

    
        
          Introduction to Finite Element Analysis

        

        
        
          Rahul Basu

        

        
          Published by Rahul Basu, 2025.

        

    



  
    
    
      While every precaution has been taken in the preparation of this book, the publisher assumes no responsibility for errors or omissions, or for damages resulting from the use of the information contained herein.

    
    

    
      INTRODUCTION TO FINITE ELEMENT ANALYSIS

    

    
      First edition. April 17, 2025.

      Copyright © 2025 Rahul Basu.

    

    
    
      ISBN: 979-8230223207

    

    
    
      Written by Rahul Basu.

    

    
      10 9 8 7 6 5 4 3 2 1

    

  



  	
	    
	      Also by Rahul Basu

	    

      
	    
          
	      CFD methods

          
        
          
	          Finite Element Methods

          
        
      

      
	    
          
	      Standalone

          
        
          
	          A Study of the Supply Chain and Financial Parameters of a Small Manufacturing Business

          
        
          
	          Renewable Energy

          
        
          
	          Essays on Harvesting of Ocean Energy by Sensor Networks

          
        
          
	          Ocean and Renewable Energy

          
        
          
	          Mechanics of Solids

          
        
          
	          Phase Transformations in Porous Media

          
        
          
	          Robotics and Automation

          
        
          
	          Finite Element Methods

          
        
          
	          Thermodynamics and Heat Engines

          
        
          
	          Practice Problems in Statistics and Data Reduction

          
        
          
	          Artificial Intelligence -  Notes

          
        
          
	          Non Conventional Energy

          
        
          
	          Engineering Management (with Total Quality Management)

          
        
          
	          Operations Management -with Problems and Solutions

          
        
          
	          Notes in Operations Research

          
        
          
	          Lecture Notes in Electromagnetism

          
        
          
	          Solutions of the CAHN HILLIARD equations

          
        
          
	          Introduction to Finite Element Analysis

          
        
          
	          Solutions to Problems in  Fluids and Turbomachinery

          
        
          
	          STRESS ANALYSIS AND POTENTIAL FIELD PROBLEMS WITH SOLUTIONS

          
        
          
	          A Computational Study of Explicit CFD Solvers

          
        
          
	          Aerodynamics Lecture Notes

          
        
          
	          Solutions  to Selected Problems in Elements of Gas Dynamics

          
        
          
	          Some Problems and Solutions of Mechanics

          
        
      

      
    
    


Table of Contents

Title Page

Copyright Page

Also By Rahul Basu

Introduction to Finite Element Analysis

Introduction to finite element analysis | Rahul Basu

Copyright by Rahul Basu 2025

Learning outcomes

1 Finite element analysis

1.1 What is finite element analysis?

Using FEA: a word of warning | Introduction

The frothy solution

The analysis titan

To conclude

1.2 Why do finite element analysis?

1.3 Capabilities of finite element programs

Capabilities of finite element analysis systems | 1. Linear static structural capabilities

2. Non-linear static structural capabilities

3. Linear dynamic capabilities

4. Non-linear dynamic capabilities

5. Linear steady-state thermal capabilities

6. Non-linear thermal capabilities

1.4 Results of finite element analyses

Results from finite element analysis | 7. Typical information generated by a stress analysis

8. Typical information generated by a dynamic analysis

9. Typical information generated by a thermal stress analysis

1.5 Basic principles

1.6 Outline of the finite element analysis process: structural analysis

1.7 Hints and tips on finite element analysis

Finite element model solution (outline)

Pre-processing stage

Solution stage

Post-processing stage

1.8 A further few words of caution!

2 Case study

2.1 Modelling the tub of a Formula 1 racing car

Step 1 – The component

Step 2 – The loads

Step 3 – Boundary conditions

Step 4 – Modelling issues and assumptions

Step 5 – Building and solving the FEA model

Step 6 – Post-processing the FEA model

Step 7 – Post testing and verification

3 FEA exercises

3.1 Exercise: Analysis of a plate with a hole | Problem description

Interactive time required

Features demonstrated

Summary of steps

Interactive step-by-step solution

3.2 Exercise: Cantilever beam | Problem description

Origin

Interactive time required

Features demonstrated

Summary of steps

Interactive step-by-step solution

Conclusion

References

Figure 1 Example of a mesh over plate component | Description

Figure 2 Overview of finite element analysis process – structural simulation | Description

