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INTRODUCTION

The first equation that most of us learn is a synonym for simplicity:

1 + 1 = 2

So elementary, yet so powerful! It imparts the very definition of addition: one unit plus one unit equals two units. It is powerful, too, because it exhibits the format for every other equation: in arithmetic, mathematics as a whole, physics, and other branches of science. It shows an arrangement of terms that asserts a particular kind of relationship among them. This little but fundamental equation opens so many doors that it seems like a magic wand. It is virtually the entrée into knowledge itself – the first little step, the basis for each of thousands of steps to follow. Richard Harrison, a poet and English teacher at Mount Royal College in Calgary, Canada, once wrote to me of this profound expression:

1 + 1 = 2 is the fairy tale of mathematics, the first equation I taught my son, the first expression of the miraculous power of the mind to change the real world. I remember my son holding up the index finger – the ‘one finger’– of each hand as he learned the expression, and the moment of wonder, perhaps his first of true philosophical wonder, when he saw that the two fingers, separated by his whole body, could be joined in a single concept in his mind... [W]hen I saw my son’s mind open in understanding that ‘1 + 1’ was more than ‘1 + 1’ I saw that small equation as my child’s key not to what was wonderful in the outside world, but what was wonderful in him and all of us.

Harrison’s description reminds us that learning an equation, at least of the kind as fundamental as 1 + 1, is in effect a kind of journey. It is a journey that takes place in three stages. We begin naively without knowing the equation. We are led by schooling or accident or curiosity or intent to comprehend it, often accompanied by dissatisfaction and frustration. Finally, the experience of learning it transforms the way we experience the world, which fills us – naturally, if sometimes only momentarily – with wonder.

This book is about those journeys.

The first human beings lived without equations, and had no need for them. There were no equations in the Garden of Eden, not even on the Tree of Knowledge. None were present in the Sumerian paradise Dilmun, nor in the cosmic egg in which some Chinese believe that P’an Ku hatched the world, nor in any of the other places where various divine creation myths say that the first humans dwelt. Human beings did not even have the idea of equations. That idea is a human invention, the result of our efforts to make sense of the world. Even so, human beings did not wake up one day and suddenly decide to invent equations. They acquired the need to over time, and the idea of an equation in the scientific-technical sense first appeared late in human history.

The Latin word aequare means to make level or even. Many modern English words spring from this root, including adequate, equanimity, equality, equilibrium, egalitarian, equivalence, and equivocation. The word ‘equation’ at first simply meant a partitioning into equal groupings. The ‘equator’, for instance, is the imaginary line drawn by geographers to separate the earth in two roughly equal halves. Medieval astrologers used the word ‘equation’ to refer to their practice of arbitrarily dividing up the path followed by the sun and planets into equal areas, each allegedly governed by a different constellation.1

Meanwhile, numbers and counting were becoming important in human life. Businessmen used them in bookkeeping, finance, and budgets; religious authorities used them for record-keeping of years, seasons, and occasions such as births, deaths, and marriages; and in government officials used them in census, and for surveying and taxes.2 This generated the need to develop symbols to stand for numbers and quantities.3 In the third century BC, the Greek mathematician Diophantus took another step, using symbols to stand for unknown quantities, and providing some rules for operating on such quantities, including subtraction and addition. He showed not only how to use symbols to describe an unknown number so that it could be determined from known numbers (what is called a determinate equation) but also how symbols could describe something with an infinite set of solutions (a Diophantine or indeterminate equation). It was still a long route to the modern notion of equations. Even Galileo and Newton express their important results – Galileo’s law of falling bodies, and Newton’s laws of motion – in the form of ratios expressed in words, not in the familiar equation form known to science students. Not until the eighteenth century did natural scientists routinely express their conclusions in the form of equations as we know them today.

A long historical and conceptual journey was required, therefore, to write even the simplest of equations. In 1910, Alfred North Whitehead and Bertrand Russell, two of the greatest mathematicians in history, published the Principia Mathematica, a famous, three-volume systematic textbook that derives the foundations of mathematics from the ground up in a purely logical way. When does the equation 1 + 1 = 2 first make its appearance? Well over halfway through volume one!4

Thanks to this long journey, the word ‘equation’ eventually came to have a technical meaning as part of a specially constructed language – to refer to a statement that two measurable quantities, or sets of measurable quantities, are the same. (Strictly speaking, then, statements expressing inequalities are not equations.) In this codelike constructed language, indispensable to modern mathematics and science, symbols stand for sets of other things on which various operations (addition, subtraction, multiplication and division being the simplest) can be carried out.5

Ever since this special technical language was developed, each individual equation has had two different types of discoveries. It was originally discovered by the first person to come across it – by the person or persons who introduced it into human culture. And it is rediscovered by each person who learns it since.

The journey to a particular equation has a different kind of setting than that of other historical turning points. The appearance of equations is not framed by bloody battlefields or by clashes of titanic political forces. Equations tend instead to emerge in quiet locations, such as studies and libraries, removed from distractions and encroachments. Maxwell wrote down his world-transforming equations in his study; Heisenberg began to piece together his on an isolated island. Such environments allow scientists to address their dissatisfactions, to explore the gnawing sense that the pieces at hand are not fitting together well and need some adjustment or the addition of something new. Scientists then can focus on some problem that often can be articulated with deceptive simplicity: What is the length of this side of a right-angled triangle? What is the strength of the force between celestial objects? How does electricity move? Can a given pair of seemingly contradictory theories be made to fit together? Does this make sense?

