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Preface

The New Golden Age of Mathematics. When was the old one? Was it the period of the Ancient Greek geometers around 300 BC? Or did it occur during the seventeenth century when Newton and Leibniz were developing the infinitesimal calculus and Fermat was doing his tremendous work on number theory? Or perhaps the mathematical career of Gauss alone (1777–1855) justifies the title of Golden Age. Or, still later, the period that saw the work of Riemann, Poincaré, Hilbert, and others – the mathematics produced between the mid 1800s and the start of the Second World War was truly prodigious.

As with any area of human endeavour, it is not possible to say which was the truly ‘greatest period’. Each new generation builds upon the work of its predecessors. What can be said is that the present time is witnessing the undertaking of a phenomenal amount of mathematical research. The International Directory of Mathematicians lists some 25 500 professional mathematicians around the world, but this represents only a small fraction of the real total. If you include also the vast armies of ‘amateur mathematicians’ (some of whom have made some significant discoveries!) for whom mathematics is simply a pleasant pastime, then the true figure must be enormous. On grounds of numbers (admittedly shaky grounds, since quantity and quality are not at all closely related, especially in mathematics), we are in the middle of a new Golden Age right now. And since every book has to have a title, that is more or less what I have chosen to call this one.

What this book sets out to do is to try to convey to the interested layperson some of the most significant developments that have taken place in mathematics during recent times. To include every advance that could be called ‘significant’ would require several volumes, not one. So I have had to be selective – very selective. First of all I restricted myself to developments which have taken place since 1960. Because the book is intended for the general reader. I included only topics which have merited attention in the world’s press and which are capable of explanation at a suitable level. And of course my own personal tastes and preferences played a role in my decisions.

For the most part, all that is required of you, the reader, is an interest in the subject that caused you to pick up the book in the first place, together with some degree of patience. (Understanding mathematics takes time, even at a superficial level.) There are, unavoidably, parts of the text where a reasonably good school mathematics education would enable you to get more from my account than would otherwise be possible, but I have tried to keep these to a minimum (and you can always skip over passages you find difficult, secure in the knowledge that it will soon get ‘easier’). Though for the most part the chapters are quite independent of one another, they are ordered so that earlier ones might help in the appreciation of later ones.

The first edition of this book was written in 1986 and published in 1988. In preparing this new edition, I have changed the text to take account of various developments that have taken place in the intervening ten years, but the choice of topics remains the same. My intention was never to cover all of mathematics – an impossible task in a discipline that, in terms of published new results, has, throughout my mathematical career, doubled its size roughly every ten years. Rather, I have tried to convey something of the richness and diversity of present day mathematics.

Other than the addition of new material updating the original account and the correction of minor errors and misprints pointed out to me by various readers of the first edition, the most significant change made in this second edition consists of the complete rewriting of the chapter on Fermat’s Last Theorem to take account of the 1994 proof of the theorem. The new treatment of Fermat’s Last Theorem required moving that chapter to follow the discussion of topology; thus, what was Chapter 8 in the first edition is now Chapter 10, and Chapters 9 and 10 of the first edition now appear as Chapters 8 and 9, respectively. The other major change is in the chapter on knots and topology, Chapter 10 of the first edition, Chapter 9 of this edition. This has been renamed and expanded to take account of some dramatic developments in topology that have occurred over the past five years in particular.

Keith Devlin
Moraga, California
May 1998
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1

Prime Numbers, Factoring, and Secret Codes


The Biggest Prime Number in the World

The biggest (known) prime number* in the world is a giant which requires 909,526 digits to write out in standard decimal format. To print out the entire number in a book such as this, the book would require about 500 pages. Using exponential (or power) notation, the number has a more manageable form:

23021377 - 1.

That is, you get the number by multiplying 2 by itself 3,021,376 times and then subtracting 1 from the answer.

Numbers that can be obtained by raising 2 to a power and then subtracting 1 are called Mersenne numbers, for reasons I’ll give later in the chapter. Prime numbers of this particular form are called Mersenne primes. Record prime numbers are almost always Mersenne numbers, because there is a particularly efficient and fairly simple way to check if a Mersenne number is prime. (I’ll tell you the method later.)


[image: image]

Figure 1. The astronomical chessboard number. By starting with two 2 mm thick coins on the first square and forming a pile twice as high on each successive square, the pile on the 64th square will stretch almost to the nearest star, Proxima Centauri, some 4 light years away.


Exponential notation is deceptive. To try to obtain some idea of its power for representing large numbers, imagine taking an ordinary 8 × 8 chessboard and placing piles of counters 2 mm thick (the English 50p piece is a good example) on the squares according to the following rule. Number the squares from 1 to 64, as in Figure 1. On the first square place 2 counters. On square 2 place 4 counters. On square 3 place 8 counters. And so on, on each square placing exactly twice as many counters as on the previous one. Thus on square n you will have a pile of 2n counters. In particular, on the last square you will have a pile of 264 counters. How high do you think this pile will be? 1 metre? 100 metres? A kilometre? Surely not! Well, believe it or not, your pile of counters will stretch out beyond the Moon (a mere 400 000 kilometres away) and the Sun (150 million kilometres away) and will in fact reach almost to the nearest star, Proxima Centauri, some 4 light years from Earth. In decimal format the number 264 is

18 446 744 073 709 551 616.

