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REVIEWS


How I Wish I’d Taught Maths is an extraordinary and important book. Part guide to research, part memoir, part survival handbook, it’s a wonderfully accessible guide to the latest research on teaching mathematics, presented in a disarmingly honest and readable way. I know of no other book that presents as much usable research evidence on the dos and don’ts of mathematics teaching in such a clear and practical way. No matter how long you have been doing it, if you teach mathematics – from primary school to university – this book is for you.

Dylan Wiliam, Emeritus Professor of Educational Assessment, UCL
@dylanwiliam

How I Wish I’d Taught Maths is a rare and wonderful book, one that could only have been written by someone with Craig’s devotion to teaching and willingness to become immersed in the research literature on how people learn. In clear, concrete, and compelling terms, Craig illustrates evidence-based ways to upgrade mathematics instruction, ways that are often unintuitive and/or at odds with prevailing educational practices. It makes us wish that young people the world over might have the good fortune to find themselves in classes that incorporate Craig’s insights. In fact, whereas Craig writes, ‘I’ll be honest – this book has been created for maths teachers’, we think that Craig’s ‘lessons learned’ can, with some creativity, enhance any teaching.

Robert A. Bjork and Elizabeth L. Bjork, Department of Psychology, University of California, Los Angeles

It’s rare that we change our habits and beliefs once they are established – cognitive bias is strong in us. And that is what makes this book so exceptional. Craig describes not only what he’s learned from a methodical study of cognitive science but how he’s changed over time despite his initial success. There’s a joyful relentlessness to Craig’s study of teaching methods. He starts out telling us he wants to ‘know every detail’, and what makes the book so exceptional is just that – the way the story of how something he learned about teaching played out in a specific problem or lesson, was refined and improved. It’s an incredibly useful book for maths teachers especially, but really for anyone who teaches and cares about getting it right.

Doug Lemov, former teacher and author of Teach like a Champion @Doug_Lemov

This is a really thoughtful and thought-provoking discussion of a series of important and practical questions about the best way to teach.

Daisy Christodoulou, author of Seven Myths about Education and Director of Education at No More Marking
@daisychristo

This book has the potential to have a huge impact on the way maths is taught. It is so refreshing to see a maths teacher honestly critiquing their own practice and suggesting alternative approaches based on sound research and analysis. Craig’s warm and relatable style of writing is a pleasure to read. His book is brought to life by hilarious anecdotes and humble reflections. Craig summarises the key points of the relevant research succinctly and his advice to teachers is perfectly pitched and instantly transferable to any maths classroom. For the sake of our current and future students, I certainly hope that this book becomes essential reading for maths teachers.

Jo Morgan, maths teacher and creator of resourceaholic.com
@mathsjem

Teaching is on the cusp of a new era, bringing it out from the dark ages where ‘don’t smile before Christmas’ and ‘because we’ve always done it that way’ is replaced with evidence-backed approaches based on insights from research into cognitive science and psychology. In a world where the highest-impacting teaching approaches are often counter-intuitive, experience alone cannot be relied upon; we need these research-informed insights in order to improve as practitioners.

History will look back on How I Wish I’d Taught Maths as a seminal book leading mainstream teachers into this new world. And who else would you want to narrate us into the unknown than Craig Barton, the leading maths educator in the UK? A role model for excellence in professional development, Craig’s enthusiasm, intellect and critical skills navigate readers through vitally important and complex concepts with ease.

Pulling on contemporary research from hundreds of papers and books, How I Wish I’d Taught Maths concisely summarises all that we know about high-impact teaching and gives specific examples of what it looks like in the classroom. This book helps you realise just how much you didn’t know about teaching, and furthermore, how much we still have to learn as a profession.

A must-read for experienced or newly qualified teachers alike.
This book will quickly become a classic.

William Emeny, Teacher, Researcher, Author of Great Maths Teaching Ideas, Creator of Numeracy Ninjas
@Maths_Master

How I Wish I’d Taught Maths is an honest and insightful reflection of Craig’s years as a maths teacher. Through experience, podcasting others and reading broadly, Craig carefully considers every assumption he used to make when teaching maths – assumptions we all make or made. In each chapter he forensically analyses a theme from Explicit Instruction to, my favourite, Choice of Examples, expounding his old approach and backing up his new approach with rich examples and scholarly references.

Written in the way he speaks – upbeat, humble and littered with ‘flippin’ ‘ecks’ – Craig brings together so many aspects of maths teaching and so many shared assumptions that there’s something in here for anyone involved in maths education, including teacher trainers, early career teachers and those with many years at the chalkface. Having read How I Wish I’d Taught Maths I’ll now be a considerably stronger practitioner. No doubt this will become the defining book on maths pedagogy for generations of maths teachers.

Bruno Reddy, Former Head of Maths at King Solomon Academy and creator of Times Tables Rockstars
@MrReddyMaths

This is one of the most useful books on maths instruction that I have read. Craig’s humility and honesty about his previous reasoning, and responses to received wisdom (and his own biases), invites the reader to examine their own preconceptions and blind spots. The volume of research behind his conclusions – and the down-to-earth summaries of its implications – make it accessible for anyone interested in maths teaching.

His stories ring horribly true, encapsulating predictable errors made early (and late!) in a maths teacher’s career. I wish this book had existed when I trained; I might have avoided making so many mistakes, and for so long! The conversational style gives it the feel of a discussion with a trusted and inspiring maths mentor or university tutor, making you feel Craig’s expectations of us, as teachers, are as high as those he has for his students!

I’ve made it a ‘must-read’ for anyone who wants to join our department. In addition to being accessible, it acts as a handy reference for discussions, giving a common language for maths teachers to discuss their practice. It is wonderful to have a go-to resource allowing maths teachers, and those who support them, to examine where their practice can be refined or, in some cases, altered.

As the debate about ‘teacher standards’ gathers pace, this book is a timely contribution in answer to the question, ‘What should we expect all teachers, as professionals, to know about the craft of teaching maths to children?’. That said, there is a wealth of information and reflection in here that would be valuable for teachers across subjects and phases. I would not be surprised if this became compulsory reading for a range of PGCE courses and teacher inductions. Craig’s conclusions about how to help pupils learn interrogates the most fundamental aspects of how we think about teaching, regardless of curriculum area.