When the solution comes, it seems logical and even inevitable. This work is ‘universally received’, writes Roger Cotes, who contributed a Preface to the second edition of Newton’s famous masterwork, Mathematical Principles of Natural Philosophy.6 The discoverers often feel as if they’ve stumbled across something already there. Thus equations seem like treasures, spotted in the rough by some discerning individual, plucked and examined, placed in the grand storehouse of knowledge, passed on from generation to generation. This is so convenient a way to present scientific discovery, and so useful for textbooks, that it can be called the treasure-hunt picture of knowledge. It telescopes a difficult process and leaves us with an inventor, time, and place, and often a cause or purpose. An incident or moment, such as the fall of an apple, becomes a synecdoche that crystallizes the long discovery process. Generations of scholars then earn reputations criticizing the model and complicating this picture. The treasure-hunt picture is useful for everyone!

The treasure-hunt picture of the world, however useful, promotes the view that equations are essential features of the world, not created by human beings. And indeed, we are born into a world that already has equations that ‘we’ did not create. This is why equations sometimes appear to be not really of human origin, around long before we humans got here: On the eighth day, God created the equations, as the blueprint for His work. Or, as Galileo wrote, the Book of Nature is written in mathematical symbols.

But each and every equation had a human genesis. It was put together by a particular person at some specific place and time who felt a need – who was dissatisfied by what was at hand – and who wanted to make sense of things or sometimes merely wanted to make something that appeared hopelessly complicated easier to understand. Sometimes this creative process is buried in antiquity, as is true of the ‘Pythagorean’ theorem, whose principle was known long before Pythagoras. Sometimes the creative process is known in detail thanks to the correspondence, drafts, and notebooks of their inventors, as is the case with equations produced by Newton and Einstein. In each case, however, the equations cannot be said to be their work alone, for these scientists – even when working alone – were involved in countless dialogues with other scientists in a shared process to make sense of nature.

When British scientist Oliver Heaviside rearranged Maxwell’s work into what is essentially their now-famous form – into the form that today is known as ‘Maxwell’s equations’ – he remarked that he was simply trying to understand Maxwell’s work more clearly. That motivation – sensing that one can express better something that one already knows, but vaguely – might be said of all inventors of equations.

After someone does come up with a new equation about some fundamental issue – when that person has answered his dissatisfaction – it changes both us and the world. Such equations thus do not simply instruct us how to calculate something, adding new tools to the same world, but do something ‘more’, as Harrison put it. In learning 1 + 1 = 2, his son did not merely input a new data point, but became transformed, possessing a new grip on the world. But along with this new grip comes new puzzles, and new dissatisfactions.7

Harrison’s description, finally, reminds us that equations can inspire wonder. Science is not a robotic activity in which we manoeuvre in or gaze at the world indifferently, but a form of life with a highly nuanced affective dimension. There is, of course, the celebratory, cork-popping joy that is a natural concomitant to a new discovery or achievement. But if that were the only emotion involved in science – the pleasure of making a discovery that ensures fame and fortune – it would be a sorry profession, for such moments are few and far between. Fortunately, the emotions of science are much more diverse, and thicker, than that. Doing science is accompanied by unfolding feelings at every moment – puzzlement, bafflement, curiosity, desire, the urge to find the answer, boredom that nothing is happening, frustration at getting nowhere, the thrill of being on the right track. Such feelings are always present, not deeply hidden, often overlooked, but easy to notice once we decide to pay attention to them.

When we understand an important equation for the first time, we glimpse deeper structures to the world than we suspected, in a way that reveals a deep connection between the way the world is and how we experience it. At such times, our reaction is not simply, ‘Yeah, that makes sense’, or even what is often called the ‘Aha!’ moment. This latter crude characterization goes hand in hand with the treasure-hunt picture of knowledge acquisition, for it simplifies and condenses the emotion of discovery into a single instant. The genuine emotion – wonder – is subtler, richer, and lengthier.

It is natural, though, even for scientists to stop wondering at equations, as they become more wrapped up in the world and their interests in it, and less attentive to the moments of disclosure in which its forms first appear. We lose wonder, indeed, at any instrument or object with which we grow too familiar. Equations can come to seem as just another set of tools that we find lying about in the world, or as onerous chores that we learn out of duty.

Pilots who learn too much about their craft, Mark Twain writes in Life on the Mississippi, often undergo a regrettable transformation. As they become increasingly skilled at reading the language of the river, they seem to grow correspondingly less able to appreciate its beauty and poetry. Features of the river – a floating log, a slanting mark on the water, a patch of choppy waves – that once aroused feelings of wonder and awe become increasingly appreciated only instrumentally, in terms of the use they have for piloting. Something similar is true of equations.

