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    From a single unit to the sweep of countless multitudes, this book shows how number becomes knowledge through exact definition and orderly reasoning.

Elements of Arithmetic is a lucid guide to the basic structure of number and calculation, written to replace rule-following with understanding. Augustus De Morgan leads readers from the idea of a unit to the relationships that give arithmetic its coherence, treating addition, subtraction, multiplication, and division as consequences of carefully stated principles. Fractions and decimals are introduced as natural extensions of whole number reasoning, and notation is explained for its meaning as much as for its convenience. The aim is not merely to tally results, but to see why methods work and how they connect into a consistent whole.

Augustus De Morgan, a British mathematician and logician of the nineteenth century, wrote this treatise while helping shape a new culture of mathematical instruction at University College London. Composed in the first half of that century, the book belongs to a period when educators sought to ground elementary teaching on clear concepts rather than custom. De Morgan’s purpose was to present arithmetic as a rational science of number, accessible to learners and accountable to reason. He wrote for students, teachers, and self-inquirers alike, insisting that sound definitions and careful language are the surest path from beginner’s intuition to reliable skill.

The work’s method reflects the classical “elements” tradition: begin with unambiguous primitives, proceed through small, exact steps, and secure each new idea by its connection to earlier ones. De Morgan’s prose is disciplined but humane, offering just enough example to illuminate a rule and just enough generalization to show its place in the larger system. He treats notation as a tool—powerful when understood, misleading when used blindly—and asks the reader to see every algorithm as an expression of a definition. This careful scaffolding invites readers to rebuild familiar procedures on firmer ground and to recognize arithmetic as an architecture of ideas.

It is considered a classic because it embodies a standard of clarity and rigor that reshaped expectations for elementary mathematics. At a time when many manuals emphasized recipes and tables, De Morgan gave reasons, structures, and meanings. The book helped confirm that foundational texts could be both accessible and principled, a model that reverberated across schoolrooms and teacher-training venues. Its endurance rests less on novelty than on reliability: it says what arithmetic is, not only what to do with it. Readers and educators have returned to it as a benchmark of expository exactness and as an example of how to teach beginnings without condescension.

In the broader stream of mathematical literature, the book encouraged subsequent authors to treat elementary topics with philosophical seriousness. Its influence can be traced in later textbooks that start from definitions, justify procedures, and organize chapters around concepts rather than catalogues of problems. De Morgan’s insistence on precise terms and logical sequencing strengthened a habit of exposition that also appears in nineteenth-century writings on algebra and logic. While each generation revises notation and pedagogy, his approach—explain first principles, build method from meaning—has persisted. The result is a lineage of authors who regard arithmetic as an intelligible structure to be learned, not a mystery to be memorized.

Historically, Elements of Arithmetic stands at the meeting point of intellectual reform and social expansion. Industrializing Britain needed numerate citizens; schools and mechanics’ institutes needed trustworthy texts; and universities sought to modernize their curricula. De Morgan answered this moment with a compact, principled treatise that could travel beyond elite classrooms into wider educational circles. By writing in clear English and organizing material transparently, he broadened access without diluting standards. The book thus participates in a significant cultural shift: arithmetic is not merely a trade convenience or mercantile art, but a disciplined inquiry into number, available to any attentive reader with patience and curiosity.

One of the book’s enduring pleasures is its tone: patient, exact, and quietly encouraging. De Morgan respects the learner’s capacity to reason and repeatedly demonstrates that even commonplace rules have intelligible origins. The narrative does not dramatize discovery; it steadies it. Definitions are introduced with care, examples are chosen to clarify rather than to dazzle, and each step prepares the next. This texture of attention offers readers a model of mathematical thinking: slow enough to be followed, firm enough to be trusted, and flexible enough to connect familiar practices with general principles. The result is an experience of understanding, not just of performance.

The contents move systematically: from counting and numeration to place-value and notation; from the basic operations to their properties and interrelations; from whole numbers to fractions and decimals; and onward to ratio and proportion as organizing ideas. At each stage, the book shows how symbols carry meaning and how methods express definitions. De Morgan avoids unnecessary excursions, keeping the focus on arithmetic as arithmetic—neither geometry in disguise nor algebra by anticipation. This restraint clarifies boundaries and makes progress legible. The reader comes away with a map of the territory: not a miscellany of tricks, but a connected account of what number allows us to do.

Themes of order, language, and generalization run throughout. Order appears in the sequence of ideas and in the insistence that calculation rests on relations among numbers. Language matters because sloppy words breed muddled thought; De Morgan treats terms as instruments that shape understanding. Generalization emerges when a rule is seen not as a habit but as a consequence that holds across cases. Together these themes cultivate intellectual habits—precision, patience, and the willingness to ask why—that extend beyond arithmetic. They also humanize mathematics, showing it as a craft of reasoning that anyone can practice with the right tools and a clear sense of purpose.