Figure 3 Reality of the finite element model | Description

Figure 4 Diagram showing a quarter of the plate with rather large triangular meshing elements | Description

Figure 5 The same plate as the one shown in Figure 4 but with finer meshing. | Description

Figure 6 Diagram of a cantilever beam with a rectangular cross-section | Description

Video 1 | Transcript | Dr. Keith Martin, The Open University

Video 2 | Transcript | Dr. Keith Martin, The Open University

Video 3 | Transcript | Narrator

Video 4 | Transcript | Dr. Keith Martin, The Open University

Video 5 | Transcript | Lewis Butler

Video 6 | Transcript | Lewis Butler

Video 7 | Transcript | Dr. Keith Martin, The Open University

Video 8 | Transcript | Dr. Keith Martin, The Open University

Video 9 | Transcript | Lewis Butler

Dr. Keith Martin, The Open University

Video 10 | Transcript | Narrator

Video 11 | Transcript | Lewis Butler

Dr. Keith Martin, The Open University

Video 12 | Transcript | Narrator

Video 13 | Transcript | Lewis Butler

Video 14 | Transcript | Lewis Butler

Dr. Keith Martin, The Open University

Video 15 | Transcript | Dr. Keith Martin, The Open University

Video 16 | Transcript | Dr. Keith Martin, The Open University

QUESTIONS FROM INDIAN UNIVERSITIES

Compare the nodal temperatures \(T_1, T_2, \dots, T_9\) obtained from the FEM approach with the corresponding theoretical values. | Python Code for Theoretical Solution

L = 8  Length of the fin (cm)

A = np.pi  r2  Cross-sectional area (cm²) | P = 2  np.pi  r  Perimeter (cm) | m = np.sqrt(h  P / (k  A))  m value (1/cm)

return T_ambient + (T_wall - T_ambient)  np.cosh(m  (L - x)) / np.cosh(m  L)

x_values = np.arange(0, L+1, 1)  x = 0, 1, ..., 8 cm

Comparison Table

!estion 12a: Stepped Bar Analysis Using FEM

Step 1: Governing Equation

Step 2: Finite Element Formulation

1-Element Model

2-Element Model

Step 3: Comparison with Exact Solution

Step 1: Define Global Coordinates and Degrees of Freedom

Step 2: Element Stiffness Matrix

Step 3: Global System of Equations

Final Displacement Vector

Step 1: Local Stiffness Matrix

Step 2: Transformation Matrix

Step 3: Compute the Global Stiffness Matrix KeK_e

Step 4: Apply Boundary Conditions

Step 5: Solve for u2,v2u_2, v_2

Final Displacement Vector

Problem Statement:

Loads Applied:

Step 1: Finite Element Discretization

Final Results for Stepped Bar Analysis (FEM) | 1. Nodal Displacements (in mm)

2. Element Stresses (in MPa)

3. Reaction Force at Fixed End (in N)

Interpretation

Question 12b: Beam Analysis Using FEM | Problem Statement:

Step 1: Beam Element Formulation

Final Results for Beam Analysis (FEM) | 1. Nodal Deflections (in mm)

2. Reaction Forces at Fixed End (Node 1)

Interpretation

7.Calculate the displacements and stress in the triangular | plate fixed along one edge and subjected to concentraed | load at its free end.Take E =70GPa.Thickness of plat | =10mm.poisson’s ratio =0.3

Using the global stiffness matrix \( \mathbf{K} \), solve for the nodal displacements \( \mathbf{U} \) from: | \mathbf{K} \mathbf{U} = \mathbf{F}.