But great scientists are often still able to marvel at the breakthroughs of their predecessors. The physicist Frank Wilczek once wrote a series of articles on the simple equation expressing Newton’s second law of motion, F = ma, calling it ‘the soul of classical mechanics’, and exhibiting toward it the kind of appreciation that is appropriate to souls.8 The physicist and cosmologist Subrahmanyan Chandrasekhar wrote an entire book on Newton’s Principia, the book in which Newton proposed his second law of motion, comparing it to Michelangelo’s painting on the ceiling of the Sistine Chapel. And a listener to Richard Feynman’s famous Lectures on Physics can detect throughout his unabashed and spontaneous wonder at the equations he is trying to teach his students. These three Nobel laureates each knew enough to maintain their wonder at the world and at the equations through which we know it.

This book aims to show that there is much more to equations than the simple tools they seem to be. Like other human artifacts, equations have social significance and exert cultural force. This book takes some great equations and provides brief accounts of who discovered them, what dissatisfactions lay behind their discovery, and what the equations say about the nature of our world.


1

‘The Basis of Civilization’:

THE PYTHAGOREAN THEOREM

c2 = a2 + b2

DESCRIPTION: The square of the length of the hypotenuse of a right-angled triangle is equal to the sum of the squares of the lengths of the other two sides.

DISCOVERER: Unknown

DATE: Unknown

To this day, the theorem of Pythagoras remains the most important single theorem in the whole of mathematics.

– J. Bronowski, The Ascent of Man

The original journey to the Pythagorean theorem is forever shrouded in history. But we have countless stories of its rediscovery, both by people who taught it and by people who rediscovered it for themselves. These sometimes have been such powerful experiences as literally to have changed the lives and careers of those who have made them. The power and magic of the Pythagorean theorem arise from the fact that, while it is complex enough that its solution is not apparent at the outset, the proof process is condensed enough to constitute a single experience.

One person whose life it changed was the great political philosopher Thomas Hobbes (1588–1679). Until he was forty, Hobbes was a talented scholar who showed little originality. He was well versed in the humanities but dissatisfied with his erudition. His principal achievement was an elegantly written if sometimes inaccurate translation of the ancient Greek historian Thucydides. He had little exposure to science, despite the exciting recent breakthroughs of Kepler, Galileo, and others, which were then revolutionizing the scholarly world.

One day, while passing through the library of an acquaintance, Hobbes saw a copy of Euclid’s Elements displayed on a table. This was not unusual: a gentleman who owned a handsome and expensive volume of an important work, such as a Bible, would not store it out of sight but would prominently exhibit it for the benefit of visitors, usually opened to a famous passage or psalm.

Euclid’s Elements was indeed like a Bible. It set out much of the mathematical wisdom of its time in axioms and postulates; scholars had been analyzing it ever since its appearance in about 300 bc; and its knowledge remained current. No other book at the time, except the Bible, had been as frequently copied or studied. The particular chapter and verse that Hobbes saw was Book I, Proposition 47, the Pythagorean theorem.

Hobbes took a look at the claim: The square described upon the hypotenuse of a right-angled triangle is equal to the sum of the squares described upon the other two sides. He was so astounded that he used a profanity that his acquaintance and first biographer John Aubrey refused to spell out: ‘“By G—”, Hobbes swore, “this is impossible!”’1

Hobbes read on, intrigued. The demonstration referred him back to other propositions in the same book: Propositions 46, 14, 4, and 41. These referred to still others. Hobbes followed them and was soon convinced that the startling theorem was true.2

‘This made him in love with geometry’, writes Aubrey, adding that Hobbes was a changed man. He started obsessively drawing geometrical figures and writing out calculations on his bedsheets and even on his thigh. He began to devote himself to mathematics, showed some talent – though his abilities remained modest – and embroiled himself in controversies and hopeless mathematical crusades in a manner that still embarrasses his biographers and fans.3 These episodes are not terribly interesting. What matters is that the theorem transformed him and his scholarship. As one commentator wrote of Hobbes’s initial encounter with the Pythagorean theorem, ‘everything he thought and wrote after that is modified by this happening.’4

Hobbes began to chastise the moral and political philosophers of the day for their lack of rigor and for being unduly impressed by their predecessors. He compared them unfavorably with mathematicians, who proceeded slowly but surely from ‘low and humble principles’ that everyone understood and accepted. In books such as the Leviathan, Hobbes began to reconstruct political philosophy in a similar way, by first establishing clear definitions of terms, and then working out the implications in an orderly fashion. The Pythagorean theorem taught him a new way to reason, and to present the fruits of his reasoning persuasively, in ways that seemed necessary and universal.

Pythagorean Theorem: The Rule

The term, ‘Pythagorean theorem’, is popularly used to refer to two different things: a rule and a proof. The rule is simply a fact. It states an equality between the lengths of the sides of a right-angled triangle: the length of the hypotenuse squared (c2) is equal to the sum of the squares of the two other sides: (a2 + b2). That rule has a practical value: it allows us, for instance, to calculate the length of that hypotenuse if we know the lengths of the two sides. The proof is different. It’s the demonstration of how we know this fact to be true.

