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  It is unfortunate that in our culture, mathematics, in general, is viewed unfavorably by a majority of well-educated people. Oftentimes they are proud to admit that they were not good students of mathematics in their school days. Admitting this weakness is almost like a badge of honor, which is rarely attributed to any other school subject. Despite its negative reputation, mathematics has contributed immensely to humanity’s shared knowledge of how the world works, and to the technological progress, which provides our lives with previously unforeseen advantages. Galileo Galilei stated that the book of nature is written in the language of mathematics, and, indeed, our understanding of nature through physics and other natural sciences is largely dependent on mathematics.1 However, both the formal system of mathematics and all of the mathematical results that have been achieved to the present day are often seen as independent of the world around us. In principle, the mathematical knowledge we have was primarily developed without any interaction with nature at all. Unlike biology, for instance, mathematics is not an empirical science. Part of what makes mathematics a truly fascinating subject is that it is the universal language of nature, but—at the same time—it is a system of logical conclusions that can be continuously developed in the absence of any observations of natural phenomena. These intriguing, contradictory qualities of mathematics may initially puzzle those who are leery about the subject, but by exploring the history of its development, we can gain remarkable insights into mathematics’ nature. With that in mind, we offer in Math Makers an overview of the history of mathematics, which we present through brief and exciting biographies of fifty of the most famous mathematicians, as well as clear investigations of some of their brilliant achievements.


  As you consider the history of mathematics, you might ask questions such as:


  Where did our current number system come from?


  Whom do we credit for the beginnings of algebra and geometry?


  Who was responsible for measuring the size of the earth—and how was it done with primitive tools?


  Who invented the calculus?


  What were the beginnings of calculators and computer programming?


  In the biographies of these innovators, you will find the answers to not just these questions but also many more. Furthermore, the life stories of these men and women who invented and developed mathematics will both motivate you and inspire within you a greater appreciation for this most important subject.


  Selecting which mathematicians to profile was no mean feat. We aimed for as broad a representation as possible, looking to feature specifically those who paved the path to our current technological age. This, of course, includes the all-too-often-neglected women who have contributed significantly to this process. Although each of these figures had markedly different life experiences, you will find a common characteristic among them: they were often considered unable to blend into the social fabric of the culture of their times. The brilliance and unusualness of these fifty mathematicians are revealed not only by the fruits of their mathematical wonder and labor but also by the very lifestyles they led.


  Some of their lives were rather sad, such as that of French mathematician Évariste Galois, the developer of what is today known as Galois theory. In 1832, on the eve of a duel he believed himself sure to lose, the twenty-year-old Galois wrote down everything he knew about abstract algebra. Sadly, the duel eventually cost him his life. What he wrote that night became the foundation of Galois theory, which, as you will later see, connects two other theories in such a way as to make them both more understandable and simpler. One wonders what other gems Galois could have offered, were he given the chance.


  But Galois was not the only mathematician whose contributions might have been lost entirely. In eighteenth-century European society, women were not allowed to participate in advanced academic studies. One of the famous mathematicians profiled here, Sophie Germain, was a child prodigy. In order to secure access to the world of academia, Germain wrote under the name of a former (male) student. After recognizing her genius and inquiring further, famous mathematicians of the day—such as Joseph Louis Lagrange and Carl Friedrich Gauss—discovered that she was a woman. Fortunately—and to our shared benefit—they accepted her as an equal. Germain then went on to provide significant advances in both mathematical studies and physics.


  Another unusual, and rather melancholy, biography is that of the Indian mathematician Srinivasa Ramanujan. He grew up in very poor circumstances but was eventually accepted by famous British mathematicians. Yet he suffered poor health, which severely limited his life span. His biography was deemed worthy of a full-length feature film; 2014 saw the release of The Man Who Knew Infinity,2 which was based off of the biography penned by Robert Kanigel.3


  Perhaps one of the most unconventional lives detailed here was that of the Hungarian-American mathematician Paul Erdős, who essentially lived out of a suitcase. Erdős had no residence and lived with about five hundred mathematicians and universities for weeks at a time, and he published over 1,500 mathematical papers of high significance. Today, there still exists a pride among mathematicians who had the privilege of coauthoring a research article with him. The Erdős Number Project oversees the breakdown of who collaborated with this prolific mathematician and assigns Erdős numbers to them. Direct coauthors of his are designated as an “Erdős number 1”; coauthors of these mathematicians are then each considered an “Erdős number 2,” and so on.


