⎛ 




⎝ 




⎜ 




⎜ ⎜ 




⎞ 




⎠ 




⎟ 




⎟ ⎟ 




r 




1 




3 




1 




1 




3 




2 




2 




μ 




= 




− 




− 




− 




⎛ 




⎝ 




⎜ 




⎜ ⎜ 




⎞ 




⎠ 




⎟ 




⎟ ⎟ 




+ 




⎛ 




⎝ 




⎜ 




⎜ ⎜ 




⎞ 




⎠ 




⎟ 




⎟ ⎟ 




⑧ 

Find the acute angle between these pairs of lines: 




(i) 




r 




2 




5 




1 




2 




l 




= 




⎛ 




⎝ 




⎜ 




⎞ 




⎠ 




⎟ + 




⎛ 




⎝ 




⎜ 




⎞ 




⎠ 




⎟ 

and 

r 




1 




2 




1 




3 




μ 




= 




⎛ 




⎝ 




⎜ 




⎞ 




⎠ 




⎟ + 




− 




⎛ 




⎝ 




⎜ 




⎞ 




⎠ 




⎟ 




(ii) 




r 




0 




3 




5 




1 




l 




= 




⎛ 




⎝ 




⎜ 




⎞ 




⎠ 




⎟ + 




− 




⎛ 




⎝ 




⎜ 




⎞ 




⎠ 




⎟ 

and 

r 




2 




1 




1 




1 




μ 




= − 




⎛ 




⎝ 




⎜ 




⎞ 




⎠ 




⎟ + 




⎛ 




⎝ 




⎜ 




⎞ 




⎠ 




⎟ 




(iii) 

r 




2 




1 




3 




1 




4 




0 




l 




= 




⎛ 




⎝ 




⎜ 




⎜ ⎜ 




⎞ 




⎠ 




⎟ 




⎟ ⎟ 




+ 




⎛ 




⎝ 




⎜ 




⎜ ⎜ 




⎞ 




⎠ 




⎟ 




⎟ ⎟ 




and 

r 




6 




10 




4 




2 




1 




1 




μ 




= 




⎛ 




⎝ 




⎜ 




⎜ ⎜ 




⎞ 




⎠ 




⎟ 




⎟ ⎟ 




+ 




⎛ 




⎝ 




⎜ 




⎜ ⎜ 




⎞ 




⎠ 




⎟ 




⎟ ⎟ 




(iv) 

r 




4 




1 




4 




l 




= 




⎛ 




⎝ 




⎜ 




⎜ ⎜ 




⎞ 




⎠ 




⎟ 




⎟ ⎟ 




and 

r 




7 




0 




3 




1 




2 




1 




μ 




= 




− 




⎛ 




⎝ 




⎜ 




⎜ ⎜ 




⎞ 




⎠ 




⎟ 




⎟ ⎟ 




+ 




− 




⎛ 




⎝ 




⎜ 




⎜ ⎜ 




⎞ 




⎠ 




⎟ 




⎟ ⎟ 




(v) 




− = 




− = + 




− 




x 




y 




z 




4 




3 




2 




7 




1 




4 




and 

− = 




− = − 




x 




y 




z 




5 




2 




1 




8 




5 




⑨ 

To support a tree damaged in a gale a tree 




surgeon attaches wire ropes to four of the 




branches, as shown in Figure 1.12. 




He joins (2, 0, 3) to (−1, 2, 6) and (0, 3, 5) to 




(−2, 

−2, 

4). 




Do the ropes, assumed to be straight, meet? 




Figure 1.12 











1 
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⑩ 

Show that the lines 




L x 




y 




z 




L x 




y 




z 




L x 




y 




z 




: 




7 




4 




24 




7 




4 




4 




: 




3 




2 




10 




2 




15 




1 




: 




3 




8 




6 




3 




6 




2 




1 




2 




3 




+ = 




− 




− 




= + 




− = 




+ 




= − 




− 




+ = 




− 




− 




= − 




form a triangle and find the length of its sides. 




⑪ 

Figure 1.13 shows a music stand, consisting of a rectangle DEFG with a 




vertical support OA. 




G 




D 




A 




E 




O 




B 




F 




B 




B 




D 




D 




D 




AA 




D 




AA 




Figure 1.13 




(i) 




Write down the vector AD 




and show that EF 




is 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




0 




0.15 




0.3 




. 





(ii) 

Calculate the coordinates of C. 




(iii) 

Find the equations of the lines DE and EF in vector form. 