For contemporary readers, the book’s relevance is immediate. Debates about concept versus procedure, memorization versus understanding, and notation versus meaning recur in classrooms today. De Morgan offers a balanced answer: procedures must be grounded, and grounding need not be arcane. His exposition exemplifies how to introduce foundational ideas without drowning beginners in abstraction, while still honoring the discipline’s demand for exactness. Teachers can find a template for sequencing concepts; students can discover the satisfaction of seeing reasons where once there were only rules. The clarity of the writing and the integrity of the method keep the work fresh and instructive.

Elements of Arithmetic endures because it makes first principles feel consequential and attainable. It presents number as a coherent world, builds trust in reasoning, and invites readers to see familiar operations anew. As a classic of mathematical pedagogy, it has informed generations of instruction and continues to guide thoughtful teaching. Its themes—definition, structure, intelligibility—speak across eras, and its qualities—lucidity, restraint, rigor—reward patient attention. To open this book is to enter an orderly conversation about how we know what we do when we count, compare, and operate. That conversation remains as relevant now as when it was first set down.
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    Elements of Arithmetic presents a structured treatment of elementary number and calculation. Augustus De Morgan states the scope as laying out definitions, principles, and procedures that govern arithmetic, emphasizing clarity of language and strict consistency. He begins by identifying the unit as the basis of number, then builds the notion of counting, zero, and the formation of integers. He distinguishes between names, symbols, and quantities, and insists on precise use of notation. The opening establishes the book’s method: rules are stated only after their grounds are described, and each operation is linked to its meaning, the relations it expresses, and the circumstances under which it is valid.

The exposition proceeds to numeration and notation, explaining the decimal scale and the principle of place value. De Morgan details how figures represent quantities according to position, how to read and write large numbers using periods or classes, and the role of zero as a placeholder. He contrasts compact positional notation with other historical systems to illustrate advantages of the decimal arrangement. The chapter treats ordering and comparing whole numbers, the formation of successive powers of ten, and the convenience of decomposition into units, tens, hundreds, and beyond. These ideas prepare the algorithms that follow by grounding them in the structure of the number system.

Addition is introduced as the process of aggregation, with attention to the column method, carrying, and the verification of results. De Morgan states properties such as commutativity and associativity and explains their use in rearranging and grouping totals. Subtraction follows as the inverse process, including the borrowing algorithm and alternative methods based on complements. The text provides worked examples and exercises that illustrate practical computations, estimation checks, and the handling of zeros and large figures. Throughout, the operations are motivated by their numerical meaning, not merely by mechanical direction, and the presentation stresses the reasons that ensure correctness and consistency.

Multiplication is described as repeated addition and scaling, with the arrangement of partial products and the management of carries set out methodically. De Morgan presents the distributive property to justify standard layouts and shows how place value organizes partial results into a single number. Division is treated as partition and measurement, including long division, the interpretation of quotients and remainders, and the relation to multiplication. The book then considers factors and multiples, divisibility tests, prime numbers, and decomposition. Using the Euclidean method, it establishes procedures for the greatest common divisor and least common multiple, connecting these to simplification and to the control of complexity in later sections.

Fractions are introduced as expressions of parts to whole, built from two integers with clear interpretation of numerator and denominator. De Morgan explains equivalent fractions, reduction to lowest terms by common divisors, and comparison by common denominators. He develops addition and subtraction of fractions, handling unlike denominators by least common multiples, and provides the rules for multiplication and division by cross-products and inversion. Mixed numbers and improper fractions are converted back and forth as required for calculation. The text includes examples that illustrate each case and shows how fractional operations follow from the same principles of aggregation, partition, and proportion established for integers.

Decimal fractions extend the place-value system to parts of a unit. The book defines the decimal point, tenths, hundredths, and further divisions, and shows how to align places for addition and subtraction. Multiplication and division with decimals are derived directly from the powers of ten, with rules for placing the point in the product or quotient. De Morgan treats terminating and recurring decimals and explains conversion from common fractions, noting patterns and exactness. Rounding, significant places for practical purposes, and estimation are discussed to manage accuracy. The section concludes by connecting decimals to measures and money, reinforcing their convenience in everyday calculations.