  In the pages that follow, we survey not only modern mathematicians who advanced our shared knowledge but also those pioneering ancients who provided the foundation upon which the rest stood. For instance, Archimedes of Syracuse is mostly remembered as an ingenious inventor of mechanical devices; but he is also considered the greatest mathematician of classical antiquity. His mathematical achievements go well beyond the work of other ancient Greek mathematicians. Amazingly, he anticipated modern calculus when he used minute measurements to prove geometrical theorems. Such astounding accomplishments are pervasive in the biographies of these historical figures.


  Beyond these awe-inspiring accomplishments, there are also many curiosities—some quite entertaining—that are part of the history of mathematics. For example, in 1637, in the margin of an algebra book, the famous French mathematician Pierre de Fermat wrote that no three positive integers a, b, and c satisfy the equation an + bn = cn for any integer value of n greater than 2, but then also indicated that he did not have enough space in the margin to prove this conjecture. We know that when n = 2, this statement is true, as it is the well-known Pythagorean theorem. During the next 358 years, many famous mathematicians unsuccessfully attempted to prove Fermat’s statement to be true, although no one ever found a counterexample. Hundreds of years later, a proof was finally provided by Andrew Wiles, in 1995; however, Wiles achieved this using methods certainly unknown to Fermat.


  Another famous English mathematician, Christian Goldbach, made a conjecture in 1742 that still has not been proven true for all cases, but no one has yet found a case for which it doesn’t hold true. His conjecture was written in a letter to the famous Swiss mathematician Leonhard Euler, and it is very simple—so much so that it could be easily understood by an elementary-school student. It states that every even integer greater than 2 can be expressed as the sum of two prime numbers. The attempts to prove this conjecture have led to many discoveries in the theory of numbers; but, to this day, the conjecture remains unproven for all cases.


  As we guide you through this journey of the history of mathematics via the lives of those responsible for it, we explore also the work and developments for which they are famous. In some cases, we had to make judgments about what we would present as the highlights of a mathematician’s achievements. This was particularly difficult with the biography of Leonhard Euler, who is known as the most prolific mathematician in history. As much as possible, we selected those works and achievements that are comfortably intelligible for the average person. This is consistent with our goal to make mathematics accessible, entertaining, and enjoyable, while at the same time appreciating the men and women who have discovered and presented the power and beauty of mathematics. After you become familiar with these remarkable individuals and their achievements, you will undoubtedly feel motivated to learn more about those who most particularly intrigued or inspired you. Their life stories encourage all of us to continue examining the world around us and how it is supported by this fascinating field of study. Furthermore, with a greater understanding of and respect for the most unique makers of our technological world, we also gain a deeper insight and ability to recognize the brilliance among outstanding people in our current society.




  CHAPTER 5
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  Archimedes: reek (ca. 287–ca. 212 BCE)


  There is no Nobel Prize for mathematics, but there are two awards in mathematics with a comparably high prestige, at least within the community. One is the Abel Prize, established in 2002 by the Norwegian government; the other is the Fields Medal, which was first awarded in 1936. Unlike the Nobel Prizes and the Abel Prize, which are awarded annually, the Fields Medals are awarded only every four years—and there is an age limit for its recipients. They must be under forty years of age. Although it might be strange to impose an age limit on such a prestigious award, there is a reason for doing so: the award is also intended to encourage future research. Officially known as the international medal for outstanding discoveries in mathematics, the colloquial name “Fields Medal” is in honor of the Canadian mathematician John Charles Fields (1863–1932). He began developing the award in the late 1920s and even chose the design of the medals. Unfortunately, he died from a stroke two years before the first medals were awarded. In his personal will, he left a $47,000 grant to establish a fund for the award. The Fields Medal is made of gold, and its front side shows the head of Archimedes1 (ca. 287–ca. 212 BCE) and the inscription “Transire suum pectus mundoque potiri” (see fig. 5.1). This is a quotation attributed to Archimedes; it can be translated as “Rise above oneself and grasp the world.”