So much for 264. To obtain the number 23021377 which appears in the record prime expression you would need a chessboard with 3,021,377 squares – a board measuring 1739 × 1739 squares would do the trick.

Just how do you go about handling numbers of this size?

For a start you use a computer. If you are working on your own, you would be advised to use one of the most powerful computers in the world. Such machines, called supercomputers, are capable of performing several billion* arithmetic operations a second. Most of the record primes discovered in recent years have been found using supercomputer searches that run for several months.

For example, in 1996, David Slowinski and a team of computer engineers at the Cray Research engineering and manufacturing centre in Chippewa Falls, Wisconsin used a Cray T94 supercomputer system to find the 378,632 digit record prime number

21257787 − 1.

The Cray T94 was the latest in a long line of Cray computers that held the world record for finding the largest known prime number for twelve years, until that run was broken later the same year (1996) by the discovery of the 420,921 digit prime number

21398269 − 1.

A surprising feature of that discovery was that it was made using a standard desktop personal computer, belonging to Joel Armengaud, a computer programmer working for Apsylog in Paris.

How was Armengaud’s PC able to beat one of the world’s most powerful supercomputers? Teamwork is the answer. Armengaud was a participant in a world-wide project known as GIMPS (Great Internet Mersenne Prime Search). Started by George Woltman, a computer programmer in Orlando, Florida, it brought together hundreds of volunteers spread around the globe in a systematic effort to discover new record primes. Each member of the team was provided with the computer program used to test Mersenne numbers for primality (see later), along with a small collection of Mersenne numbers to test.

There were about 700 members in GIMPS when Armengaud made his discovery. The number of members had grown to over 2,000 by August, 1997, when Englishman Gordon Spence made the second GIMPS discovery, the 895,932 digit prime number

22976221 – 1

Then, in January 1998, a 19-year-old Californian student called Roland Clarkson found the record prime given at the start of the chapter. By then, Clarkson was one of 4,000 GIMPS members. All three GIMPS discoveries have been independently checked by former record holder David Slowinski of Cray Research, using a Cray T90 supercomputer to repeat the calculation.

Why does anyone bother? Why do manufacturers of highly expensive supercomputers devote hours of computer time trying to find large prime numbers? Why do ordinary, seemingly sane people all over the world set their desktop PCs whirring for weeks on end searching for these arithmetical monsters? What is so special about prime numbers anyway?

Read on through the remainder of this chapter and all will be revealed.

Prime Numbers

‘That action is best, which procures the greatest happiness for the greatest numbers’, wrote Francis Hutcheson in 1725 (Inquiry into the Original of our Ideas of Beauty and Virtue, Treatise II, Section 3.8). It seems unlikely that he was thinking of numbers in the mathematical sense of greatest known primes and the like, but his statement nevertheless applies quite well to man’s never-ending fascination with those most fundamental of mathematical objects – the natural (or counting) numbers, 1, 2, 3, … . These abstract mathematical objects are fundamental not only to our everyday life but to practically all of mathematics – so much so that the nineteenth-century mathematician Leopold Kronecker wrote (of mathematics): ‘God created the natural numbers, and all the rest is the work of man.’

There are various properties which apply to natural numbers, splitting them into two classes (those with a property and those without). For instance, there is the property of being even. This splits the natural numbers into the class of those which are even (2, 4, 6, 8, …) and those which are not (the odd numbers: 1, 3, 5, 7, … ). Or there is the property of being divisible by 3. (Here, as elsewhere in this book, when we say that one number divides another we mean that it does so exactly, leaving no remainder. Thus 3, 6, 9, 12 are all divisible by 3, whilst 1, 2, 4, 5, 7 are not.) The even–odd split is a natural and important one. (The split into those numbers divisible by 3 and those which are not is not so natural, nor of any great importance.) Another example of a natural and important split is given by the property of being a perfect square, like 1 = l2, 4 = 22, 9 = 32, 16, 25, 36, … . And there are many others. But by far the most important way of dividing up the natural numbers is into those which are prime and those which are not.

A natural number n is said to be a prime number if the only numbers which divide it are 1 and n itself.

Thus 2, 3, 5, 7, 11, 13, 17, 19 are all primes: 1, 4, 6, 8, 9, 10, 12, 14, 15, 16, 18, 20 are not. (Numbers which are not prime are sometimes called composite. The number 1 is a special case here, and it is conventional to regard 1 as neither prime nor composite.) For instance, 7 is prime because none of the numbers 2, 3, 4, 5, 6 divides it; 14 is not prime since both 2 and 7 divide it.

The main reason why the prime numbers are so important was already known to the Greek mathematician Euclid (c. 350–300 BC) who, in Book IX of his Elements (a thirteen-volume compilation of all the mathematical knowledge then available) proved what is nowadays known as the fundamental theorem of arithmetic: that every natural number greater than 1 is either prime, or else can be expressed as a product of primes in a way which is unique except for the order in which the primes are arranged.

For instance, the number 75 900 is a product of seven prime factors (two being repeated factors):

75 900 = 2 × 2 × 3 × 5 × 5 × 11 × 23.