Ratio and proportion formalize comparison of quantities. De Morgan defines ratio as a relation between magnitudes and proportion as equality of ratios, then shows how these ideas organize calculations beyond simple counting. He replaces mechanical rules like the rule of three with systematic proportional reasoning, setting up statements that yield the required term. Applications include percentage, profit and loss, simple and compound interest, discount, and exchange. The methods are presented as consequences of the general theory of proportion, with examples that exhibit setup, reduction, and solution. The emphasis remains on precise statement, careful manipulation, and verification of results against the meaning of the quantities.

Powers and roots develop calculation beyond the first operations. The text defines squares and cubes, their numerical patterns, and the connection to area and volume. It provides algorithms for extracting square and cube roots by successive approximation and decomposition, paralleling multiplication and division. Surds are mentioned where exact roots are not attainable in the integer or finite decimal domain, and practical approximations are set out with bounds on error. Progressions, especially arithmetic and geometric, are described, with terms, sums, and relations derived from the operations already established. These topics extend the reach of arithmetic while preserving its foundational methods and justifications.

The work concludes by emphasizing method, proof, and practice. De Morgan gathers the principles that underlie all the rules, showing how definitions of number and unit, together with place value and proportion, support the correctness of algorithms. He calls attention to checks, such as casting out nines and reverse operations, as safeguards of accuracy. Exercises of graduated difficulty consolidate skills, and tables assist with computation where appropriate. The overall message is that arithmetic is a coherent system grounded in clear ideas, not an assortment of disconnected procedures, and that secure understanding of its elements prepares the student for further mathematical study and reliable practical work.
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    Elements of Arithmetic by Augustus De Morgan appeared in London in 1830, amid the accelerating industrialization of Britain and the reorganization of its higher education. The metropolis was a hub of publishing, commerce, and reform societies, and the newly founded University of London (later University College London, UCL) on Gower Street embodied a break with Anglican monopolies on learning. Britain’s imperial reach, urban growth, and the spread of scientific associations created a public hungry for practical and reliable instruction. Arithmetic had to serve merchants, engineers, surveyors, and clerks as much as scholars. De Morgan’s book emerged from this practical, secular milieu, presenting number and calculation as rigorous, generalizable tools for a modern economy.

The late 1820s and early 1830s in Britain were marked by agitation for parliamentary reform, religious toleration, standardization of measures, and improved schooling. London printers and booksellers enabled affordable textbooks, while reformers such as Henry Brougham promoted mass education through the Society for the Diffusion of Useful Knowledge (SDUK). Scientific bodies like the British Association for the Advancement of Science (BAAS, founded 1831) encouraged clearer pedagogy. In this setting, De Morgan, a young mathematician trained at Cambridge but excluded from its fellowships by religious tests, wrote a textbook that grounded calculation in definitions and proofs. The book’s urban, reformist context is visible in its emphasis on clarity, consistency, and applicability to everyday problems of trade and measurement.

Augustus De Morgan was born on 27 June 1806 in Madras (now Chennai), India, where his father served the British East India Company. The imperial administration’s dependence on accounting, surveying, and standardized procedures highlighted the importance of arithmetic across vast distances. Although De Morgan was brought to Britain as an infant, the imperial frame shaped his awareness of how number underpinned governance and commerce. Elements of Arithmetic reflects this administrative mindset by insisting on precise definitions, careful notation, and transferability of methods. The book’s examples and structure embody the imperial-era demand that calculations be consistent across contexts, from exchange rates to measures in colonial trade.

The Industrial Revolution transformed Britain’s economy, with textile mills, steam power, and ironworks reorganizing production between 1780 and 1830. Urban centers like Manchester, Birmingham, and London demanded clerks who could manage bills of exchange, discounts, interest, and inventories. National output and foreign trade rose sharply in the 1820s, and canals and early railways intensified flows of goods. De Morgan’s Elements of Arithmetic mirrors this environment by systematizing fractions, decimals, proportion, and percentage as instruments of commercial reasoning. His pedagogy replaces rule-of-thumb methods with general principles, preparing readers for industrial bookkeeping and engineering calculations in a society where numerical accuracy increasingly governed wages, prices, and contracts.

Parliament passed the Weights and Measures Act in 1824, creating the Imperial system based on the yard, pound, and gallon; enforcement was strengthened in 1835. This standardization responded to centuries of local variants that confounded traders and consumers. The reform aligned commerce and taxation, fostering fairer exchange and measurable productivity. De Morgan’s arithmetic dovetailed with this moment by teaching compound measures and conversions with systematic rigor. By presenting coherent treatments of ratio, proportion, and units, the book supplied the conceptual framework users needed to navigate the new legal standards. Its insistence on consistent notation and definition directly addressed the confusions that the Acts sought to eliminate in everyday transactions.