Sign up for Rahul Basu's Mailing List

Further Reading: Finite Element Methods

Also By Rahul Basu


[image: image]

	[image: ]
	 	[image: ]


[image: ]

​Introduction to finite element analysis


Rahul Basu​

[image: ]


	[image: ]
	 	[image: ]


[image: ]

Copyright by Rahul Basu 2025


[image: ]


[image: image]

[image: image]

[image: image]

Introduction to finite element analysis........................................1

Contents.............................................................3


Learning outcomes......................................................5

1 Finite element analysis.................................................6

1.1 What is finite element analysis?..........................................6

Using FEA: a word of warning..............................................6

1.2 Why do finite element analysis?..........................................8

1.3 Capabilities of finite element programs.....................................8

Capabilities of finite element analysis systems..................................9

1.4 Results of finite element analyses.......................................10

Results from finite element analysis.........................................10

1.5 Basic principles....................................................11

1.6 Outline of the finite element analysis process: structural analysis.................12

1.7 Hints and tips on finite element analysis...................................14

Finite element model solution (outline).......................................15

Pre-processing stage...................................................15

Post-processing stage..................................................16

1.8 A further few words of caution!..........................................16

2 Case study.........................................................17

2.1 Modelling the tub of a Formula 1 racing car................................17

Step 1 – The component.................................................17

Step 2 – The loads.....................................................18

Step 3 – Boundary conditions.............................................18

Step 4 – Modelling issues and assumptions...................................18

Step 5 – Building and solving the FEA model..................................19

Step 6 – Post-processing the FEA model.....................................19

Step 7 – Post testing and verification........................................19

3 FEA exercises.......................................................21

3.1 Exercise: Analysis of a plate with a hole...................................21

Problem description....................................................21

Interactive time required.................................................21

Features demonstrated..................................................21

Summary of steps.....................................................21

Interactive step-by-step solution...........................................21

3.2 Exercise: Cantilever beam.............................................24

Problem description....................................................24

Origin..............................................................25

Interactive time required.................................................25

Features demonstrated..................................................25

Summary of steps.....................................................25

Interactive step-by-step solution...........................................26

Conclusion...........................................................28

References..........................................................29


Figure 1 Example of a mesh over plate component..............................31


Description...........................................................31


Figure 2 Overview of finite element analysis process – structural simulation............32


Description...........................................................32


Figure 3 Reality of the finite element model...................................33


Description...........................................................33


Figure 4 Diagram showing a quarter of the plate with rather large triangular meshing elements34


Description...........................................................34


Figure 5 The same plate as the one shown in Figure 4 but with finer meshing...........35


Description...........................................................35


Figure 6 Diagram of a cantilever beam with a rectangular cross-section...............36


Description...........................................................36


Video 1.............................................................37


Transcript...........................................................37


Video 2.............................................................38


Transcript...........................................................38


Video 3.............................................................39


Transcript...........................................................39


Video 4.............................................................40


Transcript...........................................................40


Video 5.............................................................41


Transcript...........................................................41


Video 6.............................................................42


Transcript...........................................................42


Video 7.............................................................43


Transcript...........................................................43


Video 8.............................................................44


Transcript...........................................................44


Video 9.............................................................45


Transcript...........................................................45


Video 10............................................................47


Transcript...........................................................47


Video 11............................................................48


Transcript...........................................................48


Video 12............................................................49


Transcript...........................................................49


Video 13............................................................50


Transcript...........................................................50


Video 14............................................................51


Transcript...........................................................51


Video 15............................................................52


Transcript...........................................................52


Video 16............................................................53


Transcript...........................................................53

The Purpose of FEA....................................................57

BriefHistory..........................................................58

CommonFEAApplications................................................59

Complex Object SimpleAnalysis..........60

Discretizations........................................................61

Model body by dividing it into an equivalent system of many smaller bodies orunits(finiteelements)interconnectedat points common to two or more elements (nodes or nodal points) and/or boundary lines and/or surfaces.......61

Feature.............................................................63

Obtain a set of algebraic equations to solveforunknown(first)nodalquantity (displacement)..63