Dani Quinn, Head of Maths at Michaela Community School
@danicquinn

Evidence-fuelled, down-to-earth, and hugely practical.
The book we maths teachers have all been waiting for.

Peps Mccrea, Associate Dean at the Institute for Teaching @pepsmccrea
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FOREWORD


It’s hard to imagine a maths teacher in the United Kingdom who hasn’t heard of Craig Barton.

As the creator of both the Mr Barton Maths website and the Mr Barton Maths Podcast, the long-standing Maths Adviser to TES, the Diagnostic Questions phenomenon, and regular speaker at conferences throughout the country, and the world beyond, his contribution to the community of mathematics teachers has been extraordinary, as has the generosity with which he shares so much of his insight.

Given this, it is equally hard to imagine a reader who won’t be shocked to hear Craig admit he thinks he’s been getting it wrong the whole time, across more than a dozen years in the classroom.

I first came across Mr Barton when tutoring GCSE maths, in preparation to kick off a serious career in education by joining Teach First. His website provided a systematic and organised collection of resources that proved invaluable. I could hardly have imagined at the time that seven years later the Craig Barton would be interviewing me, to ask my thoughts on teaching.

But I’d been fortunate. In my first months in the classroom, friends in the teaching profession directed me to original research from the field of cognitive science, and what I read there completely redirected my thinking.

I entered the classroom obsessed with words like ‘inspire’, ‘motivate’ and ‘engage’, alongside their siblings ‘challenge’, ‘understanding’ and ‘independence’. As I read the research, I realised that for the first time I was learning something about the human mind, about how we learn, and so how I could teach in a way that pupils were more likely to follow successfully. I realised that I had been obsessed with ‘motivation’ and ‘inspiration’ because I knew how to give a pep talk, but didn’t know how to teach, and I used ‘challenge’ and ‘independence’ as an excuse for my poor teaching: pupils were struggling because I was encouraging them to ‘think for themselves’, because I courageously refused to ‘spoon-feed’ them.

So, I got lucky, and over Christmas, after one term of teaching, I wrote a confession and sent it to 30 people, including family, friends, fellow student teachers and my mentors. It began: ‘Everything I thought was wrong’.

I was lucky, and was able to dedicate my next five years in the classroom to figuring out how to apply the theory, constantly improving, with a false-start that limited me and my pupils for only four months. By contrast, Craig has come out after 12 years, ready to share his own confession, publicly, with thousands of fellow teachers, and he’s done it because most of us aren’t as lucky.

Seven years ago, almost no one in education that I spoke to had heard the words ‘cognitive science’. Now, it seems everyone has heard of it; but it’s easy to become trapped in the filter bubble. When I was interviewed by Craig, he frequently expressed surprise at some of the points I made, and asked follow-up questions whose answers I thought were obvious. There were moments when this was clearly a deliberate effort to add clarity for the audience, but in other moments I was left wondering if Craig was asking because he himself genuinely wasn’t already familiar with the ideas I referred to. It must be a clever interview technique, I concluded, designed to create an informal atmosphere of conversation and discussion.

So, I was as shocked as anyone when I learnt, on reading How I Wish I’d Taught Maths, that it wasn’t just a clever interview technique, that somehow the burgeoning revolution, and explosion in awareness of cognitive science, had completely passed Craig by. It wasn’t until he started the podcast series, and interviewed the likes of Dylan Wiliam and Daisy Christodoulou, that he began to realise what he had been missing.

At this point it’s worth saying that Ray Dalio is the of the world’s most successful billionaires, and he makes the point that ‘smart people are the ones who ask the most thoughtful questions, as opposed to thinking they have all the answers’. I believe Dalio has the right of it, and therefore Craig Barton is one of the smartest people I know. When first learning there was a body of research that might contradict his teaching recommendations, he could have done what most people feel compelled to do: dug his heels in and refused to question his existing beliefs. Instead, true to form, he ferociously set out to find and question people who could challenge and add to his thinking, and he freely shared his experiences with anyone who wanted to get involved and join in the journey.

People who are prepared to dedicate their public lives to a line of reasoning, and then in the face of new evidence say, equally publicly, that they had it wrong all that time, are rare, rare, rare. They must be treasured, and this book is a treasure for every one of us who hasn’t been lucky enough to stumble upon the ‘cheat codes to intelligence’ for ourselves.

This is the book I wish I’d written. It is part confessional, part literature review, part pragmatic advice. It speaks directly to the mistakes we’ve all made in the classroom, and precisely to what we can change to do better. It is an uncommon book that is as practical as it is theoretical, and somehow retains its humility throughout.

It’s been a while since I’ve read a book on education that I’ve enjoyed and taken as much from as I did here, so buckle up, you’re in for a treat!

Kristopher Boulton

Former second in department at King Solomon Academy,
Teach First maths ambassador and Director of Education at Up Learn










DEDICATION


For Kate, my (a)cute girl










INTRODUCTION


I thought I knew it all

As a maths teacher, I have been quite successful.

I know that is not exactly the most humble way to kick things off, but I feel it is important to establish the context in which this book is written. So please forgive me the indulgence of giving my own trumpet a hearty blow for just one paragraph.

At the time of writing, I am in my 13th year of teaching mathematics. I was one of the youngest Advanced Skills Teachers (ASTs) ever appointed in the UK, giving me the opportunity to work closely with teachers and students across dozens of schools. For the last 8 years I have been the TES Maths Adviser, with a responsibility for sharing the best practice and resources with the largest professional network of maths teachers in the world. I am a member of the AQA Expert Panel, responsible for giving advice on assessment and support materials at a national level. I am the creator of two popular maths websites: mrbartonmaths.com, which has received over 20 million visits from teachers, students and parents from across the globe; and diagnosticquestions.com, which contains the world’s largest collection of multiple-choice diagnostic questions, and is used in over 80% of UK secondary schools and in more than 50 countries. My teaching has been judged as Outstanding in four successive Ofsted inspections in two different state schools, and each one of my classes has met or exceeded their challenging targets in national exams in every year I have taught. I have written two maths textbooks, had the honour of delivering workshops on teaching across the UK and all over the world, including Bangkok, Nanjing and Kuala Lumpur, and I have worked directly on a national project with the Ministry of Education and the British Embassy to improve teaching standards in Cambodia. I have even been asked to pose for the odd selfie.