  Although this quote is emblazoned on the Fields Medal that bears his likeness, Archimedes is probably most famous for having proclaimed “Eureka! Eureka!” This particular phrase translates to “I’ve found it! I’ve found it!” This is what he exclaimed after having stepped into a bath and suddenly noticing that the amount by which the water level rose was a measure of the volume of the part of his body he had submerged (i.e., displacement). The background story adjoining this anecdote is that the local tyrant, Hiero II of Syracuse (ca. 308–215 BCE) contracted Archimedes to find a method by which the purity of a golden crown could be assessed without destroying it. Hiero’s request stemmed from his suspicion that his goldsmiths had replaced with silver some of the gold he had given them for the creation of the crown. Archimedes was able to solve the problem because gold weighs more than silver. Therefore, a crown mixed with silver would have to be bulkier than a purely golden crown of the same weight. Consequently, the adulterated crown would also displace more water. Although this story is compelling, the oldest source for it is a book on architecture by the Roman writer Vitruvius,2 which appeared approximately two hundred years after the alleged episode; it is very likely that the story has been substantially modified and embellished, even though there may be some truth in it. Further undermining this tale’s veracity, Galileo Galilei (1564–1642) pointed out that Archimedes could have achieved a much more accurate measurement by using a different method that relied on his own law of buoyancy, which is now known as Archimedes’s principle. Archimedes is also remembered as an ingenious inventor of mechanical devices, such as Archimedes’s screw for lifting water (see fig. 5.2) and various “super weapons” of the ancient world.


  [image: Figure 5.1. The Fields Medal. (Image from Stefan Zachow of the International Mathematical Union, retouched by King of Hearts.)]

    Figure 5.1. The Fields Medal. (Image from Stefan Zachow of the International Mathematical Union, retouched by King of Hearts.)


  Perhaps less well known is the fact that Archimedes is generally considered the greatest mathematician of classical antiquity, which is why his profile decorates the Fields Medal. His mathematical achievements go well beyond the work of other ancient Greek mathematicians; in particular, he applied and perfected Eudoxus’ method of exhaustion to prove geometrical theorems. He developed the proofs that anticipated those of modern calculus. Unfortunately, almost nothing is known about Archimedes’s life, except for a few anecdotes and some biographical information he mentioned in his writings.


  [image: Figure 5.2. Archimedes’s screw. (Image from Chambers’s Encyclopedia (Philadelphia: J. B. Lippincott, 1875.)]

    Figure 5.2. Archimedes’s screw. (Image from Chambers’s Encyclopedia (Philadelphia: J. B. Lippincott, 1875.)


  Archimedes was born in the city of Syracuse on the island of Sicily in roughly 287 BCE. His father was an astronomer named Phidias, of whom nothing else is known. It is believed that Archimedes studied in the intellectual center of the ancient world: Alexandria, Egypt. Supporting this belief is the fact that two of Archimedes’s works have introductions addressed to Eratosthenes (ca. 276–ca. 195 BCE), who was in charge of the legendary Great Library of Alexandria, a place where the greatest scholars of the ancient world would meet. Eratosthenes is famous for calculating the circumference of the earth by measuring the sun’s angle of elevation at noon both in Alexandria and in a city a known north–south distance away from Alexandria. Considering the extremely primitive measuring tools Eratosthenes had at his disposal, he obtained a remarkably accurate result (see chap. 6).



  [image: Figure 5.3. Engraving from the book Les vrais pourtraits et vies des hommes illustres grecz, latins et payens (1586).]

    Figure 5.3. Engraving from the book Les vrais pourtraits et vies des hommes illustres grecz, latins et payens (1586).