PrinciplesofFEA.......................................................71


ShapeFunctions.......................................................73

Degreesof Freedom....................................................75

AGENERALPROCEDUREFOR FINITE ELEMENT ANALYSIS.....................76


StiffnessMatrix........................................................77


LINEARSPRINGASAFINITEELEMENT......................................78

SYSTEMOFTWOSPRINGS...............................................81

ExamplewithBoundaryConditions............................................86

ExamplewithBoundaryConditions............................................87

TrussElement..........................................................88

TrussElementStiffnessMatrix...............................................89

TrussElementBlendingFunction..............................................90

TrussElementBlendingFunction..............................................91

TrussElementBlendingFunction..............................................92

TrussElementExample....................................................93

TrussElementExampleSolutiona).............................................94

TrussElementExampleSolutionb).............................................95

TrussElementExampleSolutionb).............................................96

TrussElementExampleSolutionComparison Deflection..............................97

TrussElementExampleSolutionComparison Stress.................................98

BeamElement.........................................................99

BeamElement........................................................100

BeamElementShapeFunctionand Stiffness Matrix.................................101

WayofStackingBlocks/Elements..........................................102

InterpolationFunctionsforGeneral Element Formulation...............................1

QUESTIONS FROM INDIAN UNIVERSITIES..................................1

To compare the numerical solution (FEM) with the theoretical solution, we need the closed-form analytical expression for the temperature distribution along the fin.......9

—-..................................................................9

Theoretical Solution for Temperature Distribution..................................9

The governing equation for heat transfer in the fin is:................................9

ere:.................................................................9

- \(T(x)\): Temperature at a distance \(x\) from the base................................9

- \(T_\infty = 40^\circ C\): Ambient temperature....................................9

- \(m^2 = \frac{hP}{kA} = 0.2857 \, \text{cm}^{-2}\)................................9

For a circular fin with an insulated tip and constant wall temperature \(T(0) = 120^\circ C\), the solution is:......9

....................................................................9

]...................................................................9

where:...............................................................9

- \(T_0 = 120^\circ C\).....................................................9

- \(L = 8 \, \text{cm}\).....................................................9

Substitute the values to find the temperature \(T(x)\) at every 1 cm from \(x = 0\) to \(x = L = 8 \, \text{cm}\).......9

Steps for Comparison.....................................................9

1. Compute Theoretical Values:..............................................9

Use the formula above to calculate \(T(x)\) at \(x = 1, 2, \dots, 8 \, \text{cm}\).................9

2. Compare with FEM Results:...............................................9

Compare the nodal temperatures \(T_1, T_2, \dots, T_9\) obtained from the FEM approach with the corresponding theoretical values.......9

Python Code for Theoretical Solution...........................................9

You can use the following Python code to compute the theoretical temperatures:..............9

```python.............................................................9

import numpy as np......................................................9

Parameters...........................................................10

L = 8  Length of the fin (cm)...............................................10

T_wall = 120  Wall temperature (°C)..........................................10

T_ambient = 40  Ambient temperature (°C).....................................10

h = 10  Convection coefficient (W/cm²°C)......................................10

k = 70  Thermal conductivity (W/cm°C)........................................10

r = 1  Radius of the fin (cm)................................................10

Derived parameters......................................................10

A = np.pi  r2  Cross-sectional area (cm²).......................................10

P = 2  np.pi  r  Perimeter (cm)..............................................10

m = np.sqrt(h  P / (k  A))  m value (1/cm).......................................10

Theoretical solution.....................................................10

def theoretical_temperature(x):..............................................10

return T_ambient + (T_wall - T_ambient)  np.cosh(m  (L - x)) / np.cosh(m  L)...............10

Compute temperatures at each cm............................................10

x_values = np.arange(0, L+1, 1)  x = 0, 1, ..., 8 cm.................................10

theoretical_temps = [theoretical_temperature(x) for x in x_values].......................10

Print results...........................................................10

print("Theoretical Temperatures (°C):")........................................10

for x, temp in zip(x_values, theoretical_temps):...................................10

print(f"x = {x} cm: T = {temp:.2f} °C")........................................10

```.................................................................10

—-.................................................................10

Comparison Table......................................................10

After running the FEM code and the theoretical solution code, you can compare the results like this:10

!estion 12a: Stepped Bar Analysis Using FEM....................................10

Step 1: Governing Equation..............................................36

Step 2: Finite Element Formulation.........................................37

1-Element Model......................................................37

2-Element Model......................................................39

Step 3: Comparison with Exact Solution......................................39

Step 1: Define Global Coordinates and Degrees of Freedom...........................40