The expression on the right of the equals sign here is called the prime factorization of the number 75 900.

What the fundamental theorem of arithmetic tells us is that the prime numbers are the basic building blocks from which all the natural numbers are constructed. As such they are like the chemist’s elements or the physicist’s fundamental particles. Knowledge of the prime factorization of any number provides the mathematician with almost complete information about that number, as is dramatically illustrated later on in this chapter (see the section on secret codes). But for now, what about the prime numbers themselves?

The most basic question you can ask about prime numbers is how common they are. Is there, for instance, a biggest prime number, or do the primes go on for ever, getting larger and larger? At first glance they seem to be very common indeed. Of the first ten numbers beyond 1 (i.e. 2 to 11 inclusive), five are prime, namely 2, 3, 5, 7, 11, which is exactly half the collection. Of the next ten numbers, 12 to 21, there are three which are prime (13, 17, 19), a proportion of 0·3. Between 22 and 31 the proportion of primes is again 0.3, whilst for the next two groups of ten numbers the proportion falls to 0·2. So the primes seem to ‘thin out’ the further you go along the sequence of natural numbers. Table 1 shows how the number of primes less than n (denoted by π(n)) varies with n for selected values of n, and gives the ‘density’ figure π(n)/n in each case.





	n
	π(n)
	π(n)/n



	   1000
	168
	0.168



	  10000
	1229
	0.123



	 100000
	9592
	0.096



	1000000
	78498
	0.078






Table 1. The distribution of primes, showing the number of primes π(n) smaller than n for various values of n.


So, the primes become rarer the higher up you go in the number sequence. But do they eventually peter out altogether? The answer is no. This was also demonstrated by Euclid, using an argument which to this day remains a superb model of elegant mathematical reasoning. To begin with, imagine the prime numbers listed in order of magnitude:

p1, p2, p3, … .

So p1= 2, p2 = 3, p3 = 5, and so on. The aim is to show that this list must continue for ever. To put it another way, it has to be demonstrated that if we are at any stage n in the list, having enumerated p1, p2,…, pn, then there has to be a further prime in the list beyond pn. The trick is to look at the number

N = p1p2p3… pn + 1

obtained by multiplying together all the primes p1, p2, p3 and so on up to pn, and then adding 1 to the result. Obviously N is bigger than pn, so if N happens to be prime then we know that there is a prime beyond pn, which is what we are trying to prove. On the other hand, if N is not prime it must be divisible by some prime, call it p. But if you try to divide N by any of the primes p1, p2, … , pn there will be a remainder of 1 (the same 1 that was added when we obtained N in the first place). So our p must be a different prime, and again we have proved what was required. So, in any event there will be a prime bigger than pn, and we can conclude that the list of primes continues for ever.

Notice that we have no idea whether the number N in the above is prime or not. If you try a few examples you will discover that numbers of this form often are prime. For instance,

N1 = 2 + 1 = 3,

N2 = 2 x 3 + 1 = 7,

N3 = 2 x 3 x 5 + 1 = 31,

N4 = 2 x 3 x 5 x 7 + 1 = 211,

N5 = 2 x 3 x 5 x 7 x 11 + 1 = 2311,

are all primes. But the next three are not:

N6 = 2 x 3 x 5 x 7 x 11 x 13 + 1

      = 30031 = 59 x 509,

N7 = 19 x 97 x 277,

N8 = 347 x 27953.

In fact, no one knows whether infinitely many numbers of the form

Nn = p1p2 … pn + 1

are prime, nor indeed whether infinitely many of these numbers are composite (though at least one of these two possibilities has to be true, of course). This is just one of dozens of easily stated questions about prime numbers whose answer is not known.

One of the most famous unanswered questions about prime numbers is Goldbach’s conjecture. In a letter to Leonhard Euler written in 1742, Christian Goldbach conjectured that every even number greater than 2 is a sum of two primes. For instance,

  4 = 2 + 2,

  6 = 3 + 3,

  8 = 3 + 5,

10 = 5 + 5,

12 = 5 + 7.

Computer searches have verified Goldbach’s conjecture for all even numbers up to 4 × 1011 (M. K. Sinisalo, 1993), but to this day the conjecture has not been settled properly one way or the other.

Primality Testing

Though most of the classical problems concerning prime numbers have remained unsolved, the last few years have seen tremendous developments in methods by which numbers may be tested to see if they are prime or not. ‘Methods for testing primality?’ you cry. ‘But surely it is obvious how to go about it?’ And indeed, there is a perfectly natural, straightforward way of seeing if a number is prime or not. Given your number, n say, you first see if 2 divides it. If it does, then n is not prime and that is the end of the matter. Then you try 3. If 3 divides n, then n is not prime and again you are finished. Then try to divide n by 5. (You can skip past 4: since 2 does not divide n if you have got this far, 4 cannot divide n either.) If 5 fails to divide n, you try 7. (Again, you can skip past 6 since 2 and 3 do not divide n.) And so on. If you get as far as √n without finding a number which divides n, then you know that n must be prime. (Because if n were not prime it would be a product of two numbers u and v between 1 and n, and either u or v will be no greater than√n, of course.)