The founding of the University of London in 1826—rebranded University College London (UCL)—was a watershed in British education. Spearheaded by reformers like Henry Brougham and Thomas Campbell, UCL offered secular instruction to dissenters and others excluded from Oxford and Cambridge. Augustus De Morgan was appointed Professor of Mathematics there in 1828 at age twenty-one, charged with crafting a curriculum suited to a broad, urban student body. In 1831 he resigned in protest when the College Council dismissed the Professor of Anatomy, Granville Sharp Pattison, without what De Morgan judged due process, a principled stand on institutional governance. The larger landscape shifted again in 1836, when a new University of London was chartered as an examining body to confer degrees on students from UCL and King’s College; UCL’s teaching mission stabilized within this framework, and De Morgan was reappointed. Within these reforms, Elements of Arithmetic functioned as a cornerstone text. It exemplified the nonsectarian ideal: a logically ordered, accessible treatment of number that avoided denominational assumptions and targeted students preparing for examinations and practical careers. The book’s careful exposition—definitions of integers and fractions, the nature of zero and negative quantities, the rationale of place value and decimals—suited UCL’s aim to educate clerks, engineers, merchants, and teachers in a capital demanding reliable numeracy. Its appearance aligned with UCL’s project to replace rote rules with reasoning, reflecting De Morgan’s conviction that mathematics should be both universally intelligible and institutionally fair, a stance forged in the governance debates and curricular experiments of early UCL.

The repeal of the Test and Corporation Acts in 1828 and Catholic Emancipation in 1829 redefined civil participation for religious minorities in Britain, though Oxbridge fellowships still required Anglican subscription. De Morgan, a nonconformist, graduated highly from Trinity College, Cambridge in 1827 but could not enter an Anglican fellowship. This barrier propelled him toward UCL’s nonsectarian environment and to writing textbooks for a wider public. Elements of Arithmetic registers this milieu by framing arithmetic as common intellectual property rather than denominational doctrine. Its tone and organization endorse open access to knowledge, echoing the political shift toward broader civic inclusion and merit-based advancement.

The Great Reform Act of 1832 redistributed parliamentary seats and widened the franchise among property holders, legitimizing middle-class interests. With reform came demands for accountable institutions, standardized procedures, and practical schooling to support commerce and professional life. The act’s symbolism extended beyond politics to a new ethos of competence. De Morgan’s Elements of Arithmetic aligns with this transition by equipping readers with tools for auditing, pricing, and measurement. By clarifying percentage, interest, and proportional reasoning, the book supports a culture that valued numerate citizenship. Its methodical explanations respond to the reformist desire that authority rest on transparent calculation rather than custom.

The British Association for the Advancement of Science (BAAS), founded at York in 1831, created an annual forum where scientists, educators, and reformers discussed research and pedagogy. It promoted standardized methods, classification, and the communication of science to broader audiences. The climate fostered committees on scientific terminology and teaching practice. De Morgan’s arithmetic echoes this agenda by emphasizing definitions, coherent notation, and inferential structure in elementary calculation. The book embodies the BAAS ideal that clear, public reasoning should replace opaque tradition. As mathematics representative at public lectures and contributor to scientific periodicals, De Morgan shared the association’s pedagogical priorities, which the textbook translates into classroom form.

The Society for the Diffusion of Useful Knowledge (SDUK), launched in 1826 under Henry Brougham, sponsored affordable treatises and the Penny Cyclopaedia (1833–1844) to reach artisans and clerks. De Morgan contributed mathematical articles, advocating lucid exposition free of scholastic obscurity. Elements of Arithmetic complements the SDUK mission: it uses everyday examples, minimizes jargon, and builds general rules from first principles. By designing a text suitable for self-instruction as well as classroom use, De Morgan joined a movement to democratize technical knowledge. The book thus participates in a broader campaign to render arithmetic a civic competence rather than a trade secret.

Mechanics’ Institutes proliferated from the 1820s, beginning with George Birkbeck’s initiatives in Glasgow and London, offering evening instruction to artisans. The London Mechanics’ Institution (founded 1823, later Birkbeck College) provided lectures in mathematics, mechanics, and chemistry to working adults. These institutes emphasized practical arithmetic for workshop calculations, machine design, and costings. De Morgan’s Elements of Arithmetic addressed the same constituency by providing a logically organized route from simple operations to proportion, rates, and measurement. Its structure suits learners balancing work and study, and it models the kind of secular, utilitarian teaching for which Mechanics’ Institutes were established amid Britain’s industrial expansion.