Step 2: Element Stiffness Matrix.............................................41

Step 3: Global System of Equations...........................................41

Final Displacement Vector.................................................42

Step 1: Local Stiffness Matrix...............................................43

Step 2: Transformation Matrix..............................................43

Step 3: Compute the Global Stiffness Matrix KeK_e................................43

Step 4: Apply Boundary Conditions...........................................44

Step 5: Solve for u2,v2u_2, v_2..............................................44

Final Displacement Vector.................................................45

Problem Statement:......................................................45

Step 1: Finite Element Discretization..........................................46

Final Results for Stepped Bar Analysis (FEM)....................................46

Interpretation..........................................................46

Question 12b: Beam Analysis Using FEM.......................................47

Problem Statement:......................................................47

Step 1: Beam Element Formulation...........................................48

Final Results for Beam Analysis (FEM)........................................48

Interpretation..........................................................48



[image: image]

​This free course introduces the finite element method and instils the need for comprehensive evaluation and checking when interpreting results. Engineering is at the heart of modern life. Today, engineers use computers and software in the design and manufacture of most products, processes and systems. Finite element analysis (FEA) is an indispensable software tool in engineering design, and indeed in many other fields of science and technology.

In this course you will be introduced to the essence of FEA; what is it and why do we carry out FEA? As an example of its use, we will look briefly at the case of finite element analysis of the tub of a racing car.

Finally, if you have access to FEA software, you can try out the two exercises where step-by-step instructions are given to help you carry out a simple analysis of a plate and a square beam.

This course is an adapted extract from the Open University course T804 Finite element analysis: basic principles and applications .
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​​​Learning outcomes
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After studying this course, you should be able to:

	present some basic theory of FEA


	introduce the general procedures that are necessary to carry out an analysis


	present basic information that is necessary for the safe use of FEA.
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​​​1 Finite element analysis
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In this section we will introduce the finite element method; what it is; its capabilities and who uses it. Later on we will show you a step-by-step example you can follow if you have the use of FEA software.
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​​​1.1 What is finite element analysis?
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Finite element analysis, utilising the finite element method (FEM), is a product of the digital age, coming to the fore with the advent of digital computers in the 1950s. It follows on from matrix methods and finite difference methods of analysis, which had been developed and used long before this time. It is a computer-based analysis tool for simulating and analysing engineering products and systems. FEA is an extremely potent engineering design utility, but one that should be used with great care. For example, it is possible to integrate a system with computer-aided design software, leading to a type of uninformed push-button analysis in the design process. Unfortunately, colossal errors can be made at the push of a button, as this warning makes clear.
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​​Using FEA: a word of warning

​Introduction
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FEA is an extremely potent engineering design utility, but one which should be used with great care. Despite years of research by some of the earth’s most intelligent mathematicians and scientists, it can only answer the questions asked of it. So, as the saying goes, ask a stupid question.
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​The frothy solution
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Current CAD [computer-aided design] vendors are now selling suites which have cut-down versions of FEA engines integrated with computer-aided design software. The notion is to allow ordinary rank-and-file designers to analyse as they design and change and update models to reach workable solutions much earlier in the design process. This kind of approach is commonly referred to as the push-button solution.

Pensive analysts are petrified of push-button analysis. This is because of the colossal errors that can be made at the push of a button. The errors are usually uncontrollable and often undetectable. Some vendors are even selling FEA plug-ins where it is not possible to view the mesh. (This is ludicrous.)

The oblivious among us may say that analysts are afraid of push-button solutions due to the job loss factor, or perhaps they are terrified of being cast out of the ivory towers in which they reside. Such arguments are nonsensical, there will always be real problems and design issues to solve. (Would you enter the Superbike Class Isle of Man TT on a moped with an objective to win, even if it had the wheels of the latest and greatest Superbike?)

The temptation to analyse components is almost irresistible for the inexperienced, especially in an environment of one-click technology coupled with handsome and comforting contour plots. The bottom line is that FEA is not a trivial process, no level of automation and pre- and post-processing can make analyses easy, or more importantly, correct.
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