I do not list my achievements to make myself feel good (well, not entirely, anyway). I do so to illustrate just how far it is possible to come without really having a clue what you are doing.

If someone had asked me to write a book about maths teaching two years ago, it would have been simply unrecognisable from the one you are (hopefully) about to read. It would probably have been entitled The Beauty of Rich Tasks, The Power of Mathematical Discovery, or The Ultimate Guide to Teaching Problem-Solving, and no doubt featured a picture of me looking very happy with myself on the inside cover. It would have consisted of the open-ended tasks and ideas that I have developed over many years and used with thousands of students. It would have been full of me exclaiming how much my students enjoyed these activities, the insights they made, the problem-solving skills they developed, the independent learners they became, and the results they achieved. I would have extolled the benefits of discovery learning, inquiries, projects, puzzles, student-centred learning, and of me as a teacher taking a back seat (I probably would have used the phrase ‘the teacher should be the facilitator of learning’ more than once). The one noticeable absence from this hypothetical book, of course, would have been any research to backup my claims. And if someone had pointed out this tiny omission, I would have replied with a patronising smile and explained ‘I don’t need research, I know it works’.

If really pushed for some external justifications for the practices I had always employed, I could very quickly point to Ofsted. When I was observed as part of our school’s inspection during the last week of term in December 2015 (Happy Christmas!), the inspector walked into my room to find a group of my Year 9 students stood at the front of the class, interactive whiteboard pen in hand, explaining the intricacies of rearranging algebraic equations to the remaining twenty-five students, whilst I sat at the back of the room playing on my phone. My ‘teaching’ was judged to be Outstanding.

Teacher-led lessons were dull, uninspiring and bad for learning. Everyone knew that – well, apart from those teachers who refused to turn on an interactive whiteboard, plan adequately for their kinesthetic learners, or engage with Kagan group structures. But they were a dying breed. I always found it a bit weird that those teachers seemed to consistently get good results and students seemed to really enjoy their lessons, but surely that was despite their archaic, ineffective teaching methods, not because of them? To use the old Ofsted language, such teacher-led lessons were ‘satisfactory’ at best. My lessons were better than that – flipping heck, I was better than that – and I saw it as part of my wider responsibilities to ensure I helped other teachers develop along similar lines.

My mid-career crisis

Towards the end of 2015, I began recording the Mr Barton Maths Podcast. This show gives me an opportunity to interview people from the world of education who interest and inspire me, and I have been fortunate enough to speak to the likes of Dylan Wiliam, Robert and Elizabeth Bjork, Daisy Christodoulou and Doug Lemov.

If my guest is a practising teacher, one of the first things I ask of them is to describe a lesson they have taught recently. I want to know every detail, from how they decide what to teach, how they plan, what resources they use, what happens as the students first enter the room, to how they assess, model and differentiate, how much independent and group work is involved, right through to the very end of the lesson. Above all, I want to know why they make these choices.

The types of lessons my guests describe vary widely. In 2017, Andrew Blair described a lesson built around an inquiry with the students determining the direction the lesson took, whereas that same year Dani Quinn talked in detail about a very teacher-led lesson encompassing drills and rigorous practice. The thought my guests put into the planning and delivery of their lessons is mind-blowing. Indeed, when I asked Kris Boulton to describe how he plans a lesson, it took him two hours to answer. And whilst there are key differences between the lessons themselves, they all have one thing in common – my guests can justify each and every decision they make.

These interviews made me realise that I could not. My only justification for the things I did was that it was obvious. It was obvious that teachers should talk less and place the responsibility of learning on the shoulders of the students. It was obvious that we should teach students to problem-solve, and to allow them to discover things for themselves. It was obvious that we should let students struggle. It was obvious because I had always done it that way. If I was a guest on my own show, I would have been reduced to a bumbling wreck.

I knew I needed to do something about this.

My guests often mentioned books and various bits of research they had read that informed their practices and methodologies. I had never really read any educational research, but I made a note of each reference and promised myself I would get around to them one day – maybe after I had planned another amazing lesson on problem-solving.

The day my life changed

What I am about to say next may sound ridiculous, but I promise if anything it is an understatement: the day I started reading educational research was the day my life changed.

It all began with Daniel Willingham’s Why Don’t Students Like School, which led me onto his ridiculously good series of Ask the Cognitive Scientist articles for the American Federation of Teachers and the associated research papers he quoted. I devoured them all with eyes wide open and jaw firmly on the floor. Next came Cognitive Load Theory, which I was introduced to via the incredible blog of Greg Ashman and our subsequent conversation on my podcast. I was familiar with the work of Dylan Wiliam through the development of my Diagnostic Questions website, but I read and re-read everything I could get my hands on from the great man. I didn’t think life could get any better – and then I came across the work of Robert and Elizabeth Bjork. Good God.

One thing led to another, and before I knew it I had read well over 200 books and research papers. I would wake up in the middle of the night, my head buzzing with ideas – my wife is incredibly understanding, but even she refused to indulge my enthusiasm for the Pretest Effect at 4am on a Thursday morning. I summarised all my reading and my practical takeaways on my website, and began slowly dropping them into the training and presentations I gave to teachers.

I started trialling ideas in my classroom, and the effects were immediate. My reading of the Redundancy Effect (Section 4.7) and my subsequent conscious effort to shut up more at key points in the lesson caused one concerned Year 11 to ask if I was feeling okay that day. Even after a few weeks I sensed a change. We were getting through more work in class. My students seemed more confident with the concepts we tackled. I felt like I was actually teaching.

But the more I read and the more I experimented, the more questions I had. So, I read more, spoke to more people, tried out more stuff with my students and colleagues, and wrote more takeaways. By the end I had over 100 hours of interviews, 1000 PowerPoint slides and more than 100,000 words of notes written.

This book is the result.