The above process is known as trial division. Though it works well enough for moderately small numbers, it becomes unwieldy if the numbers are too large. To see just how impractical it becomes, suppose you were to write a highly efficient program to run trial division on the fastest computer available (alluded to at the start of this chapter). For a number of 10 digits the program would appear to run instantaneously – the answer would flash up immediately. For a 20-digit number it has a bit of a struggle and would take an hour or so. For a 50-digit number it would require a staggering billion years. A 100-digit number would require this many years:

1 00 000 000 000 000 000 000 000 000 000 000 000

(there are thirty-five zeros here). This is not just a trivial calculation of a very large number. As will be explained later in this chapter, primes with between 50 and 100 digits are required for one of the most secure forms of secret coding system in use today.

So just how do you go about deciding whether a 100-digit number is prime? The best method available at the moment is a highly sophisticated technique developed around 1980 by the mathematicians Adleman, Pomerance, Rumely, Cohen, and Lenstra, and often referred to by their initials as the APRCL test. When implemented on the same type of computer as mentioned above, the running times for the APRCL test are, for a 20-digit number, less than 10 seconds; for a 50-digit number, less than 15 seconds; for a 100-digit number, less than 40 seconds. The computer will even handle a 1000-digit number if you give it a few days to work on the problem.

How does the test work? Well, it depends on a considerable amount of highly sophisticated mathematics – mathematics way beyond a typical undergraduate degree course – so it is not possible to give a complete answer here. But it is not hard to explain the central idea behind the method. This is a simple (though very clever) piece of mathematics due to the great French mathematician Pierre de Fermat (1601–65).

Though only an ‘amateur’ mathematician (he was a jurist by profession), Fermat produced some of the cleverest results mathematics has ever seen, even to this day. One of his observations was that if p is a prime number, then for any number a less than p, the number ap-1 − 1 is divisible by p. For instance, suppose we take p = 7 and a = 2. Then

ap-1 − 1 = 26 − 1 = 64 − 1 = 63,

and indeed 63 is divisible by 7. Try it yourself for any values of p (prime) and a (less than p). The result is always the same.

So here is a possible way of testing if a number n is prime or not. Compute the number 2n-1 − 1. See if n divides it. If it does not, then n cannot be prime. (Because if n were prime, then by Fermat’s observation you would have divisibility of 2n−1 − 1 by n.) But what can you conclude if you find that n does divide 2n-1 − 1? Not, unfortunately, that n has to be prime. (Though this is quite likely to be the case.) The trouble is, whilst Fermat’s result tells us that n divides 2n-1 – 1 whenever n is prime, it does not say that there are no composite numbers with the same property. (It is like saying that all motor cars have wheels; this does not prevent other things having wheels – bicycles, for instance.) And in fact there are non-primes which do have the Fermat property. The smallest one is 341, which is not prime since it is the product of 11 and 31. But if you were to check (on a computer) you would find that 341 does divide 2340 – 1. (We shall see in a moment that there is no need to calculate 2340 in making this check.) Composite numbers which behave like primes as far as the Fermat property is concerned are called pseudoprimes. So if, when you test for primality using the Fermat result, you discover that n does divide 2n−1−1, then all you can conclude is that either n is prime or else it is pseudoprime. (In this case the odds are heavily in favour of n actually being prime. For though there are in fact an infinity of pseudoprimes, they occur much less frequently than the real primes. For instance there are only two such numbers less than 1000, and only 245 below one million.)

Incidentally, it makes little difference if instead of 2 you use some other number, say 3 or 5, in testing the Fermat property. Whichever number you use there will be pseudoprimes to prevent you obtaining an absolute answer to your primality problem.

In using the above test, it is not necessary to calculate the number 2n-1, a number which we have already observed to be very large for even quite modest values of n. All you need to do is find out whether or not n divides 2n-1 − 1. This means that multiples of n may be ignored at any stage of the calculation. To put it another way, what has to be calculated is the remainder that would be left if 2n−1 − 1 were divided by n. The aim is to see if this remainder is zero or not, but since multiples of n will obviously not affect the remainder, they may be ignored. Mathematicians (and computer programmers) have a standard way of denoting remainders: the remainder left when A is divided by B is written as

A mod B.

Thus, for example, 5 mod 2 is 1, 7 mod 4 is 3, and 8 mod 4 = 0.

As an example of the Fermat test, let us apply it to test the number 61 for primality. We need to calculate the number

(260 − 1) mod 61.

If this is not zero, then 61 is not a prime. If it is zero, then 61 is either a prime or a pseudoprime (and in fact is a genuine prime, as we know already). We shall try to avoid calculating the large number 260. We start with the observation that 26 = 64, and hence 26mod 61 = 3. Then, since 230 = (26)5, we get

230mod 61 = (26mod 61)5mod 61 = 35mod 61

= 243 mod 61 = 60.

So,

260mod 61 = (230)2mod 61 (230mod 61)2 mod 61

= 602mod 61 = 3600mod 61 = 1.

Thus,

(260 − l) mod 61 = 0.

Since the final answer here is 0, the conclusion is that 61 is either prime or pseudoprime, as anticipated.

At this point you may wish to try a calculation yourself. So, verify that

210 mod 341 = 1,

then use this fact to show that

2340 mod 341 = 1.

This result tells you that the number 341 is either prime or pseudoprime. (In this case, as mentioned earlier, 341 is in fact a pseudoprime.)