The railway era began decisively with the Liverpool and Manchester Railway in 1830, extending through the 1830s–1840s railway mania. Railways required precise timekeeping, surveying, costing, and scheduling; errors had safety and financial consequences. The new infrastructure standardized practices across regions. De Morgan’s book resonates with this world by pressing for uniform methods in arithmetic, including decimal computation, accurate use of units, and proportional reasoning for rates and times. By cultivating habits of exact calculation, the text prepared readers for roles in railway offices and engineering firms. The wider cultural premium on precision that railways enforced finds a classroom analogue in his pedagogy.

Debates over decimal coinage and metric measures intensified in mid-century Britain. The florin (two shillings) was introduced in 1849 as a step toward decimalization; a Royal Commission examined decimal coinage in 1857; the Decimal Association formed in 1853; and the Metric Act of 1864 legalized metric units. Though Elements of Arithmetic predates these milestones, it teaches decimals, place value, and conversions in a way that anticipates reform. De Morgan’s insistence on decimal competence made his text a natural companion to advocates of simpler coinage and measures. The book’s treatment of fractions and decimals provides the conceptual bridge reformers wanted the public to cross.

The Poor Law Amendment Act of 1834 and the founding of the Statistical Society of London the same year signaled a turn toward quantitative governance. Parish relief, workhouse management, and labor markets were increasingly analyzed with numbers—tables, averages, and rates. This statistical culture demanded reliable arithmetic from clerks and officials. De Morgan wrote on probability and contributed to the popularization of quantitative thinking. Elements of Arithmetic joins this development by training readers in proportion, percentage, and error-averse computation. Its clarity about units and aggregates supports the statistical ethos: that social policy should rest on correctly gathered and calculated facts rather than tradition.

In 1836 the rechartered University of London became an examining body awarding degrees to students from UCL, King’s College, and approved institutions. Examinations codified syllabuses and raised demand for dependable textbooks in elementary mathematics. De Morgan’s Elements of Arithmetic fits this examined culture: it breaks skills into definable competencies, insists on proofs where appropriate, and supplies examples akin to test problems. As an influential teacher at UCL, De Morgan helped align instruction with the new university’s standards. The book’s organization—careful progression from the nature of number to commercial arithmetic—mirrors the structure of examinations that increasingly governed academic and professional entry.

Elements of Arithmetic functions as a quiet social critique by modeling an inclusive, secular pedagogy during a period of religious and class barriers. De Morgan rejects rote “rule-of-thumb” traditions that preserve professional monopolies, advocating reasoning accessible to any diligent learner. By writing for Mechanics’ Institute students, clerks, and schoolchildren, he challenges the notion that advanced numeracy belongs only to elite academies. The book’s demonstrations implicitly rebuke educational gatekeeping: it treats the logic of number as public reason. Its precision serves civic equality, arguing that correct calculation—not birth or confession—should govern admission to professions and offices.

The text also critiques institutional opacity and arbitrary authority. De Morgan’s stance in the 1831 UCL controversy, and his broader call for clear rules and definitions, parallels his insistence that coinage, measures, and accounts be intelligible to ordinary people. By clarifying percentages, interest, and compound measures, he exposes how opaque systems burden the poor and untrained, perpetuating class divides. The book’s consistent notation and emphasis on units press for standards that protect consumers and workers. In a Britain reshaped by reform, industry, and empire, De Morgan’s arithmetic makes a political claim: transparency and consistency in number are instruments of justice.
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    Augustus De Morgan (1806–1871) was a British mathematician and logician whose work helped set the foundations of modern symbolic logic and reshaped nineteenth-century mathematical education. Active in Victorian London, he is best remembered for articulating the pair of transformation rules now called De Morgan’s laws and for a prolific output of textbooks and essays aimed at both specialists and general readers. He combined exact analysis with historical and philosophical insight, advanced nonsectarian ideals in higher education, and played leading roles in emerging professional organizations. His career at University College London and his guidance of the new London Mathematical Society made him a defining figure in British mathematics.

De Morgan was born in British India and taken to Britain in infancy, growing up and being educated there. He entered Trinity College, Cambridge, in the 1820s and distinguished himself in mathematics. At the time, advancement at Cambridge required religious subscription. A conscientious opponent of such tests, he declined to pursue a college fellowship, a decision that shaped his path toward new institutions open to a wider public. This stance aligned him with broader reform currents in British intellectual life. From the outset, his approach combined technical ability with a belief that rigorous method could be taught without sectarian barriers or social privilege.