⑫ 

   The point A(2, 3, 

−1) 

lies on the plane 7x 

+ 

8y 

+ 

5z 

= 

d. 




(i) 




Find the value of 

d. 




(ii) 

Show that the point B(3, 

−1, 

4) lies on the plane. 




(iii) 

Write down the vector equation of the line 

L 

that passes through the 




point A and is perpendicular to the plane. 




(iv) 

The point C(−5, 

p, q) 

lies on the line 

L. 

Find the values of 

p 

and 

q 

and 




the distance AC. 




(v) 

Find the exact area of the triangle ABC. 




Relative to axes through the 




origin O, which is on the floor, the 




coordinates of various points are 




given, with dimensions in metres, 




as A(0, 0, 1), D(−0.25, 0, 1) and 




F(0.25, 0.15, 1.3). 




DE and GF are horizontal. A is 




the midpoint of DE and B is the 




midpoint of GF. 




C is on AB so that AC 

= 




1 




3 AB. 
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Lines and planes 




2 Lines and planes 




The point of intersection of a line and a plane 




The next example shows how you can 

find 

the point at which a line intersects 




a plane. 




⑬ 

  Figure 1.14 illustrates the 

flight 

path of a helicopter H taking off from an 




airport. 




The origin O is situated at the base of the airport control tower, the 

x-axis 




is due east, the 

y-axis 

due north and the 

z-axis 

vertical. 




The units of distance are kilometres. 




The helicopter takes off from the point G. 




The position vector 

r 

of the helicopter 

t 

minutes after take-off is given by: 




( 




) ( 




) 




= + 




+ 




+ 




+ 




t 




t 




t 




r 




i 




j 




k 




1 




0.5 

2 




2 




y 

(N) 




z 




G 




x(E) 




Cotrol 




tower 




O 




H 




F 




ș 




Figure 1.14 




(i) 




Write down the coordinates of G. 




(ii) 

   Find the angle the 

flight 

path makes with the horizontal (this is shown 




as angle 

θ 

in the diagram). 




(iii) 

   Find the bearing of the 

flight 

path (i.e. the bearing of the line GF). 




The helicopter enters a cloud at a height of 2 km. 




(iv) 

   Find the coordinates of the point where the helicopter enters the 




cloud. 




A mountain top is situated at M(5, 4.5, 3). 




(v) 

   Find the value of 

t 

when HM is perpendicular to the 

flight 

path GH. 




Find the distance from the helicopter to the mountain top at this time. 




Find the point of intersection of the line 

r 




2 




3 




4 




1 




2 




1 




l 




= 




⎛ 




⎝ 




⎜ 




⎜ ⎜ 




⎞ 




⎠ 




⎟ 




⎟ ⎟ 




+ 




− 




⎛ 




⎝ 




⎜ 




⎜ ⎜ 




⎞ 




⎠ 




⎟ 




⎟ ⎟ 




and the 




plane 




+ − = 




x y z 




5 




1. 




Example 1.12 
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Solution 




The line is 

= 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




= 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




+ 




− 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




x 




y 




z 




r 




2 




3 




4 




1 




2 




1 




l 




and so for any point on the line 




= + 




= + 




= − 




x 




y 




z 




2 




3 2 




4 




l 




l 




l 




Substituting these into the equation of the plane 




+     −     = 




x 

y 

z 




5 




1 gives 




( 




) ( 




) ( 




) 




+ 




+ 

+ 




− 

− 

= 




= − 




= − 




5 

2 




3 2 




4 




1 




8 




8 




1 




l 




l 




l 




l 




l 




Substituting 




1 




l 

= − 

into the equation of the line gives 




= 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




= 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




− 




− 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




= 




⎛ 




⎝ 




⎜ 




⎜ 




⎞ 




⎠ 




⎟ 




⎟ 




x 




y 




z 




r 




2 




3 




4 




1 




2 




1 




1 




1 




5 




So the point of intersection is (1, 1, 5). 




The angle between a line and a plane 




If they are not perpendicular, the acute angle between a line and a plane is the 




acute angle 

θ 

between the line and its 

orthogonal projection 

onto the plane, 




shown by the dotted line AB in Figure 1.15. 
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Figure 1.15 




You can find the angle 

θ 

by first finding the angle 

α 

between the direction 




vector 

d 

of the straight line 

L 

and a normal vector 

n 

to the plane, as shown in 




Figure 1.16. 
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Figure 1.16 




The angle 

θ 

can then be found by calculating 90 

− 

a.




This method is illustrated in the following example.
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