The APRCL test works by altering the Fermat test so that it cannot be ‘fooled’ by a pseudoprime. It is this alteration that requires so much deep mathematics. (If you really want to see for yourself, the place to look is the article ‘Primality testing and Jacobi sums’, by Cohen and Lenstra, in the mathematical research journal Mathematics of Computation, Volume 42 (1984), pp. 297–330.)

Mersenne Primes

The APRCL test is the fastest general-purpose primality test currently available. The phrase ‘general purpose’ here means that it will work on any given number n. But for numbers having special structures there are often alternative methods which are much faster, the process being speeded up by exploiting the special structure of the number. The most spectacular example of this concerns numbers of the form 2n − 1. Such numbers are nowadays called Mersenne numbers after a seventeenth-century French monk, Marin Mersenne.

In the preface of his book Cogitata Physica-Mathematica, published in 1644, Mersenne stated that the number

Mn= 2n − 1

is prime for n = 2, 3, 5, 7, 13, 17, 19, 31, 67, 127, 257, and composite for all other n less than 257. How did he do it? No one knows. But at any rate he was astonishingly close to the truth. Only in 1947, when desktop calculators became available, was it finally possible to check his claim. He had made just five mistakes: M67 and M257 are not prime, and M61, M89, and Ml07 are prime.

Mersenne numbers provide an excellent method of obtaining very large prime numbers. The rapid growth of the function 2n as n gets larger guarantees that the Mersenne numbers Mn soon become extremely large, so the idea is to look for values of n for which Mn is prime. Such primes are called Mersenne primes. A bit of elementary algebra indicates that Mn will not be prime unless n itself is prime, so it is necessary only to look at prime values of n. But even most primes n give rise to a composite Mersenne number Mn, so the search for suitable values of n is not easy – though this is not at all apparent from the first few cases, since

M2 = 22 – 1 = 3,

M3 = 32 – 1 = 7,

M5 = 25 – 1 = 31,

M7 = 27 – 1 = 127,

are all prime. But then the pattern breaks, with

M11 = 2047 = 23 × 89.

Then follow three more prime values:

M13 = 8191, M17 = 131071. M19 = 524287,

After that, Mersenne primes become harder to find. The next five values of n for which Mn is prime are 31, 61, 89, 107, 127.

When they see the above values for the first time, most people jump to the conclusion that if p is itself a Mersenne prime, then Mp is also prime. It certainly works at first: 3 is a Mersenne prime and so is M3; 7 is a Mersenne prime and so is M7; 31 is a Mersenne prime and so is M31; likewise for 127 and M127. But there the pattern stops. Though 8191 is a Mersenne prime (being M13), M8191 (which has 2466 digits) is composite. This was discovered in 1953 using an early computer. (See the section on perfect numbers later in this chapter.)

In fact there are to date only thirty-seven known Mersenne primes. The twelve values of n listed above for which Mn is prime were all known by the early years of this century. The next five (n = 521, 607, 1279, 2203, 2281) were all found in 1952 by Raphael Robinson using the SWAC computer. The value n = 3217 was discovered in 1957 by Hans Riesel using a BESK computer. In 1961, Alexander Hurwitz used an IBM 7090 computer to obtain the values n = 4253 and 4423, and in 1963 Donald Gillies and the ILLIAC-II found n = 9689, 9941, and 11 213. Bryant Tuckerman’s IBM 360–91 bagged n = 19 937 in 1971. With the next discovery, in 1978, record prime numbers became front-page news with the announcement that after three years’ work involving 350 hours of computer time on the CYBER 174 at the California State University at Hayward, two 18-year-old high-school students, Laura Nickel and Curt Noll, had found the 6533-digit Mersenne prime M21701. One year later, Noll bettered the record with the 6987-digit prime M23209. Later the same year the record fell again, this time to David Slowinski, a young programmer working for Cray Research at Chippewa Falls, Wisconsin. Using the immensely powerful CRAY–1 computer, he found the 13 395-digit prime M44497. In 1982 the same man–machine combination showed that M86243 (a 25 962-digit number) is prime. Then, moving on to the even more powerful CRAY–XMP computer, Slowinski went even higher in 1983 with the 39 751-digit prime M132049. In September 1985, in Houston, Texas, a CRAY-XMP owned by Chevron Geosciences found the 65 050-digit prime number M216091. (Since Chevron were running Slowinski’s Prime Finder program, the credit for the discovery really goes to him.)

Three years later, in early 1988, the same computer found another Mersenne prime, M110503. The number is considerably smaller than the record holder discovered earlier, and its discovery raised doubts concerning the statistical predictors that had been used to target likely ranges of exponents for which Mersenne numbers might be prime.

Then, in 1992, the record for the largest known prime crossed the Atlantic to England, with the discovery of the 227,932-digit prime number M756839. The computer that was used to perform the massive calculation necessary to search for and identify the new prime was a Cray-2 owned by Cray Research, again running Slowinski’s Prime Finder program.

Early in 1994, the record moved back to the United States, when Slowinski and fellow Cray computer scientist Paul Gage found the new prime M859433, a number having 258,716 digits. The computer they used, a Cray C916 at the Cray Research facility, took about thirty minutes to carry out the computation verifying that this particular number is prime.