It is confusing that this phrase can refer to both. It’s a confusion embedded in the word ‘theorem.’ The word can mean a result that is (or is assumed to be) proven. It comes from the Greek for ‘to look at’ or ‘contemplate’, and has the same root as ‘theatre.’ When people like Hobbes see the Pythagorean theorem, they can pay attention to two very different things: to the product, rule, or thing proven – the hypotenuse rule – or to the process, the proving, or the way it is known.

The rule is extremely important, crucial to describing the space around us. It is invaluable to carpenters, architects, and surveyors in small and large-scale construction projects. This is one reason Freemasons – the esoteric organization said to have been born in medieval stonemason guilds – adopted the Pythagorean theorem as a symbol. One piece of Masonic literature cites the Pythagorean theorem as ‘containing or representing the truth upon which Masonry is based, and the basis of civilization itself’,5 and a simplified version of the diagram accompanying Euclid’s proof, called the ‘Classic Form’, is often emblazoned on carpets in Masonic lodges. The rule characterizes celestial spaces as well, thus is essential to navigation and astronomy.

This rule was known long before Euclid or even Pythagoras. The fact that sides of specific lengths – 3, 4, and 5 units, say, or 6, 8, and 10 – create a ‘set square’ with a right-angled triangle between the two shorter sides was an empirical discovery known to ancient craftsmen. Such trios of numbers are called ‘Pythagorean triplets’, and their independent discovery in different lands is not surprising given their simplicity and practical importance. Another ancient discovery seems to have been the rule c2 = a2 + b2 for such triplets. A Babylonian cuneiform tablet of about 1800 BC, known as Plimpton 322 after the collection in which it resides at Columbia University, contains a table of fifteen rows of Pythagorean triplets. The tablet was evidently a trigonometric table or teaching aid for the rule to figure out hypotenuses of right-angled triangles. It contains no variables, but it seems to have been intended to communicate the rule via a list of examples.6
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A Babylonian cuneiform tablet of about 1800 BC, known as Plimpton 322 after the collection in which it resides at Columbia University. The tablet, evidently a trigonometric table or teaching aid for the rule to figure out hypotenuses of right-angled triangles, contains a table of fifteen rows of Pythagorean triplets.

The rule was also known in ancient India. Applications of it are found in the Śulbasūtras, the texts that accompany the Sutras or ‘sacred teachings’ of the Buddha, which seem to have been written between 500 and 100 BC but clearly pass on knowledge of much earlier times. In their instructions for constructing ritual areas they display considerable geometrical knowledge, though it is expressed informally and approximately, and without much justification.7

The earliest existing Chinese writing on astronomy and mathematics, the Zhou Bi Suan Jing (‘Gnomon of the Zhou’, containing texts dating from the first century BC but whose contents are said to be centuries earlier), likewise exhibits knowledge of the rule. One application is in a calculation of how far the sun is from the earth. The reasoning process involves a bamboo tube and its shadow, and assumes that the earth is flat; the Zhou Bi is famous among historians of science for being ‘the only rationally based and fully mathematicised account of a flat earth cosmos.’8 The earliest extant version contains an often-reproduced diagram against a chessboardlike background from which one can readily see that the area of the square built on the hypotenuse is the same as the combination of the areas on the other two sides – but this almost certainly dates from a third century ad source, long after Euclid.

[image: image]

Diagram from a late edition of the Zhou Bi. The characters refer to the colors of the squares.

The Babylonian tablet, the Indian Śulbasūtras, and the Chinese Zhou Bi each exhibit knowledge of the rule as part of a body of mathematical knowledge applied to some other purpose: educational in the case of Plimpton 322, religious in the case of the Śulbasūtras, astronomical in the case of the Zhou Bi. In these and in other ancient texts the rule is presented without explicit justification, mainly as a way of finding distances and checking results, though occasionally with more formality.

Indeed, the Pythagorean theorem is surely unique among mathematical landmarks for the range of colorful practical illustrations, ranging from prosaic to poetic, over its thousands of years of history, involving the dimensions of fields, canals, clotheslines, footpaths, roads, and aqueducts. From an Egyptian manuscript: ‘A ladder of 10 cubits has its foot 6 cubits from a wall; how high does it reach?’ From a medieval Italian manuscript: ‘A spear 20 ft. long leans against a tower. If its end is moved out 12 ft., how far up the tower does the spear reach?’ An Indian text asks readers to compute the depth of a pond, swimming with red geese, if the tip of a lotus bud were about 9 inches above the water, but was blown over by the wind – its stem fixed to the bottom – and vanished beneath the water at a distance of about 40 inches. These kinds of exercises make mathematics fun!

The rule has become a model piece of knowledge, and knowing it is often symbolic of human intelligence itself. At the end of the movie the Wizard of Oz, the Scarecrow – to show he truly does have a brain – states a botched version: ‘The sum of the square roots of any two sides of an isosceles triangle is equal to the square root of the remaining side.’ The levity is perfect, for it spares us in the audience from really having to follow it, and keeps what’s happening in the realm of fairy tale.