  The Greek mathematician Conon of Samos (280–220 BCE) was another contemporary of Archimedes, and he, too, was mentioned in Archimedes’s writings. Unfortunately, only fragments of transcriptions of Archimedes writings have survived, and at least seven of his treatises are completely lost. (Other authors referred to them, which is why we know that they must have existed.) However, the few copies of his treatises that survived through the Middle Ages were highly influential for scientists and mathematicians of the Renaissance, notably for Galileo Galilei (1564–1642), Johannes Kepler (1571–1630), René Descartes (1596–1650), and Pierre de Fermat (1607–1665).


  While Archimedes often uses heuristic arguments—which employed logical problem-solving methods—to find the solution to a mathematical problem, he then also provides a rigorous proof for his result. In his treatise “The Method of Mechanical Theorems,” he emphasizes that heuristic reasoning, although often very useful to obtain an “educated guess” for the solution, cannot replace a mathematical proof. In antiquity, Archimedes was famous for his inventions, but his mathematical writings were not so well known. Consequently, it was more than seven centuries until his works were first compiled into a comprehensive text now known as the Archimedes codex. The codex was compiled around 530 CE by Isidore of Miletus, an architect of the Hagia Sophia patriarchal church in the Byzantine Greek capital city of Constantinople (now Istanbul). The discovery of Archimedes’s treatise “The Method of Mechanical Theorems” is a real-life Indiana Jones story, one well worth a short digression: A copy of the Archimedes codex was made around 950 CE by an anonymous scribe, but in the thirteenth century, the parchment leaves of this copy were reused for a Christian religious text. Parchment was very expensive and not readily available, so it was often “recycled” by scraping off the previous writing and then washing the pages. Mathematical texts that could only be understood by a handful of scholars were quite literally considered not worth the “paper” on which they were written. The original text on the pages of a manuscript that underwent this recycling procedure are called a palimpsest, derived from an ancient Greek compound word meaning “scraped clean to be used again.” The cleaned leaves of the Archimedes codex were folded in half, so that each sheet became two pages of the liturgical book (see fig. 5.4).


  [image: Figure 5.4. The Archimedes Palimpsest (Archimedes’s text is the fainter one running from left to right).]

    Figure 5.4. The Archimedes Palimpsest (Archimedes’s text is the fainter one running from left to right).


  Fortunately, the erasure was incomplete. In 1846, while studying ancient biblical texts in a Greek Orthodox library in Constantinople, the German biblical scholar Constantin von Tischendorf (1815–1874) discovered a faint mathematical text covered up by the religious writing in an old prayer book. He excised a sample page and took it with him, but he could not determine the value or meaning of the mathematical text obscured by the prayers. After Tischendorf’s death, the University of Cambridge bought a collection of manuscript pages from his estate, including the palimpsest. At Cambridge, the unidentified sheet received a number and was filed, which could have been the end of the story. However, in 1899, a Greek scholar produced a catalog of the books in the Constantinople library, and he also discovered the faint mathematical text in the prayer book. He transcribed several lines of it, which were called to the attention of the world’s leading expert on Archimedes, who realized that the text was indeed from a treatise of Archimedes. When he visited the library in 1906, he was permitted to take photographs of the palimpsest, from which he then produced transcriptions. The palimpsest included works by Archimedes that were thought to have been lost. This sensational discovery made headlines in the newspapers throughout the world. However, during the Greco-Turkish War (1919–1922), the palimpsest was stolen, and later it was sold to a businessperson who stored it in a cellar, where it remained for decades and was damaged by water and mold. In 1971, a single-sheet of the palimpsest, kept at Cambridge, was identified as belonging to the Archimedes palimpsest from the Constantinople library. In 1998, the book reappeared in the public eye at a Christie’s auction, where it was sold to an anonymous buyer for $2 million. The severely damaged book was then taken to the Walters Art Museum in Baltimore for conservation, which was an extremely challenging task that took several years to complete.3 Highly sophisticated imaging techniques were used to create a digital copy of the palimpsest before it was returned to its new owner.4 The palimpsest contains the only existing copy of Archimedes’s treatise “The Method of Mechanical Theorems,” which was an extremely important discovery, since it provided new insights into how Archimedes obtained his results.