The intended audience

I’ll be honest: this book has been created for maths teachers.

I don’t know if maths teachers are a bit of a funny breed (in fact, I definitely do know that we are), but every time I sit through some generic cross-curricular training session, I always end up thinking to myself, ‘Yeah sure, but how would that work in maths?’. I know this reflects incredibly badly on me, but as soon as I hear my colleague from geography tell me about a problem-solving strategy that I could use when teaching quadratic equations, or a colleague from PE offer up wisdom on using group work that I could employ when investigating the finer points of conditional probability, I tend to switch off.

So, it would be incredibly hypocritical of me to suggest that this book has any worth whatsoever outside of the boundaries of maths teaching. English teachers may find strategies in here that they can use when studying Shakespeare, and there may well be nuggets that history teachers can use when contrasting the validity of sources of the First World War; but I genuinely do not know if that is true, and I am not going to claim it is so. I believe maths is different (special, you might say), and this book has been written by a maths teacher, for maths teachers.

Whilst I am successfully losing readers, I will also confess that the majority of my 13 years’ teaching experience has been spent in secondary schools working with students between the ages of 11 and 18. Whilst I have spent a significant amount of time in primary schools, working with both students and teachers, I am by no means an expert in that field. I hope the strategies I write about can be transferred into a primary setting – and the feedback I have had when teachers have trialled these is that they can be – but I want to be open and honest and say that they have mainly been written from a secondary perspective.

That said, I hope that no matter your age, experience, mathematical background, type of school, role, responsibility, or favourite number, there will be plenty in this book that you find useful.

The structure of the book

I have tried to make this book as user-friendly as possible, appealing to the time-poor teacher who has five minutes spare on a weeknight, through to the rare occasion where we might have a chunk of time free to do some reading on a Sunday morning or a holiday.

The book covers 12 key themes, with each theme further broken down into ideas. Each idea consists of four sections:

What I used to do

Here I explain my previous beliefs, where they came from, and how they impacted what I did in the classroom. At times this makes for painful reading, and I can assure you it was equally painful to write. Please don’t think too badly of me!

Sources of inspiration

Here I will give my sources of inspiration, which will be research papers, books, blog posts or interviews. The original versions of almost all quoted research papers are linked to directly from the following page on my website: mrbartonmaths.com/teachers/research.

My takeaway

This is my summary of the key points from the sources of inspiration that are pertinent to the issue under discussion. You may well disagree with my interpretation, or simply want to dive in for greater detail, so I encourage you to study the original source and reach your own conclusions.

What I do now

This explains the ways I have changed my approach based on my takeaway. It is how I wished I had taught maths throughout my career, and how I plan on teaching it going forward. I want this book to be full of practical strategies that you can use right away, and this is the section where you will find these.

It is possible to dip in and dip out of this book as you please, jumping to the sections and issues that interest you most. However, I must warn you that I have thought carefully about the order I present these ideas, and it is often the case that later sections of the book will refer to ideas introduced and developed earlier on.

Ten things I used to believe

In order to whet your appetite for what follows, here are ten things I used to believe were true for at least the first ten years of my career, and which I no longer do. Each of these will be covered at some point in the book.


	The best lessons have little teacher-talk and lots of student-talk.


	Where possible, students should ‘discover’ things for themselves.


	We can teach problem-solving.


	Effective differentiation means giving students different work to do.


	The maths we teach should be relevant to our students’ lives.


	Students should always know why they are doing something before they learn how to do it.


	The more feedback we give students, the better.


	Tests are predominantly tools of assessment.


	Doing lots of past papers is the best way to prepare for an exam.


	If students are struggling, then they are learning.




Hopefully I am not alone in having believed these things.

A word of warning

Despite what many of my students may tell you, I am a human being, and as a human being I am susceptible to a number of cognitive biases that are directly relevant to what you are about to read. Despite my best efforts to avoid them, the selection of sources of inspiration and my interpretation of them have undoubtedly been influenced by the following:

The Confirmation Bias

The tendency to search for, interpret, favor, and recall information in a way that confirms one’s preexisting beliefs or hypotheses.

It turns out that not everybody agrees with what is the best way to teach in order to enable students to learn. This is quite annoying when you are trying to write a book with a coherent narrative. When I came across a book or paper that made a really interesting claim, an unavoidable urge pulsed through my veins to search for other sources that reached a similar conclusion. Likewise, any time I came across something that called that claim into question, my instincts where to look for flaws in that particular source’s methodology (small sample size, no control group, written by an English teacher, etc). I have tried my best to overcome this failing by attempting to objectively judge every paper on its merits, getting second and third opinions where need be. This has led to me completely rewriting or even binning various sections as the findings were just too contradictory.

The Halo Effect

When an observer’s overall impression of a person, company, brand, or product influences the observer’s feelings and thoughts about that entity’s character or properties.

I simply love the writings of Daniel Willingham, John Sweller, Dylan Wiliam and the Bjorks. I think those people are geniuses. They are my heroes. I hang on their every word. Much like the parent who has been told their beloved child has been caught doing something wrong at school, my first instinct when someone criticises their work is to go into denial, because how could people as good as they are ever do or say something wrong? In an attempt to combat my infatuation, I have gone out of my way to read and understand their critics, and where I feel they have a valid point, I have addressed this directly in the book.

The Dunning-Kruger Effect

Where persons of low ability suffer from illusory superiority, mistakenly assessing their ability as greater than it is.

For about ten years I was happily teaching in ignorant bliss. I firmly believed I was an Outstanding teacher, I knew what was best for my students, and I had no real interest in anyone telling me otherwise. The more I have read, the more people I have talked to, and the more things I have tried out, the more I realise just how clueless I really was. Perhaps more importantly, in the words of Paul Weller, the more I know, the less I understand (and hopefully I am now a ‘Changingman’). I am a firm believer that the only way to improve is to confront your weaknesses head-on, acknowledge them for what they are, and strive to improve. This book is my attempt to do just that.

Anyway, I have built this up far too much. It is time to get cracking. I really hope you enjoy this book. At times it may prove uncomfortable reading, and not just because of my poor grammar, but because it may challenge techniques and ideas you have held for years. You will certainly not agree with all of it – flipping heck, I am not sure I agree with all of it myself – but I hope it will make you think.