In the late 1820s he became the first professor of mathematics at the newly founded University College London, created to provide nonsectarian higher education. He soon resigned after a governance dispute but remained visible through influential teaching materials. He wrote widely for the Society for the Diffusion of Useful Knowledge and the Penny Cyclopaedia, producing clear introductions to arithmetic, algebra, trigonometry, and calculus. One widely read tract, Elementary Illustrations of the Differential and Integral Calculus, exemplified his talent for making advanced ideas accessible without sacrificing precision. His expository voice, methodical and exact, helped shape the mathematical curriculum for students outside traditional elites.

De Morgan returned to his London chair in the 1830s and sustained a long tenure punctuated by research, controversy, and constant publication. His Formal Logic: or, The Calculus of Inference, Necessary and Probable presented a systematic treatment of inference and probability, and his papers “On the Syllogism” advanced what he called the logic of relations. In algebra, Trigonometry and Double Algebra explored symbolic methods and the developing theory of complex numbers. The negation rules that bear his name gave enduring expression to a central feature of propositional logic. He debated and corresponded with contemporaries such as George Boole and William Hamilton on foundational issues.

Pedagogy was integral to his scholarship. De Morgan championed careful definition, transparent notation, and stepwise proof, and he clarified for English-language readers the method now known as mathematical induction. Beyond classroom texts, he wrote on probability for a broad audience, emphasizing both its practical uses and its conceptual pitfalls. He was also a discerning historian and critic of extravagant or pseudoscientific claims. That critical spirit culminated in A Budget of Paradoxes, a collection of essays on curious theories and intellectual controversies, assembled from his writings and published after his death. The volume remains a vivid window on nineteenth-century scientific culture.

His professional life was entwined with the growth of organized mathematics. In the mid-1860s he helped found the London Mathematical Society and served as its first president, lending stature and direction to the new body. He resigned his professorship late in his career amid disagreements over university governance and appointments, consistent with his long-standing independence of mind. Even outside office, he continued to advise students and correspond with colleagues. Among peers he was regarded as a rigorous expositor and a principled advocate for merit in education. His writings circulated widely, bridging the worlds of research, teaching, and public scientific discourse.

De Morgan died in London in the early 1870s. His intellectual legacy is substantial. De Morgan’s laws are standard in logic and set theory, taught to beginners and employed by experts. His ideas about the logic of relations contributed to the algebraic tradition that later influenced figures such as Charles Sanders Peirce and Ernst Schröder. Through textbooks and essays, he helped normalize a modern, method-centered curriculum in Britain. A Budget of Paradoxes continues to attract readers interested in the borderlands of science. Institutions he helped shape, including University College London and the London Mathematical Society, still honor his formative contributions.
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The preceding editions of this work were published in 1830, 1832,
1835, and 1840. This fifth edition differs from the three preceding,
as to the body of the work, in nothing which need prevent the four,
or any two of them, from being used together in a class. But it is
considerably augmented by the addition of eleven new
Appendixes,[1]
relating to matters on which it is most desirable that the advanced
student should possess information. The first Appendix,
on Computation, and the sixth, on Decimal Money,
should be read and practised by every student with as much attention
as any part of the work. The mastery of the rules for instantaneous
conversion of the usual fractions of a pound sterling into decimal
fractions, gives the possessor the greater part of the advantage which
he would derive from the introduction of a decimal coinage.

At the time when this work was first published, the importance
of establishing arithmetic in the young mind upon reason and
demonstration, was not admitted by many. The case is now altered:

schools exist in which rational arithmetic is taught, and mere rules
are made to do no more than their proper duty. There is no necessity
to advocate a change which is actually in progress, as the works which
are published every day sufficiently shew. And my principal reason for
alluding to the subject here, is merely to warn those who want nothing
but routine, that this is not the book for their purpose.

A. De Morgan.

London, May 1, 1846.
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PRINCIPLES OF ARITHMETIC.

SECTION I.

NUMERATION.
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1. Imagine a multitude of objects of the same kind assembled together;
for example, a company of horsemen. One of the first things that must
strike a spectator, although unused to counting, is, that to each man
there is a horse. Now, though men and horses are things perfectly
unlike, yet, because there is one of the first kind to every one of
the second, one man to every horse, a new notion will be formed in the
mind of the observer, which we express in words by saying that there
is the same number of men as of horses. A savage, who had no
other way of counting, might remember this number by taking a pebble
for each man. Out of a method as rude as this has sprung our system
of calculation, by the steps which are pointed out in the following
articles. Suppose that there are two companies of horsemen, and a
person wishes to know in which of them is the greater number, and also
to be able to recollect how many there are in each.