  In this work, Archimedes shows how the area or volume of a figure can be determined by dissecting it into an infinite number of infinitely small parts (infinitesimals), thereby anticipating the modern concept of the integral. However, since he did not view the use of infinitesimals to be rigorous mathematics, Archimedes also provided proofs based on already-established methods. The proofs he gave in his treatise relied on the method of exhaustion and the reductio ad absurdum (“reduction to absurdity”), two techniques he brought to perfection. The reductio ad absurdum is a mode of reasoning in which one attempts to disprove a statement by showing that it inevitably leads to an “absurd” conclusion, for instance, a mathematical contradiction such as 1 = 0. This type of argument can be traced back to classical Greek philosophy, notably to Aristotle, and it was also applied by Euclid to prove mathematical theorems. While the reductio ad absurdum is not limited to mathematical reasoning and is used in philosophy, the method of exhaustion is of a purely mathematical nature. It modern terms, it consists of finding the area (or volume) of a shape by inscribing inside it a sequence of polygons (or polyhedra) with increased numbers of sides, whose areas (or volumes) converge to that of the given shape. To reveal these two methods in more detail, we shall sketch Archimedes’s proof of a result he published in his treatise “Measurement of a Circle.” Only a fragment of this work has survived; it consists of three propositions, the first of which states that the area of any circle is equal to the area of a right triangle in which one of the legs of the right angle is equal to the radius of the circle, and the other leg is equal to its circumference (see fig. 5.5). That is, [image: image].


  An essential element of Archimedes’s proof of the formula for the area of a circle is the approximation of the circle by regular polygons inscribed in the circle. For example, figure 5.6 shows a square and an octagon inscribed in a circle.


  [image: Figure 5.5.]

    Figure 5.5.

    
  [image: Figure 5.6.]

    Figure 5.6.


  The octagon can be obtained from the square by erecting isosceles triangles on the sides of the square, with the square’s vertices touching the circle. Repeating this procedure with the octagon would produce a 16-gon. With each doubling of the number of sides, the area of the inscribed polygon increases, but it will always be less than the area of the circumscribed circle. However, we can approximate the area of the circle by the area of an inscribed n-gon with arbitrary precision, if we only take n large enough. Similarly, we could use circumscribed n-gons whose sides are tangent to the circle. An n-gon can be decomposed into n isosceles triangles (see, e.g., fig. 5.6); its area is, therefore, [image: image], where cn is the perimeter of the n-gon and hn is its apothem (the length of the segment from the center of the n-gon to the midpoint of one of its sides). Denoting the area of the circle and the right triangle shown in figure 5.5 by AreaCircle and AreaTriangle, respectively, we want to show that AreaCircle = AreaTriangle. To this end, Archimedes used a double reductio ad absurdum: First, we assume that AreaCircle > AreaTriangle. If we take n sufficiently large, then the area of the inscribed n-gon will lie between the area of the circle and the area of the triangle, that is, AreaCircle > Arean > AreaTriangle (recall that we can make the approximation of the circle by a polygon as close as we wish, but Arean will always be smaller than AreaCircle). Since the legs of the right triangle have length r (radius of the circle) and c (circumference of the circle), we have [image: image]. On the other hand, the perimeter of the inscribed n-gon must be smaller than the circumference of the circle, and its apothem must be smaller than the radius of the circle, implying that [image: image] AreaTriangle, which is a contradiction to Arean > AreaTriangle. Consequently, the assumption that AreaCircle > AreaTriangle must have been wrong. If we now assume that AreaCircle < AreaTriangle, we may construct an n-gon circumscribed about the circle, such that AreaCircle < Arean < AreaTriangle. Since we have cn > c and rn > r for any n-gon circumscribed about the circle, we obtain AreaTriangle [image: image], in contradiction to Arean < AreaTriangle. This implies that the assumption AreaCircle < AreaTriangle must have been wrong as well. We thus have shown that neither AreaCircle > AreaTriangle nor AreaCircle < AreaTriangle can be true, from which we can conclude that AreaCircle = AreaTriangle.