Pythagorean Theorem: The Proof

But proving a rule is much different from just knowing it. A proof demonstrates the general validity of a result based on first principles – for its own sake, not linked with a practical end, and with the focus less on the result than on how one arrives at it; on the process by which we come to trust it. A proof recounts the journey by which we know an equation. To provide the proof of a rule therefore involves a different perspective on mathematics than just stating the rule. For a proof is not an assertion of authority but an acknowledgement of intellectual democracy. It does not simply pass on a piece of wisdom from one’s precursors as a tour de force of intellect, a stroke of genius. It does not say, ‘This is a fact!’ or ‘This is how a genius told us to do it.’ Instead, the proof of a result says that the journey is something anyone can take, in principle at least, thanks to the matrix of mathematical definitions and concepts that we already possess. It therefore says in effect, ‘Follow this, and you’ll see that we know all the steps how to get there already!’ Giving the proof of a rule therefore establishes a landmark that anyone can get to by following the path indicated, and that one can trust to orient oneself while making further journeys in unexplored territory. Proofs of key equations transform mathematics from a complex terrain into a landscape by erecting landmarks. The rest of mathematics is still present, but in the background.

Although the first proof of the hypotenuse rule is traditionally ascribed to Pythagoras (ca. 569–475 BC), the claim that his proof was the earliest was first advanced half a millennium later, and is almost certainly untrue.9 The idea of proof seems to have originated in ancient Greece, and took hundreds of years to develop. It culminated in Euclid’s Elements, which presents mathematical knowledge entirely in the form of explicit, formal proofs. The proof of the Pythagorean theorem is the next-to-last one of Book I. In a right-angled triangle, the square on the side opposite the right angle is equal to the sum of the squares on the other two sides. Proposition 48, the last proof of Book I, is the converse: if the square on one side of a triangle is equal to the sum of the squares on the other two sides, it is a right-angled triangle. The proof is as follows: Build a square on each side of a right-angled triangle. Draw a line from the vertex of the right angle, perpendicular to the hypotenuse, to that square’s far side. This divides the big square into rectangles. Each rectangle turns out to be the same size as one of the squares: the sum of the smaller squares thus equaling the area of the square on the hypotenuse. Interestingly, Euclid’s proof is associated with the distinctive image created by its lines, and has been called the windmill, peacock, or bridal chair proof after fanciful images that it has been taken to suggest.
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A classic diagram illustrating the proof in Euclid’s Elements.

Every great discovery seems to generate the irresistible urge to scour through records to see if anyone else discovered it earlier, discovered it but did not write it down, or brushed up against it without discovering it. The Pythagorean theorem, as we seem forever fated to call it, was no exception. For historians, showing how close a people came to proving the Pythagorean theorem appears to be a way to try to show how advanced that civilization was – and claims have been made for the Babylonian, Indian, and Chinese discovery of the Pythagorean theorem based on Plimpton 322, the Śulbasūtras, the Zhou Bi, and other texts.10 But in the process, it is easy and tempting to confuse or ignore the difference between the Pythagorean theorem, the empirically determined rule, and the Pythagorean theorem, the proof of the equation.

New Proofs

Occasionally, humans have taken the journey on their own, discovering the Pythagorean theorem without the aid of teachers. One is the French mathematician and philosopher Blaise Pascal, whose father forbade any discussion of mathematics around the household, afraid that the subject might distract his child from the all-important studies of Greek and Latin. But the young Pascal began to explore geometry with the aid of a piece of charcoal, in the process discovering many of the proofs codified in Euclid’s Elements, including the Pythagorean theorem.11

It is also possible to discover new proofs of the theorem. For if the Pythagorean theorem is unique among mathematical landmarks for the range of its applications and examples, it is also unique for the range of ways that it has been proven. Most proofs are based on the same axioms, but follow different paths to the climax. Many – especially the earliest proofs such as Socrates’, Euclid’s, and in the later Chinese manuscript Zhou Bi – are geometrical, where a, b, and c refer to lengths of various sides of shapes, and the proof proceeds by manipulating the shapes and showing something about their areas. Other proofs are algebraic, or based on more complex mathematics where the numbers refer to abstract things, and can even refer to vectors. Some so-called proofs, though, assume results that are proven by the Pythagorean theorem, and so are really circular arguments. The algebraic approach – which the Babylonians understood – is what produced the c2 = a2 + b2 version of the rule.

In the fourth century ad, the Greek geometer Pappus of Alexandria discovered a theorem that extended Euclid’s. A few centuries later, Arabic mathematician Thābit Ibn Qurra (836–901), working in Baghdad, provided several new proofs in revising an earlier Arabic translation of the Elements. Two and a half centuries later, the Hindu mathematician Bhaskara (b. 1114) was so enamored of the visual simplicity of the Zhou Bi proof that he redid it in the form of a simple diagram, and instead of an explanation wrote a single word of instruction: ‘See.’