Two years later, in 1996, Slowinski and Gage found another Mersenne prime, breaking their previous record with the 378,632 digit M1257787. But their glory was to be short-lived. Within a few months, Armengaud made his dramatic announcement.

The new champion, Ml398269, was the thirty-fifth Mersenne prime to be discovered. Armengaud found it by using the same test for primes used by Slowsinski and Gage. But whereas the two Cray researchers used a single supercomputer, the Frenchman used an implementation of the test developed by GIMPS originator Woltman, which divided up the search among hundreds of volunteers via the Internet. In the final step, it took Armengaud’s 90-megahertz Pentium personal computer 88 hours to prove his number to be a prime. The find was double-checked by others on two different computers.

In August 1997, Gordon Spence brought the record back to Britain with his discovery that the 895,932 digit Mersenne number M2976221 is prime.

Finally (for now), in January 1998, Roland Clarkson took the record back to the United States with his GIMPS discovery of the 909,526 digit Mersenne prime M3021377.

Why do they do it? In the case of the thousands of amateurs who signed up for Woltman’s GIMPS programme, the answer is obvious: for the sheer fun of being in on the search. Spence put it this way: ‘I saw it as my chance to make my (tiny) mark in the history books,’ adding the teaser, ‘Wouldn’t you like to be the person who discovers the first million digit prime number?’

Okay, so having fun explains the interest of amateurs, even if not everyone would see the attraction. But why does a large supercomputer manufacturer such as Cray Research invest so much money into what, from their perspective, is surely little more than a game?

The answer is that the computation required to search for large Mersenne primes is a heavy one, stretching over days or weeks, and as such it provides an excellent way to test the efficiency and accuracy of a new computer system. The question that interests Cray is: Does their latest computer perform the way it is supposed to?

Computer chip manufacturer Intel also uses a Mersenne prime hunting program to test every Pentium chip before it ships.

And if it is possible to have a little fun at the same time as they put the computer through its paces, then why not?

Is that the end of the story? Almost certainly not. The GIMPS programme continues to attract new members, and the supercomputer manufacturers are still in the hunt. Mathematicians conjecture that the number of Mersenne primes is infinite, so there should always be a larger one waiting to be discovered – though no one has been able to prove conclusively that there are infinitely many Mersenne primes. In fact, all we know for certain is that there are at least thirty-seven of them, namely the ones actually identified so far.

With the history under our belts now, it’s time to take a look at the methods used to decide whether large numbers (including large Mersenne numbers) are prime.

The method used to check Mersenne numbers for primality is very simple (though the mathematics behind it is not). It is known as the Lucas–Lehmer test after Edouard Lucas (who discovered the basic idea in 1876) and Derrick Lehmer (who refined the method in 1930). To test if the Mersenne number Mn is prime (assuming n is already known to be prime), calculate the numbers U(0), U (l), … , U(n − 2) by the rules:

    U(0) = 4,

U(k+1)= [(U(k)2 – 2]mod Mn

If at the end you find that U(n − 2) = 0, then Mn is prime. If U(n − 2) ≠ 0, then Mn is not prime.

For example, suppose we wanted to use the Lucas-Lehmer test to see if M5 is prime. (Since M5 = 25− 1 = 31, we know already in this simple case that it is a prime, of course, but it will illustrate the method.) Then we make the calculation:

U(0) = 4,

U(1) = (42-2) mod31 = 14 mod 31 = 14,

U(2) = (142-2) mod31 = 194 mod 31 = 8,

U(3) = (82-2) mod31 = 62 mod 31 = 0.

Since U(3) = 0, M5 must be prime.

You might want to try this out for yourself using the two numbers M7 = 127 (which is prime) and M11 = 2047 (which is not prime – see earlier).

Factoring

At the October 1903 meeting of the prestigious American Mathematical Society, the mathematician Frederick Nelson Cole was listed in the programme as presenting a paper with the rather unassuming title ‘On the factorization of large numbers’. When called upon to speak, Cole walked up to the blackboard and, without saying a word, performed the calculation of 2 raised to the power of 67, following which he subtracted 1 from the result. Still saying nothing he moved to a clean part of the board and multiplied together the two numbers

193 707 721 and 761 838 257 287.

The answers to the two calculations were the same. Cole resumed his seat still having uttered not one word, and for the first and only time on record, the entire audience at an American Mathematical Society meeting rose and gave a ‘speaker’ a standing ovation.

What Cole had done (and apparently it took him twenty years of Sunday afternoons) was to find the prime factors of the Mersenne number M67. It had been known since 1876 that M67 was composite. But this had been discovered (by Edouard Lucas himself) using the Lucas (now Lucas–Lehmer) test, which, although it provides an answer to the question of whether a given Mersenne number is prime or composite, gives no information about the factors of any number found to be composite. (The same is true of the APRCL test, as can be appreciated from the outline of this method given earlier, and indeed for any of a number of fast primality-testing methods currently available.)