This is how I wish I’d taught maths.










1. HOW STUDENTS THINK AND LEARN


We begin our journey by taking a look inside the minds of our students, considering how they think and learn, and the implications for matters such as planning, lesson content and the introduction of mathematical concepts.


1.1. A simple model of thinking and learning

What I used to think

The next 15 words I am about to write are more than a little worrying: in 12 years of teaching, I never really considered how my students think and learn. A teacher not considering how their students think and learn is kind of like a doctor not being overly concerned about the workings of the body, or a baker taking only a casual interest in the best conditions for bread to rise. If we don’t know how students think and learn, how on earth can we know how to teach them effectively?

I had vague notions of concepts like working memory and schema, but vague is certainly the operative word. So, I went about my business, blissfully unaware of my own ignorance, going off nothing more than intuition to try to teach students to the best of my abilities.
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My takeaway

As thinking and learning are clearly such important parts of teaching, they are also going to be crucial parts of this book. With that in mind, it is important early on to establish a model of how students think and learn. Any attempt to reduce something as complex as human cognition to a model that can be explained in a couple of pages is fraught with danger. But as Dylan Wiliam explains in a 2017 article for TES: ‘what makes a model valuable is not how accurate it is – any model can be made more accurate by making it more complex – but rather the trade-off between simplicity and power. This is particularly important when we look at the human brain, which is probably the most complex thing in the universe’.

Fortunately, there are sufficient commonalities across leading research to enable us to form a basic model for how thinking and learning occurs that will serve us well for what follows.

How students think

For Willigham (2009), thought occurs when you combine information in new ways, and successful thinking relies on four factors: information from the environment, facts in long-term memory, procedures in long-term memory, and space in working memory. If any one of these factors is deficient, thinking will likely fail.

Let’s take a closer look at those two components of memory.

Long-term memory

For Mccrea (2017), long-term memory may be thought of as our mental model of the world: a map we construct ourselves, holding facts, procedures, beliefs, mindsets and dispositions. Long-term memory represents what we know and who we are and informs how we act. It has no known limits. All of the information stored in long-term memory resides outside of awareness, lying there patiently until it is needed, before entering working memory and becoming conscious.

Throughout this book, the facts and procedures stored in long-term memory will be grouped together under the term knowledge. When I say I want my students to have a good knowledge of fractions, I mean I want them to know relevant facts, such as what a numerator is and that three-quarters is more than one-quarter, as well as to be able to carry out relevant procedures, such as how to add, simplify and divide fractions. I also want as much of this knowledge as possible to be automated, so students know instantly that a half of 24 is 12 and that to add fractions you need a common denominator, without imposing any strain on their working memories. Later on in this book there will be the need to be more specific with the nature of this knowledge, in particular when we come to consider procedural fluency and conceptual understanding in Section 3.9 and the eternal question about teaching the How before the Why. But for now, think of knowledge as the interconnected facts and procedures stored and organised in long-term memory that allow us humans to operate.

This knowledge is stored and organised in long-term memory in schemas (see Piaget, 1928; Bartlett, 1932; and Anderson, 1977). Schemas do this by incorporating or chunking multiple elements of related information into a single element with a specific function. So, you may have a schema for adding fractions, which contains all the relevant knowledge you have acquired over many years. There is no limit to how complex schemas can become, or how many can be stored in long-term memory. Indeed, for the proponents of Cognitive Load Theory (eg Sweller et al, 1998) to prevent cognitive overload, the ability to solve problems demands the acquisition of tens of thousands of these domain-specific schemas, together with the automation of key knowledge following extensive practice. Therefore, long-term memory is not just a vast databank of knowledge, but an integral component of all cognitive activity.

According to Anderson’s (2012) Adaptive Character of Thought (ACT-R) theory, complex cognition arises from an interaction of declarative and procedural knowledge. Declarative knowledge is factual knowledge that can be reported or described, and its most basic unit is a chunk. Procedural knowledge is dynamic and involves rules, or productions, that guide how thinking occurs. Declarative knowledge can be acquired quickly from direct encoding of the environment, while procedural knowledge takes longer and must be compiled from declarative knowledge through practice. After a certain amount of practice, the path of production becomes stable and procedural learning has occurred.

It is worth noting that psychologists and maths teachers are likely to have different interpretations of the term procedure. Psychologists mainly think in terms of procedures derived from implicit memories, such as tying a shoelace or driving a car. Whilst maths contains examples of such procedures – experts fluently adding fractions or rearranging equations, for example – there are also procedures that rely on more explicit memories, such as working through a multi-step trigonometry question slowly and methodically. But the key point remains the same – the conditions under which we learn procedures are determined by existing declarative knowledge.

There are two key implications from Anderson’s model that we will revisit many times throughout this book:


	Existing knowledge makes thinking and learning easier.


	Once something has been learned – whether it is correct or not – it is very difficult to unlearn. Hence, practice does not make perfect, practice makes permanent.




Working memory

Working memory is best viewed as the place where thought occurs. It is all about the here and now. Unlike long-term memory, working memory has a finite capacity, with Cowan (2010) estimating the number of items that can be held and processed at any one time to be around four. Cognitive Load Theory (eg Sweller et al, 1998; and Chapter 4 of this book) is primarily concerned with the limits of working memory. The theory is centred around the way in which a learner’s cognitive resources are focused and used during problem-solving, suggesting that for instruction to be effective, care must be taken to not overload the mind’s capacity for processing information. If working memory experiences cognitive overload, no learning may take place. We can get around working memory’s restrictive limit by chunking related information, carefully designing instruction and automating key knowledge.

Putting these related approaches together, we are able to form a very simplified model of how students think. This will be constantly revisited and expanded upon throughout this book, but the fundamentals will remain the same. The model looks like this:


[image: Illustration of memory processes, with three oval-shaped networks representing ‘Long-Term Memory’ on the left. Arrows point from the right, depicting sensory input entering ‘Working Memory’, a central rectangular box, which in turn draws from and sends information to long-term memory.]