Later, Italian artist Leonardo da Vinci, Dutch scientist Christiaan Huygens, and German philosopher Gottfried Leibniz (1646–1716), all contributed new proofs. So did U.S. Congressman James Garfield, in 1876, before he became the twentieth U.S. president. Indeed, over a dozen collections of proofs of the Pythagorean theorem have appeared: in 1778, a list of thirty-eight was published in Paris, in 1880 a monograph appeared in Germany with forty-six proofs, while in 1914 a list of ninety-six proofs was published in Holland. The American Mathematical Monthly, the first general-interest mathematical magazine in the U.S., began publishing proofs in its first issues, starting in 1894. With some condescension, it stated that problem solving ‘is one of the lowest forms of mathematical research’, being applied and without scientific merit. Nevertheless, the magazine promised to devote ‘a due portion of its space to the solution of problems’ such as the Pythagorean theorem, to serve an educational purpose. ‘It [problem solving] is the ladder by which the mind ascends into the higher fields of original research and investigation. Many dormant minds have been aroused into activity through the mastery of a single problem.’12 In 1901, after publishing about a hundred proofs, its editor abandoned the effort, announcing that ‘there is no limit to the number of proofs – we just had to quit.’
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Diagram on the basis of which U.S. President James A. Garfield invented a proof.

One who refused to quit was a schoolteacher and subscriber from Ohio named Elisha S. Loomis – a mason – who had contributed some of the proofs. Loomis continued to collect them, many passed on by teachers of bright youngsters who knew of his interest. In 1927 (by then a college professor) Loomis published The Pythagorean Proposition, a book containing 230 proofs; in 1940, the 87-year-old Loomis published a second edition containing 370 proofs.13 He dedicated both books to his Masonic lodge. Loomis divided the contents into geometric, algebraic, dynamic, and quaternion proofs. Most were geometric: number 31 was Huygens’s; 33, Euclid’s; 46, da Vinci’s; 225, Bhaskara’s; 231, Garfield’s; and the Zhou Bi’s was 243. Of the algebraic proofs, Leibniz’s was number 53. Loomis prized the way that the challenge of coming up with a new proof tested the mettle of students and, evidently fascinated by the process of proof, liked to signal interesting proofs, interesting people who had contributed proofs, or to commend youthful contributors.14 He was disapproving of those who, he thought, disrespected the subject. He chastised some American geometry textbooks that omitted Euclid’s proof – possibly to show ‘originality or independence’ – remarking wryly that ‘the leaving out of Euclid’s proof is like the play of Hamlet with Hamlet left out.’15 His final sentence of the second edition: ‘And the end is not yet.’16

Loomis was correct; it wasn’t. The Guinness Book of World Records Web site, under ‘Most Proofs of Pythagoras’s Theorem’, recently named a Greek who, it is claimed, has discovered 520 proofs. By the time you read this, more have surely appeared.

Whence the Magic?

All these proofs provoke two questions. The first is: Why isn’t one proof enough? We know why one application is not enough: the point of a rule is that it applies to many different circumstances. But proofs? A small number of proofs of the Pythagorean theorem generalize the theorem that Euclid proved, and thus extend what he did. Most in Loomis’s collections, however, are not of that type. Nor do they make the result more certain than it already is. Their fascination lies in the scientific desire not merely to discover, but to view a discovery from as many angles as possible – to convert implicit possibilities, or merely hypothesized or assumed results, into actualities. Science aims to enrich the world, to increase the variety of its forms, to let the reality of the things in the world show themselves. As science progresses, the landscape of the world develops with it.

The second question is: Why all the attention to this particular theorem, which has fascinated amateurs and professionals for thousands of years? A part of the answer is surely personal biography: the Pythagorean theorem tends to be the first deep proof that each of us encounters, the first proof where – as Hobbes’s experience shows – it is not obvious what it is we are setting out to prove. It is the first journey of mathematical discovery where we find something genuinely new at the other end. But that must be only a small part of the answer, for we also learn other beautiful proofs early on, such as of the irrationality of the square root of two or of the infinity of primes. We also learn proofs that are similar to the Pythagorean theorem (for instance, Proposition 31 of Book VI of Euclid’s Elements), or much more powerful and useful than the Pythagorean theorem, without these attracting anywhere near the same degree of attention. A striking example of the latter is the law of cosines – c2 = a2 + b2 – 2ab cos θ – which covers all triangles, not just right-angled triangles, and relates the lengths of the sides to the cosine of one of the angles; the Pythagorean theorem is but a special case of the law of cosines. Yet this law communicates no special magic – partly because one has to know trigonometry to prove it – and one can hardly imagine a Hobbes becoming as transformed.

The full answer as to why the Pythagorean theorem seems magical is threefold: the visibility of the hypotenuse rule’s applications, the accessibility of the proof, and the way that actually proving the theorem seems to elevate us to contemplate higher truths and thus acquaint us with the joy of knowing.