Just how do you go about finding the factors of a number which you know is composite? Trial-and-error is clearly out of the question for the same reason that it is not practicable as a test for primality. But in practice there is an element of trial division in all current implementations of primality tests and factoring methods. Because it can be done quickly, it makes sense to start by trial division with, say, the first million prime numbers. If a divisor is found, then both the primality and the factorization problems are solved. If not, then at least you know that the number is either prime or else, if composite, has only large prime factors. Use of this last fact is made in a simple factoring method due to Fermat, described next.

Suppose that n = uv, where u and v are both large, odd numbers, say u ≤ v. (As we are assuming that n has only large prime factors, this is the situation that will face us when we know that n is composite and want to find the factors.) Let

x = 1/2(u + v), y = 1/2(u – v).

Then 0 ≤ y < × ≤ n, and u = x + y, v = x − y, so

n = (x + y)(x − y) = x2 − y2,

which can be rewritten as

y2 = x2 − n. (1)

Conversely, if x and y satisfy Equation (1), then n has the factorization

n = (x + y)(x − y). (2)

Hence, factoring n into a product of two numbers is equivalent to finding numbers x and y which satisfy Equation (1), in which case the resulting factorization is given by Equation (2). (Notice that this does not necessarily yield the prime factorization of n. But once a number has been split into two factors, they in turn may be factored, a task which is invariably much easier since the smaller a number, the easier it is to factor.)

To find x and y as in Equation (1), start with the smallest number k such that k ≥ √n, and then try each of the values x = k, x = k + 1, x = k + 2, … in turn, checking each time to see if x2 − n is a perfect square. Once such an x is found, the factorization is effectively completed, of course. Provided n has two factors of approximately the same size (hence close to √n where the method starts off), a solution should be found fairly quickly. If you want to try the method yourself at this stage, the numbers 10 379 and 93 343 provide good examples.)

There are various ways of speeding up the above process. For instance, if you were doing it by hand, there is no need to try to evaluate the square root of x2 − n in every case to see if it turns out to be a whole number. Since no perfect square ends in any of the digits 2, 3, 7, or 8, whenever x2 − n is found to end with such a digit that value of x can be ignored at once.

Fermat himself used this method to obtain the factorization

2 027 651 281 = 44 021 × 46 061.

A useful variant of Fermat’s method looks not for numbers x, y such that

n = x2− y2

but numbers x, y such that

n divides x2 – y2

Given such numbers, it is quite likely that x + y and x − y each contains a factor of n. For example, 21 divides 102 − 42 and the two factors 10 + 4 = 14 = 2 × 7 and 10 − 4 = 6 = 2 × 3 give the factorization 21 = 7 × 3.

In the 1920s, Maurice Kraitchik suggested that suitable values for x and y could be obtained by patching together smaller numbers. For example, if we are trying to factorize n = 111, a search reveals that

112 mod 111 = 121 mod 111 = 10 = 2 × 5
142 mod 111 = 196 mod 111 = 85 = 5 × 17
162 mod 111 = 256 mod 111 = 34 = 2 × 17

which implies that 111 divides (11 × 14 × 16)2 − (2 × 5 × 17)2, which equals 2634 × 2294. The factors of 111 can then be found by a simple method for finding common factors known to the ancient Greeks, and called the Euclidean Algorithm. Applying this method to the pair 111 and 2294 gives:

2294 mod 111 = 74

   111 mod 74 = 37

     74 mod 37 = 0

and hence 37 divides both 111 and 2294. Similarly, 3 is a common factor of 111 and 2634. Thus 111 = 3 × 37.

Of course, just as the original Fermat method requires that x2 −n is a perfect square, the Kraitchik approach requires that the values of x that emerge from the search (11 × 14 × 16 in the above example) lead to a non-trivial factorization of n when the Euclidean Algorithm is applied.

Computer implementations use some quite sophisticated methods for ‘instantly eliminating’ impossible values of x (a process known, for obvious reasons, as sieving). In 1974, mathematicians at the University of California at Berkeley built a specially designed electronic device for sieving numbers, the SRS–181, which can process 20 million numbers a second.

Fermat Numbers

The nth Fermat number is obtained by raising 2 to the power n, then raising 2 by that number and adding 1 to the result, i.e.

Fn = 22n + 1.

Thus F0 = 3, F1 = 5, F2 = 17, F3 = 257, and (already the rapid growth of these numbers due to the repeated application of the exponential function is becoming apparent) F4 = 216 + l = 65 537.

Interest in these numbers arose because of a claim made by Fermat in a letter written to Mersenne in 1640. Having noted that each of the numbers F0 to F4 is prime, Fermat wrote: ‘I have found that numbers of the form 22n + 1 are always prime numbers and have long since signified to analysts the truth of this theorem.’ This remark should serve as a warning to all who come to a conclusion on the basis of a small amount of information. For all his great abilities with numbers, Fermat was wrong in his claim. This was first shown conclusively by the great Swiss mathematician Leonhard Euler in 1732: F5 = 4 294 967 297 is not prime. Although Euler obtained this result by trial division, there is an extra irony here in that a straightforward calculation using Fermat’s own test will demonstrate the non-primality of F5. The test is, remember, that if p is prime then 3p−1 mod p = 1, but for p = F5 you get 3p−1 mod p = 3 029 026 160, so F5 cannot be a prime.

Subsequent work has shown just how wrong Fermat was. It is now known that Fn is composite for all values of n from 5 to 23, as well as for various other values, and the current guess is that Fn is composite for all values of n greater than 4.