Figure 1.1 – Source: Craig Barton

The circles represent units of knowledge, the ovals are schemas, and the lines represent connections. Thinking takes place in working memory, focused on the interplay between the environment and what we retrieve from long-term memory. The more knowledge we have stored and organised in long-term memory, and the more of this knowledge that is automated, the easier thinking is and the more we can think about. Knowledge helps students take in more information, think about new information, and remember new information.

This simple model has huge implications for teaching and learning that we will delve into in the remainder of this chapter and throughout this book.

How students learn

There are many different definitions about what learning is, but the one I am going to opt for throughout this book is provided by Kirschner, Sweller and Clark (1998), who define learning as ‘a change in long-term memory’, going on to say that if nothing has changed in long-term memory, then nothing has been learned. Working memory is the vehicle that instigates this change.

It is worth noting that not everyone agrees with this definition. In a 2017 blog post, Daniel Willingham points out that this definition does not specify that the change in long-term memory must be long-lasting (so does that mean that a change lasting a few hours qualifies?), nor does it specify that the change must lead to positive consequences (does a change in long-term memory that results from Alzheimer’s disease qualify as learning?). In Chapter 12 we will address the first point – the durability of learning, and how we can improve it. The second point is beyond the scope of this book, but in Section 3.8 we will consider the acquisition of incorrect knowledge, and the difficulties of resolving it.

Our definition of learning implies that knowledge in long-term memory is not static. We acquire brand new knowledge, we adapt, change or accommodate existing knowledge based upon new experiences and information, and knowledge may become more or less accessible. This is all summed up beautifully by Mccrea (2017) who explains that knowledge ‘is constantly evolving and decaying as a result of our thinking and interaction with the environment. Our long-term memory is more like a forest than a library’.

For Coe (2013), learning happens when people have to think hard, and indeed making changes to long-term memory is likely to be effortful. There are two main pathways through which such a change may occur, and – in a sense – they travel in opposite directions to each other:

From working memory to long-term memory

Students learn new ideas by reference to ideas they already know. A learner holds information in working memory, and then makes connections between that information and knowledge already stored in long-term memory (assuming such knowledge is present). For Willingham (2009), ‘understanding is remembering in disguise’ – it is taking correct old ideas from long-term memory, getting them into working memory, and rearranging them in a new order to make new connections. So, if a student encounters algebraic fractions for the first time, they will (hopefully) make connections between their existing organised knowledge of non-algebraic fractions, rules of algebra, factors and so on. If they are unable to do this – either due to cognitive overload or because such knowledge does not exist in their long-term memory – then learning is unlikely to take place. However, if new ideas, information, facts and procedures are successfully processed in working memory, they may become assimilated into an existing schema or create a brand-new connected one, thus changing long-term memory.

From long-term memory to working memory

When information is successfully retrieved from long-term memory into working memory, its representation in long-term memory is changed such that it becomes more accessible in the future. Using our memories changes our memories – or as Bjork (1975) put it, ‘retrieval is a powerful memory modifier’. Thus, the act of retrieval can result in learning. This rather surprising pathway to learning will be the focus of Chapter 12, and I promise it is worth waiting for.

What I do now

I think a lot about…well, thinking. Specifically, how can I design my teaching to ensure:


	…my students are thinking about the right things?


	…what they think about is transferred to long-term memory?


	…once it is in long-term memory, it can be accessed?


	…it can be applied successfully to different situations?




I will try my very best to answer these questions in this book.



1.2. Experts and Novices

What I used to think

I believed I could help novice learners become experts simply by treating them as experts. I would model how experts think, give them the same work as experts, and encourage them to struggle. I would do this in much the same way as I always say to my new crop of Year 12 students each September: ‘I am going to treat you like adults, so you had better behave like adults’.

Astonishingly, neither my Year 12s nor my novice learners responded in quite the way I had hoped.
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My takeaway

If I am ever to get an education-related tattoo (it is only a matter of time), it would say ‘experts and novices think differently’. The distinction between expert learners and novice learners, and the implications for teaching, is at the heart of this book. It may well be the single most important thing I have learned from my reading and speaking to guests on my podcast. Experts do not simply know more than novices, they think in a fundamentally different way.

What is an expert?

Before we go any further, we need to define what we mean by expert and novice. They are terms used frequently throughout the literature, but as Andrew Blair pointed out on my podcast, how do you know when someone has reached a level of expertise?

Oxforddictionaries.com define an expert as ‘a person who is very knowledgeable about or skilful in a particular area’. You could make a convincing case that students never achieve such status in the subject of mathematics whilst at school, perhaps only becoming experts at Degree or Masters level. However, I think we can observe expertise in narrow domains within both primary and secondary school mathematics. Students can become experts in specific areas such as times tables, adding fractions and solving linear equations. Of course, this raises questions such as which times tables, what kind of fractions, and how complex are the equations, all of which are perfectly valid. So, as a rule, the more narrow the domain, the more confidence we can have in attributing expertise.

Expertise is domain-specific and not person-specific. I am an expert at circle theorems (in fact, I cannot get enough of them), but absolutely useless at cooking, fixing things, and a whole host of other skills that would probably be more useful in my life than the ability to spot a subtle use of the alternate segment theorem. This is also true for students within our subject. It is too easy to label all top-set students as experts and all bottom-set students as novices when it comes to maths. I have taught plenty of students who excel at all things algebraic, and yet really struggle with certain geometrical aspects of mathematics, such as identifying 2D right-angled triangles in 3D trigonometry problems. Even within a relatively narrow domain such as mathematics, everyone is a novice in something, especially the first time they encounter a concept. As we shall see throughout this book, labelling and treating someone as an expert when they are not could have serious consequences for their learning.

Likewise it is not true that people are either an expert or a novice in any particular domain, and nothing in between. The journey from novice to expert is continuous and fuzzy, with no clear indication of when you have reached your destination. It is certainly not the case that during one particular period of instruction, or midway through a certain train of thought, a light bulb illuminates and a student magically achieves the status of expert in the way they might be awarded a badge in Call of Duty. People will be at different stages of the journey at different points in time. Just as importantly, factors such as a lack of practice, poor instruction and the development of misconceptions – all of which will be addressed in this book – may mean that students are not always travelling the right way.