First, the theorem characterizes the space around us, and we thus encounter it not only in carpentry and architecture, physics and astronomy, but in nearly every application and profession. The Pythagorean rule for a distance in three-dimensional space – the diagonal of a shoebox, say – is the square root of x2 + y2 + z2; for four-dimensional Euclidean space it’s the square root of x2 + y2 + z2 + w2; in Minkowski’s interpretation of Einstein’s special theory of relativity, the four-dimensional space-time version is x2 + y2 + z2 1 (ct)2, where c is the speed of light. Suitably adapted, this formula enters into the equations of thermodynamics, in describing the three-dimensional motions of masses of molecules. It also enters into both the special and the general theory of relativity. (In the former, it is used to describe the path of light moving in one reference frame from the point of view of another, while in the latter, in a still more complex extension, it is used to describe the motion of light in curved, four-dimensional space-time.) And it is generalized still further in higher mathematics. In The Pythagorean Theorem: A 4,000-Year History, Eli Maor calls the Pythagorean theorem ‘the most frequently used theorem in all of mathematics.’17 This is not only because of its direct use but also due to what Maor calls ‘ghosts of the Pythagorean theorem’ – the host of other expressions that derive, directly or indirectly, from it. An example is Fermat’s famous ‘last theorem’, finally proven in 1994, which asserts that no integers satisfy the equation an = bn + cn (all variables stand for positive integers) for any n greater than two. Though, being the denial rather than the assertion of an equality, Fermat’s last theorem cannot be put in the form of an equation.

Second, as Hobbes’s experience indicates, even though the Pythagorean theorem involves a bit of knowledge whose proof seems implausible at the beginning, it can be proved simply and convincingly even without mathematical training. This is one reason why philosophers and scientists from Plato onward use it as an emblematic demonstration of reasoning itself. In On the World Systems, Galileo cited Pythagoras’s experience proving the theorem to illustrate the distinction between certainty and proof – what we now call the context of discovery and the context of justification.18 In The Rules for the Direction of the Human Mind (Rule XVI), French philosopher and scientist René Descartes used the Pythagorean theorem to show the virtues of symbolic notation, which he was introducing into mathematics. G.W.F. Hegel viewed the proof as ‘superior to all others’ in the way it illustrates what it means for geometry to proceed scientifically, which for him meant showing how an identity contains differences.19 German philosopher Arthur Schopenhauer, one of the few critics of the way Euclid proved the Pythagorean theorem, viewed that proof as emblematic for another reason. Mocking it as a ‘mousetrap’ proof that lures readers in and then ‘springs’ a trap on them, Schopenhauer thought it logically true but overtly complicated, did not like the fact that not all its steps were intuitive (he much preferred proofs that appealed to intuition), and maintained that Euclid’s proof is a classical illustration of a misleading demonstration. Indeed, he saw Euclid’s proof of the Pythagorean theorem as emblematic of all that was wrong with the philosophy of his day, for it emphasized the triumph of sheer logic over insight and educated intuition. Hegel’s philosophical system, for Schopenhauer, was in effect no more than one huge conceptual mousetrap.20

Third, the Pythagorean theorem makes accessible the visceral thrill of discovery. Whenever we prove it, we can hardly be said to be ‘learning’ anything, for we learned the hypotenuse rule as schoolchildren. But as the proof proceeds – as we set the problem in a bigger context, and as the little pieces begin to snap together with an awesome inevitability – we seem to be taken out of the here and now to someplace else, a realm of truths far more ancient than we, a place we can reach with a little bit of effort no matter where we are. In that place, this particular right-angled triangle is nothing special; all are the same and we do not have to start the proof all over again to be certain of it. Something lies behind this particular triangle, of which it is but an instance. The experience is comforting, even thrilling, and you do not forget it. The proof arrives as the answer to a puzzle in a language that you did not have beforehand, a language that arrives in that instant yet which, paradoxically, you sense you already possessed. Without that moment of insight, the Pythagorean theorem remains a rule handed down authoritatively, rather than a proof gained insightfully.

The Pythagorean Theorem in Plato’s Meno

All three components of the magic of the Pythagorean theorem are evident in the earliest known, most celebrated, and most complexly described story of a journey to the Pythagorean theorem. That occurs in Plato’s dialogue Meno, written about 385 BC, or somewhat more than a century after Pythagoras and almost a century before Euclid’s Elements. It is the first extended illustration of the mathematical knowledge of ancient Greece that exists. In the Meno, Socrates coaxes a slave boy, ignorant of mathematics, to prove a particular instance of the theorem, one involving an isosceles right-angled triangle.

The principal participants are Socrates and Meno, a handsome youth from Thessaly. Meno is impatient, balks at difficult ideas, and likes impressive-sounding answers – a teacher’s nightmare. He’s been pestering Socrates about how it is possible to learn virtue. Socrates finds it difficult to get Meno’s mind going; his name, appropriately, means ‘stand fast’ or ‘stay put.’ The word ‘education’ means literally ‘to lead out.’ Socrates cannot lead Meno much of anywhere.

At one point, Meno throws up his hands and asks Socrates – in a famous query known as Meno’s paradox – how it is possible to learn anything at all. If you don’t know what you are looking for, you won’t be able to recognize it when you come across it – while if you do know you don’t bother to go looking for it. Meno is implying that it is fruitless even to try.

The paradox arises, as philosophers say today, from the mistaken assumption that knowledge comes in disconnected bits and pieces. In reality, we humans notice that something is unknown thanks to the whole matrix of things that we know already. We can extend this matrix – and fill in and flesh out gaps and thin areas – by applying what we know to find what we don’t, bringing everything else to bear on it, inevitably uncovering new holes and weaknesses in the process. Acquiring knowledge is not like putting things someone else gives us in a mental warehouse, but a back-and-forth process in which we are constantly moving between parts and wholes, seeing and uncovering new things thanks to what we already know, acquiring a continually expanding base for understanding the world.