  Using the technique of inscribing and circumscribing regular polygons in and about a circle, Archimedes was also able to determine the value of π with remarkable accuracy. The number π is defined as the ratio between the circumference and the diameter of a circle. For an inscribed or circumscribed n-gon, the ratio


  [image: image]


  will approach π as n gets larger and larger. Archimedes developed a numerical procedure to calculate the perimeter and apothem of inscribed and circumscribed n-gons and carried out the calculation for n = 12, 24, 48, and 96, thereby obtaining a lower and an upper limit for the value of π:


  [image: image]


  (where π = 3.14159265 . . .). The approximation of π by the fraction [image: image] became very popular in antiquity and was commonly used in calculations until the Middle Ages. Today, this approximation is also quite popular among students in younger grades.


  In “On the Sphere and Cylinder,” Archimedes shows that the surface area of a sphere is four times that of a great circle (a circle on the surface of a sphere with its center at the center of the sphere). In other words, Area = 4πr2, where r is the radius of the sphere. The volume contained in the sphere is two-thirds the volume of a circumscribed cylinder; or symbolically, [image: image]). Archimedes was very proud of this result and consequently left instructions for his tomb to be marked with a sphere inscribed in a cylinder. In fact, the Roman philosopher Cicero (106–43 BCE) visited Archimedes’s tomb when he was in Sicily in 75 BCE, 137 years after Archimedes’ death. After some searching, he found the tomb “enclosed all around and covered with brambles and thickets,” and he wrote:



   I noticed a small column arising a little above the bushes, on which there was a figure of a sphere and a cylinder. . . .




  Unfortunately, the location of Archimedes’s tomb is not known. In another nod to this brilliant mathematician, the reverse of the Fields Medal displays a sphere inscribed in a cylinder (see fig. 5.7).


  Archimedes’s proof of the relationship between the volume of a sphere and a circumscribed cylinder is a masterpiece of mathematics. However, rather than provide a detailed version of his proof, we provide a less rigorous version, which will be more intuitively comprehensible. We will need the formula for the volume of a cone; therefore, we will first provide a heuristic argument for how to compute the volume of a cone. Consider a regular square pyramid whose height is half the length of a side of its base. We can combine six of such pyramids to form a


  [image: Figure 5.7. The Fields Medal (reverse). (Image from Stefan Zachow of the International Mathematical Union, retouched by King of Hearts.)]
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  Epilogue


  We hope you have enjoyed our journey through the history of mathematics via the lives of those whom we believe are the most significant mathematicians who have developed the subject to the present day. Selecting fifty outstanding mathematicians from the Western world is a difficult task, and one that is open to alternative assessments. There are clearly many other outstanding mathematicians who could just as easily have been included in our collection; however, we tried to choose those who helped define mathematics as we know it today. On both ends of the spectrum, it is a difficult task to summarize the unusual lives of these mathematicians. For the early days, our resources were very limited. In some cases, there are no written documents available from the highlighted person and so we had to rely on the commentary of other mathematicians who knew of their work. One such example is Thales of Miletus, where most of the information available is a collection of commentaries written by others who flourished during his time and shortly thereafter. On the other end of the spectrum, the difficulty is to describe very advanced mathematics to the general readership, which we have tried to do in the clearest possible way.


  It is also noteworthy that those of unusually high intelligence, which we often referred to as genius, have a lifestyle that is not typical of the average citizen. We also notice that these brilliant mathematicians struggled throughout their lives to achieve their groundbreaking ideas and concepts. Oftentimes, they met with resistance and had to grapple with societal issues to publicize their ideas. These included, but were not limited to, poverty, gender, religious beliefs, and other societal peculiarities. Yet these aspects of their lives add further interest as we try to understand how they reached these heights.


  We hope that having shed light on these unusually brilliant people will allow the reader an even greater appreciation for mathematics and motivate a desire to pursue further the work of these fifty mathematicians and others that we couldn’t fit into this book.




  Appendix


  HILBERT’S AXIOMS


  I. Incidence


  1. For every two points A and B there exists a line a, which contains both points. We write AB = a, or BA = a. Instead of “contains,” we may also employ other forms of expression; for example, we may say “A lies upon a,” “A is a point of a,” “a goes through A and through B,” “a joins A to B,” etc. If A lies upon a, and at the same time a lies on another line b, we also make use of the expression “The lines a and b have the point A in common.”