Given these difficulties, it may be tempting to conclude that the terms expert and novice are nothing more than meaningless labels, and hence abandon them. But I feel that would be a mistake. The differences between how those with strong domain-specific knowledge think and learn compared to how those with less domain-specific knowledge do so are significant – and have huge implications for how we teach that will be recurring time and time again throughout this book. Hence, whilst no one is truly an expert or a novice, as teachers we should attempt to determine the relative expertise of our students in specific areas wherever possible. This is difficult, but the techniques of formative assessment (Chapter 11) and low-stakes tests (Chapter 12) can provide valuable information to assist us in making such judgements.

So, when you encounter the terms expert and novice throughout this book, treat them with caution, but try not to dismiss them. Think of expert learners not as those belonging to some discrete, absolute category, but as those further along the path to expertise. Likewise, think in terms of domain-specific expertise, making that domain as narrow as possible.

How experts and novices think differently

Hill and Schneider (2006) explain that expert learners differ from novices in terms of their knowledge, effort, recognition, analysis, strategy, memory use, and monitoring, and that these differences are due to the structure of their long-term memories. As we learn, our brain architecture changes and thoughts are processed differently. This means that as we move to mastery of a given skill or concept, our brains form different links in long-term memories, and it is actually possible to observe different activation patterns during problem-solving. They conclude that ‘in addition to processing efficiency, enriched representations, and structural expansions, experts can flexibly use strategies, by recruiting the associated brain regions, to solve a range of problems, whereas novice performers can not’.

For Didau (2017), there are two hallmarks of expertise, and these are directly relevant to mathematics:

1. Automaticity of foundational knowledge

Have a look at the following problem:

Find 25% of £300

How did you get on? How long did it take you to arrive at the answer of £75?

I imagine you answered this question pretty quickly and without too much effort. The answer of £75 probably came to you almost instantly, without you really being conscious of what you had done. You immediately and unconsciously recognised the percentage sign and what it means, and you know that 25% is the same as a quarter. You have automated this knowledge, and hence it takes up no space whatsoever in your working memory. You have also automated the procedure for finding a quarter of something, so you can quickly work out a quarter of £300 by halving and halving again without imposing too much strain on your working memory. You can do all of this because you are an expert. You could also probably do this calculation if music was playing in the background, your partner was asking why you haven’t done the washing up, and you were attempting to juggle. The fact you have automated much of the knowledge necessary to answer the maths question frees up space in your working memory to attend to other things.

A novice learner is also likely to be able to find 25% of £300, although it will be more cognitively demanding. Interpreting what the question is asking may not be instantaneous, they may not be aware that 25% is the same as a quarter and so may start by finding 10% and need to consider how to do this, and then again with 5%, and then they will need to add all these together. You both get the question right, but it is less cognitively demanding for you.

However, the real difference between domain-specific experts and novices when it comes to the automation of knowledge can be seen in more difficult problems. Consider the following higher tier, non-calculator GCSE question:


[image: A geometry problem illustrating a cone with a horizontal base of radius 5 cm and a height of 15 cm. It contains water to a depth of 9 cm. The image asks to work out the volume of the water in cm superscript 3, giving the answer in terms of pi.]

Figure 1.2 – Source: AQA 2017 GCSE Maths Higher Paper 1

Does the answer arrive instantly this time?

Now, this problem is likely to be cognitively demanding for both you and a novice learner. But the difference is that you have automated all the basic knowledge involved. You do not need to expend any effort contemplating what each term in the formula means, how to square 5, how to find a third, or what to do with the pi symbol. This frees up cognitive capacity to attend to more global features of the problem, such as correctly interpreting the question and devising a strategy to get to the solution. Not only are you more likely to solve the problem, you are also more likely to learn from the experience. A novice learner, who does not have the relevant knowledge automated, is likely to get bogged down in the minutiae of the problem, experience cognitive overload, and potentially not learn anything transferable. More on this, and the consequences for us as teachers, in Chapter 9 on problem-solving.

2. Ability to see deep structure within domains of expertise

Understanding what problems are really about can be one of the toughest skills for students to master. But here’s the thing – it is not a skill, at least not in the same way that adding together two fractions is a skill. It is a feature of being an expert. Consider the following question, this time taken from the GCSE foundation calculator paper, and ask yourself what the question is about:


[image: Short mathematical problem that reads: The average age of teachers at a school is 36 years. Mr Smith’s age is fraction eleven over nine of the average. How old is Mr Smith? Three horizontal lines are provided for writing.]

Figure 1.3 – Source: AQA 2017 GCSE Maths Foundation Paper 2

How long did it take you to discern that this question is essentially asking you to find [image: Fraction eleven over nine.] of 36? How did you manage to avoid the irrelevant, potentially distracting, surface structures such as ‘age’, ‘school’, and possibly the toughest to avoid of all, ‘average’?

You probably did this pretty quickly, and you did so because you are an expert. Your experience of answering lots of related questions, the significant volume of knowledge you have stored in long-term memory and – no less significant – the way that knowledge is organised allows you to avoid the surface features and identify the problem’s deep structure.

Would all your students be able to do this – to get to the heart of what the question is asking? I know many of mine wouldn’t. The ability to identify the deep structure of a problem, whilst avoiding the surface structure, is a key feature of expertise, and has huge implications for problem-solving, which will be discussed in Chapter 9.

The curse of knowledge

These two key differences between novice and expert learners can be difficult for us teachers to appreciate for the very reason that we ourselves are experts. We suffer from a ‘curse of knowledge’ (eg Wieman, 2007), whereby when you know something it can be difficult to think about it from the perspective of someone who does not know it.

Much of our mathematical knowledge is automated so we carry out basic processes without imposing significant strain on our working memories. Likewise, we immediately recognise the deep structure in problems without really knowing how. This can make it – for me, at least – very difficult to see things from a student’s perspective, empathise with the difficulties they have, and help them overcome them. I simply cannot remember what it was like to not be able to answer the questions in this section, and that is a problem.