2. Suppose that while the first company passes by, he drops a pebble
into a basket for each man whom he sees. There is no connexion between

the pebbles[2] and the horsemen but this, that for every horseman there is
a pebble; that is, in common language, the number of pebbles and
of horsemen is the same. Suppose that while the second company passes,
he drops a pebble for each man into a second basket: he will then have
two baskets of pebbles, by which he will be able to convey to any
other person a notion of how many horsemen there were in each company.
When he wishes to know which company was the larger, or contained most
horsemen, he will take a pebble out of each basket, and put them aside.
He will go on doing this as often as he can, that is, until one of the
baskets is emptied. Then, if he also find the other basket empty, he
says that both companies contained the same number of horsemen; if the
second basket still contain some pebbles, he can tell by them how many
more were in the second than in the first.

3. In this way a savage could keep an account of any numbers in which
he was interested. He could thus register his children, his cattle,
or the number of summers and winters which he had seen, by means
of pebbles, or any other small objects which could be got in large
numbers. Something of this sort is the practice of savage nations at
this day, and it has in some places lasted even after the invention
of better methods of reckoning. At Rome, in the time of the republic,
the prætor[1], one of the magistrates, used to go every year in great
pomp, and drive a nail into the door of the temple of Jupiter; a way of
remembering the number of years which the city had been built, which
probably took its rise before the introduction of writing.

4. In process of time, names would be given to those collections of
pebbles which are met with most frequently. But as long as small
numbers only were required, the most convenient way of reckoning them
would be by means of the fingers. Any person could make with his
two hands the little calculations which would be necessary for his
purposes, and would name all the different collections of the fingers.
He would thus get words in his own language answering to one, two,
three, four, five, six, seven, eight, nine, and ten. As his wants
increased, he would find it necessary to give names to larger numbers;

but here he would be stopped by the immense quantity of words which
he must have, in order to express all the numbers which he would be
obliged to make use of. He must, then, after giving a separate name
to a few of the first numbers, manage to express all other numbers by
means of those names.

5. I now shew how this has been done in our own language. The English
names of numbers have been formed from the Saxon: and in the following
table each number after ten is written down in one column, while another
shews its connexion with those which have preceded it.



	One
	
	eleven
	ten and one[2]
	


	two
	
	twelve
	ten and two
	


	three
	
	thirteen
	ten and three
	


	four
	
	fourteen
	ten and four
	


	five
	
	fifteen
	ten and five
	


	six
	
	sixteen
	ten and six
	


	seven
	
	seventeen
	ten and seven
	


	eight
	
	eighteen
	ten and eight
	


	nine
	
	nineteen
	ten and nine
	


	ten
	
	twenty
	two tens
	


	


	twenty-one
	two tens and one
	
	fifty
	five tens


	twenty-two
	two tens and two
	
	sixty
	six tens


	&c.&c.
	&c.&c.
	
	seventy
	seven tens


	thirty
	three tens
	
	eighty
	eight tens


	&c.
	&c.
	
	ninety
	nine tens


	forty
	four tens
	
	a hundred
	ten tens


	&c.
	&c.
	
	
	


	
	a hundred and one
	ten tens and one
	


	
	&c. &c.
	
	
	


	
	a thousand
	ten hundreds
	


	
	ten thousand
	
	
	


	
	a hundred thousand
	
	


	
	a million
	ten hundred thousand
	


	
	or one thousand thousand


	
	ten millions


	
	a hundred millions


	
	&c.
	





6. Words, written down in ordinary language,
would very soon be too long for such continual repetition as takes
place in calculation. Short signs would then be substituted for words;
but it would be impossible to have a distinct sign for every number:
so that when some few signs had been chosen, it would be convenient to
invent others for the rest out of those already made. The signs which
we use areas follow:



	0
	1
	2
	3
	4
	5
	6
	7
	8
	9


	nought
	one
	two
	three
	four
	five
	six
	seven
	eight
	nine





I now proceed to explain the way in which these
signs are made to represent other numbers.

7. Suppose a man first to hold up one finger, then two, and so on,
until he has held up every finger, and suppose a number of men to do
the same thing. It is plain that we may thus distinguish one number
from another, by causing two different sets of persons to hold up each
a certain number of fingers, and that we may do this in many different
ways. For example, the number fifteen might be indicated either by
fifteen men each holding up one finger, or by four men each holding up
two fingers and a fifth holding up seven, and so on. The question is,
of all these contrivances for expressing the number, which is the most
convenient? In the choice which is made for this purpose consists what
is called the method of numeration.

8. I have used the foregoing explanation because it is very probable
that our system of numeration, and almost every other which is used in
the world, sprung from the practice of reckoning on the fingers, which
children usually follow when first they begin to count. The method

which I have described is the rudest possible; but, by a little
alteration, a system may be formed which will enable us to express
enormous numbers with great ease.