This isn’t the way Socrates puts it to Meno, of course. Meno cannot digest anything that subtle. Instead, Socrates couches it in a way the gullible lad can relate to, trying to entice him to move. Let me tell you an old legend believed by religious sages, Socrates says. They say souls are immortal, and thus have seen and learned everything under the sun. Deep within us, we already know everything, though during our earthly sojourn we’ve forgotten just about all. But if we are energetic enough, we can overcome this ignorance by recollecting it.

This legend is Socrates’ poetic way of telling Meno that learning is neither like getting something passively handed to you by someone else, nor like automatically following a rule. It’s an active and intensely personal process in which you motivate yourself to see something. You have to be on the move. And when you recognize something as true, you see that it belongs in that matrix as if it were a feature already there that you had overlooked. It feels so firmly nestled in your soul that it’s like you had it all along. It’s as if all the preparation and exercises and proofs you do in trying to learn something serves to help you to unforget it. This is the truth of the myth.

Meno likes the legend. But he still has not gotten the point, and asks for more explanation. Trying another tack, Socrates says he’ll show Meno the process in action. He asks Meno to summon one of his slaves – ‘whichever you like’ – and Meno complies. Socrates then coaxes this young slave, a naive boy innocent of any mathematical training, to go on a little journey, proving the geometrical theorem that the area of the square formed on the diagonal connecting the corners of another square is twice the area of that other square – thus, the Pythagorean theorem involving an isosceles right-angled triangle. Socrates does so by drawing figures in the sand, step by step, asking Meno to keep him honest by listening carefully to make sure that Socrates does not smuggle any mathematical information into his questions and that the boy is ‘simply being reminded’ and not being spoon-fed.

Modern readers may see what follows as a fraud. They may think that Socrates is pulling the strings, playing with the slave’s head, getting the slave just to mouth the words. Modern readers are apt to find the idea of learning as recollection absurd, and think that real learning involves downloading new information into a person’s brain to be reinforced with homework and exercises. But if we read Plato carefully, we see that the slave is really learning – learning reduced to its elementals, as Socrates makes sure every new point emerges from the slave’s own experience. We see the slave boy going on a little journey in learning the Pythagorean theorem. Out of the infinite number of branching paths to follow, Socrates shows the boy which ones to choose, and provides him with some motivation to choose them.

You know what a square is? Socrates asks the boy, drawing a figure in the sand. A figure with four equal sides, like this? The youth says yes.

Do you know how to double its area? Socrates asks.

Of course, is the reply. You double the length of the sides. Obviously!

That’s wrong, of course, but Socrates doesn’t let on. A good teacher, he gets the student to spot his own mistake. When he extends the square, doubling the length of each side, the youth sees his error immediately – the new big square contains four squares of the original size, not two.

Try again, Socrates says. The boy proposes one and a half times the length of the first side. Socrates draws that square – and the boy sees that he’s overshot again.

Socrates asks the slave boy – dramatically, for Meno’s benefit – if he knows how to double the area of the square. No, I really don’t, says the youth.

This is the key moment! Socrates has, first, gotten the boy to see the limits of his knowledge – what he doesn’t know – and, second, dismantled the slave boy’s confidence. The boy had assumed that he knew, and now knows that he doesn’t know. It’s not true, of course, that the slave boy knows nothing. He knows a lot – that the answer to Socrates’ question lies in a narrow range, more than one but less than one and a half times the side. But the boy also knows more than he can say, and the knowing without being able to say doesn’t feel good to him now. The answer will come, but in a language the boy does not know yet. The slave boy has been made discomforted by encountering something he thinks he should understand and realizing that he does not. That bewilderment provokes a curiosity essential to learning. He is ready to let himself be led – ready to take a journey. It makes him want to see. He wants to move. We shall encounter the role of something triggering this desire – to move from where one is – again and again in the birth of equations. Sometimes the trigger is a chance event – perhaps the fall of an apple – while at other times it may be a passing remark, puzzling data, or an inconsistency between two theories. Here Socrates has bewildered the boy to induce the boy to want to follow him – a kind of seduction, which was one of the crimes Socrates would soon be accused of and for which he would be condemned to death.

Socrates capitalizes on the youth’s bewilderment. He rubs out the drawing and starts again with one of a square, 2 feet on a side, and then puts three other identical squares adjacent to it. Then he adds a new element to the diagram, a line crossing between two opposite corners: ‘the scholars call it a diagonal.’ The diagonal is not a totally new element. The slave has seen diagonals in floor mosaics and wall designs (an experience that has already given him an intuition of what is about to happen) and is merely being reminded what one is. But it’s new here. The diagonal suddenly casts the problem in a larger, richer context that makes the answer easier to see. It brings about a reformulation of the problem.

Resuming his coaxing, Socrates now easily gets the slave boy to see that a square built on that diagonal is equal to twice the area of the first square.
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On the left is the first diagram drawn by Socrates. Socrates begins with a square 2 feet on a side and asks the slave boy how to double its size. The slave boy
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