  2. For every two points there exists no more than one line that contains them both; consequently, if AB = a, and AC = a, where B ≠ C, then also BC = a.


  3. There exist at least two points on a line. There exist at least three points that do not lie on the same line.


  4. For every three points A, B, C not situated on the same line there exists a plane α that contains all of them. For every plane, there exists a point that lies on it. We write plane ABC = α. We may also use the expressions “A, B, C, lie in α,” “A, B, C are points of α,” etc.


  5. For every three points A, B, C that do not lie in the same line, there exists no more than one plane that contains them all.


  6. If two points A, B of a line a lie in a plane α, then every point of a lies in α. In this case, we say, “The line a lies in the plane α,” etc.


  7. If two planes α, β have a point A in common, then they have at least a second point B also in common.


  8. There exist at least four points not lying in a plane.


  II. Order


  1. If a point B lies between points A and C, B is also between C and A, and there exists a line containing the distinct points A, B, C.


  2. If A and C are two points, then there exists at least one point, B, on the line AC, such that C lies between A and B.


  3. Of any three points situated on a line, there is no more than one that lies between the other two.


  4. Pasch’s Axiom: Let A, B, C be three points not lying in the same line, and let a be a line lying in the plane ABC and not passing through any of the points A, B, C. Then, if the line a passes through a point of the segment AB, it will also pass through either a point of the segment BC or a point of the segment AC.


  III. Congruence


  1. If A, B are two points on a line a, and if A′ is a point upon the same or another line a′, then, upon a given side of A′ on the straight line a′, we can always find a point B′ so that the segment AB is congruent to the segment A′B′. Every segment is congruent to itself.


  2. If a segment AB is congruent to the segment A′B′ and also to the segment A″B″, then the segment A′B′ is congruent to the segment A″B″; that is, if AB ≅ A′B′ and AB ≅ A″B″, then A′B′ ≅ A″B″.


  3. Let AB and BC be two segments of a line a, which have no points in common, aside from the point B, and, furthermore, let A′B′ and B′C′ be two segments of the same or of another line a′ having, with, likewise, no point in common other than B′. Then, if AB ≅ A′B′ and BC ≅ B′C′, we have AC ≅ A′C′.


  4. Let an angle ∠(h, k) be given in the plane α and let a line a′ be given in a plane α′. Suppose also that, in the plane α′, a definite side of the straight line a′ be assigned. Denote by h′ a ray of the straight line a′ emanating from a point O′ of this line. Then in the plane α′ there is one, and only one ray k′ such that the angle ∠(h, k), or ∠(k, h), is congruent to the angle ∠(h′, k′), and at the same time all interior points of the angle ∠(h′, k′) lie upon the given side of a′.


  5. If the angle ∠(h, k) is congruent to the angle ∠(h′, k′) and to the angle ∠(h″, k″), then the angle ∠(h′, k′) is congruent to the angle ∠(h″, k″).


  6. If, in the two triangles ABC and A′B′C′, the following congruences are true: AB≅A′B′, AC≅A′C′, ∠BAC≅B′A′C′, then the congruence ∠ABC≅∠A′B′C′ and ∠ACB≅∠A′C′B′ also holds true.


  IV. Parallels


  1. Euclid’s Axiom: Let a be any line and a point A not on the line. Then there is at most one line in the plane, determined by a and A, that passes through A and does not intersect a.


  V. Continuity


  1. Archimedes’s Axiom: If AB and CD are any segments then there exists a number n such that n segments CD constructed contiguously from A, along the ray from A through B, will pass beyond the point B.


  2. Axiom of line completeness: An extension of a set of points on a line with its order and congruence relations that would preserve the relations existing among the original elements as well as the fundamental properties of line order and congruence that follows from Axioms I–III and from V–1 is impossible.


  Hilbert’s 21st Axiom: Any four points A, B, C, D of a line can always be labeled so that B shall lie between A and C and also between A and D, and, furthermore, that C shall lie between A and D and also between B and D. (In 1902 the American mathematician Eliakim Hastings Moore [1862–1932] proved that this 21st axiom was redundant.)
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