9. Suppose that you are going to count some large number, for example,
to measure a number of yards of cloth. Opposite to yourself suppose a
man to be placed, who keeps his eye upon you, and holds up a finger for
every yard which he sees you measure. When ten yards have been measured
he will have held up ten fingers, and will not be able to count any
further unless he begin again, holding up one finger at the eleventh
yard, two at the twelfth, and so on. But to know how many have been
counted, you must know, not only how many fingers he holds up, but also
how many times he has begun again. You may keep this in view by placing
another man on the right of the former, who directs his eye towards his
companion, and holds up one finger the moment he perceives him ready
to begin again, that is, as soon as ten yards have been measured. Each
finger of the first man stands only for one yard, but each finger of
the second stands for as many as all the fingers of the first together,
that is, for ten. In this way a hundred may be counted, because the
first may now reckon his ten fingers once for each finger of the second
man, that is, ten times in all, and ten tens is one
hundred (5).[3]
Now place a third man at the right of the second, who shall hold up
a finger whenever he perceives the second ready to begin again. One
finger of the third man counts as many as all the ten fingers of the
second, that is, counts one hundred. In this way we may proceed until
the third has all his fingers extended, which will signify that ten
hundred or one thousand have been counted (5). A fourth man would
enable us to count as far as ten thousand, a fifth as far as one
hundred thousand, a sixth as far as a million, and so on.

10. Each new person placed himself towards your left in the rank
opposite to you. Now rule columns as in the next page, and to the right
of them all place in words the number which you wish to represent; in

the first column on the right, place the number of fingers
which the first man will be holding up when that number of yards has
been measured. In the next column, place the fingers which the second
man will then be holding up; and so on.



	
	7th.
	6th.
	5th.
	4th.
	3rd.
	2nd.
	1st.
	


	I.
	
	
	
	
	
	5
	7
	fifty-seven


	II.
	
	
	
	
	1
	0
	4
	one hundred and four.


	III.
	
	
	
	
	1
	1
	0
	one hundred and ten.


	IV.
	
	
	
	2
	3
	4
	8
	two thousand three hundred


	
	
	
	
	
	
	
	
	 and forty-eight.


	V.
	
	
	1
	5
	9
	0
	6
	fifteen thousand nine


	
	
	
	
	
	
	
	
	 hundred and six.


	VI.
	
	1
	8
	7
	0
	0
	4
	one hundred and eighty-seven


	
	
	
	
	
	
	
	
	 thousand and four.


	VII.
	3
	6
	9
	7
	2
	8
	5
	three million, six hundred and


	
	
	
	
	
	
	
	
	 ninety-seven thousand,


	
	
	
	
	
	
	
	
	 two hundred and eighty-five.





11. In I. the number fifty-seven is expressed. This means (5) five tens
and seven. The first has therefore counted all his fingers five times,
and has counted seven fingers more. This is shewn by five fingers of
the second man being held up, and seven of the first. In II. the number
one hundred and four is represented. This number is (5) ten tens and
four. The second person has therefore just reckoned all his fingers
once, which is denoted by the third person holding up one finger;
but he has not yet begun again, because he does not hold up a finger
until the first has counted ten, of which ten only four are completed.
When all the last-mentioned ten have been counted, he then holds up
one finger, and the first being ready to begin again, has no fingers
extended, and the number obtained is eleven tens, or ten tens and one
ten, or one hundred and ten. This is the case in III. You will now find
no difficulty with the other numbers in the table.

12. In all these numbers a figure in the first column stands for only
as many yards as are written under that figure in (6). A figure in
the second column stands, not for as many yards, but for as many tens
of yards; a figure in the third column stands for as many hundreds of
yards; in the fourth column for as many thousands of yards; and so on:

that is, if we suppose a figure to move from any column to the one on
its left, it stands for ten times as many yards as before. Recollect
this, and you may cease to

















	1 ten thousand 6 thousands 7 hundreds 8 tens and 5;

	or 16 thousands 78 tens and 5; or 1 ten thousand 678 tens and 5;

	or 167 hundreds 8 tens and 5; or 1678 tens and 5, and so on.

















	
	12
	


	7 + 9 - 3 = 12 + 1;
	—
	-1 + 3 × 2 = 11,


	
	2
	














	aa - 1
	
	


	———
	=
	a + 1.


	a - 1
	
	

















	What is 
	aa - bb


	
	———


	
	a - b









	 a 
	 b 
	 c 
	 d 
	Ans.


	1
	2
	3
	4
	10


	2
	12
	7
	1
	25


	1
	1
	1
	1
	1
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