The curse of knowledge is why subject knowledge alone is not enough to be a good teacher, and why asking students who have mastered a concept to help someone who is struggling sometimes does not always work. Novices are unable to think like experts, and experts are unable to think like novices, and the resulting exchange can be a frustrating experience for both parties. Understanding how students think and struggle comes with experience, but an appreciation of the misconceptions they are likely to hold is of vital importance. We will discuss this in Chapter 11.

In the past, my approach to helping students think like an expert has been to simply model expertise. By showing students how I approach and solve problems, I thought I could help them become experts as well. This is not a completely fruitless exercise, but it neglects one incredibly important point – the only reason I can think like an expert is because I have vast amounts of domain-specific knowledge. That is why I can automate and recognise deep structure. Until this knowledge has been taught, practised, assessed and retrieved, attempts to enable our students to think like experts may well be in vain.

What I do now

As a general rule, I have assumed my students are experts before they are, or I have tried to fast-track them on the road to expertise by modelling how an expert thinks. I am now acutely aware of the fundamental importance of domain-specific knowledge. It is the distinguishing feature between expert and novice learners. Such knowledge helps our students think better, acquire new knowledge, self-explain, solve problems, and become the independent learners we want them to be. It also helps determine the optimal instructional techniques we should employ to help them learn effectively. Without such knowledge, we condemn our students to be forever novices, and no amount of showing them how to think differently will help.

This book is primarily about the best way to help students acquire and retain that knowledge.



1.3. What are they thinking about?

What I used to think

I used to think that lessons needed to be memorable to make them…well, memorable. This led to ‘The Swiss Roll Incident’: Bolton, Lancashire, 2014.

That year I taught a delightful Year 7 class, and we had just come to the end of our unit on fractions. We had covered all of the basics, and now it was time for them to apply their newly acquired skills to some different contexts. Hence, I set them the following problem to think about overnight:

Imagine you have 7 Swiss rolls, and you can stack them on top of each other. What is the fewest number of cuts you must make to ensure 12 people get the exact same amount of Swiss roll, and there is nothing left over?

That evening, whilst my students were pondering this tasty problem, I took a trip to Tesco. £12.96 later (these were deluxe Swiss rolls, I will have you know), I was tooled-up with all I needed for what was sure to be an amazing lesson.

And indeed it was.

Armed with a plastic knife and a bundle of paper towels, I set about presenting a real-life, practical solution to the Swiss Roll problem. Cream and jam went everywhere, and a particularly tasty looking quarter of a Swiss Roll was lost forever to the dusty classroom floor. But in the end we had done it. Maths in action, and the kids were loving it.

At the time of writing, these Year 7s are now in Year 11, and unfortunately I no longer teach them. However, I happened to see one of them in the corridor the other day, and after exchanging a few pleasantries, I asked her how she was getting on in maths:

‘Not bad, sir, but it’s a bit boring.’

‘What do you mean? Maths can never be boring!’

‘Well, it’s alright, I guess, but we don’t do anything fun like that Swiss roll lesson we did in Year 7.’

‘Veronica, just out of interest, do you remember what that lesson was about?’

‘Swiss rolls!’

And there we have the problem.
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My takeaway

As soon as the ink has dried on my ‘experts and novices think differently’ tattoo, the next on my list is ‘memory is the residue of thought’. I do not think there are two more important phrases for teachers to be aware of. Both will feature prominently throughout this book, but it is the second of these delights, coined by Willingham (2003), that is the cornerstone of this section.

Memory is the residue of thought, so students remember what they think about.

Consider the model of thinking introduced in Section 1.1. Before we start worrying about things like working memory capacity, relevant schemas, transfer and problem-solving, we need to ensure that the items being processed in working memory are the items that need to be processed. Learning is a change in long-term memory, but if the relevant ideas, skills and concepts have not found their way into working memory in the first place, then learning is not going to happen – or at least not the type of learning we intend. It is like having a top of the range juice-maker, but continually feeding it parsnips.

In the lesson I described above, I had hoped my students would have been considering fractions. Instead, they were undoubtedly thinking about jam. Whereas I wanted their working memories to be filled with common denominators, factors of 12 and families of equivalent fractions, instead it was filled up with thoughts of cream, how hungry they were, and the fact Mr Barton managed to get some jam on his glasses. Students remember what they think about. So, was it any wonder that, four years on, Veronica remembered Swiss rolls but not the content of the lesson, let alone the solution to the problem I posed (which is 3 cuts, by the way)?

Once I have the mantra ‘memory is the residue of thought, so students remember what they think about’ tumbling around in my head when I am weighing up lesson activities, I start to view things in a whole new light. Hence, when I came across across a five-star-rated resource on TES entitled ‘Experimental Probability – Bottle Flipping’, I shuddered.

This is the resource description provided by the author:


I created this PowerPoint as an engaging end of term activity for my low attaining year ten class to investigate the relationship between amount of water in a bottle and the chances of it being flipped successfully. I used the resource to revise experimental probability but the wider investigation covers collecting data, a bit of FDP etc. I know bottle flipping is a bit of a sore point … for some but my class were fully engaged and it helped give them an appreciation of experimental probability.



I am sure the students were engaged, but engaged in what? The finer points of experimental probability, or













1.4. Expanding working memory capacity










	

	












1.5. Methods that last










[image: Flow diagram showing loop of mathematical operations. Top loop involves addition by five while the bottom loop involves subtracting by five. The diagram shows the transformations of the numbers n to eight and eight to three in the loop.]




[image: Flow diagram showing two interconnected loops of mathematical operations. The top loop involves multiplying by two and subtracting one, while the bottom loop involves dividing by two and adding one. The diagram shows the transformations of the numbers x to (2x) and six to twelve in the first loop, and eleven to ten and eleven to twelve in the second.]




[image: Mathematical equation. Four paren open 2x minus three paren closed over five plus six equals to ten is shown.]





	

	

	










[image: Equation showing the balance method of solving equation. In first step 3x plus 7 equals to 22 followed by minus 7 and minus 7. Second step 3x equals to fifteen. Third step 3x over three equals to fifteen over three. Last step x equals to five.]






	

	

	






1.6. Maths anxiety




	

	








	

	

	

	

	

	






























1.7. If I only remember 3 things…
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