Fermat numbers provide another example of numbers whose special form makes it possible to test for their primality in an efficient manner – one popular method being Proth’s theorem: the Fermat number Fn is prime if, and only if,

3(Fn − 1)/2 mod Fn	 = − 1.

This result provides a very efficient test for the primality of a Fermat number. (It is, as you may have guessed, closely related to the Fermat test discussed earlier.) This was the method used to show that F22 is composite. (It had been known for some time that the Fermat number F23has a small prime factor, but the proof that F22 is composite is relatively recent.) The proof, using Proth’s theorem, was carried out in 1993 by Richard Crandall and Josh Doenias at NeXT Computer, Inc., in Redwood City, California, Chris Norrie at Amdahl Corporation in San Jose, California, and Jeff Young at Cray Research, Inc., in Eagan, Minnesota. The computation used an Amdahl supercomputer and several powerful workstations, and took several months to complete. In the end, it involved more than 1016 basic arithmetic operations. The team estimate that a similar computation for the next Fermat number whose status is unknown, F24, would take about ten years.

However, our interest here lies not in the testing for primality of Fermat numbers, but in the factorization of the ones known to be composite, for it is in this area that recent years have seen some significant developments, developments not without applications outside the realm of mathematics. (See the section on secret codes later in this chapter.)

The Fermat number F5 was, as we have already noted, proved to be composite by Euler. He also calculated a prime factor, namely 641. In 1880 F6 was shown by Landry to be composite, and once again a prime factor was found: 274 177. With F7 the story was somewhat different. It was proved to be composite by Morehead and Western in 1905, but it was not until 1971 when Brillhart and Morrison (armed with an IBM 360–91 computer) found the factorization


F7 = 2128 + 1


     = 340 282 366 920 938 463 463 374 607 431 768 211 457


     = 59 649 589 127 497 217 × 5 704 689 200 685 129 054 721.


To do this they used a method suggested much earlier by Lehmer and Powers involving continued fractions. The computation took about an hour and a half.

The same two who showed that F7 was composite in 1905, Morehead and Western, also found in 1909 that F8 was composite. It was only in 1981 that Brent and Pollard found the factorization. The computation took two hours on a Univac 1100/42 computer. The method, devised by Pollard himself, and generally referred to as the rho method, was at the time unusual in that, unlike most methods in mathematics, it did not guarantee to produce a result. All that could be concluded from the background mathematics was that if a certain computation was performed, then it was highly likely that a factorization of the number would result within a reasonable length of time, but there was a small possibility that this would not happen. So the method is not like trial division, where the chance of getting an answer within a billion years is small. There is still an element of chance involved, but what was clever about Pollard’s method was that the odds were heavily stacked in the favour of the would-be factorer. In recent years there have been a number of so-called Monte Carlo methods, like Pollard’s factorization technique, which trade off the certainty of a result against a high probability of a result in much less time.

The two prime factors of F8 (which has 78 digits) are

1 238 926 361 552 897

and

93 461 639 715 357 977 769 163 558 199 606 896 584 051 237 541 638 188 580 280 321.

An intriguing development led to the complete factorization of the 155-digit F9 in 1990. The method used was Pollard’s number field sieve. One important feature of this method is that it replaces the task of factoring the given large number by a large set of much smaller factorization problems. Those smaller – but still challenging – factorization problems were farmed out to different computers spread all over the world, much like the GIMPS search for record prime numbers, but with the participants in this game being almost exclusively professional mathematicians.

The work was organized by two mathematicians, Mark Manasse of the Digital Equipment Corporation in Palo Alto, California, and Arjen Lenstra of the Bellcore Research Laboratory in New Jersey. After performing the initial computation that broke the problem into many smaller factorization tasks, they used the Internet to parcel out the individual smaller problems to colleagues having suitably powerful desktop workstations. Each colleague set his or her personal computer to work on a number of the smaller factorizations, using a factorization program supplied by the organizers. Communication between the different computers was carried out over the Internet.

After two months’ work, enough of the team had obtained a factorization for Manasse and Lenstra to try to piece together all the mini-results into the sought-after factorization of F9. This task, itself a huge computation, was performed on a massively parallel supercomputer known as a Connection Machine, located at the Supercomputer-Computational Research Institute in Florida. This final computation took three hours to complete, but in the end was successful: F9 was split into three factors, a 7-digit prime factor, which had been known for many years, and two further primes, one having 49 digits, the other 99 digits.

Success was a result of a novel combination of ingenious mathematics, large, powerful mainframe computers, a large number of powerful desktop computers spread around the world, and the Internet that enabled all these different computers to communicate with each other.

The next two Fermat numbers, F10 and F11, have also been completely factored, by Richard Brent, using another new method, the elliptic curve method.

Brent’s results provide yet another illustration of the incredible power that results from a marriage of sophisticated mathematics and raw computing capacity. Had he had access to fast computers, who knows what the eighteenth-century German mathematician Karl Friedrich Gauss would have achieved in regard to Fermat numbers.

He certainly produced what must surely be the most astonishing result on Fermat numbers, linking them with a classical problem of Greek geometry. This result, as with many of Gauss’s discoveries, merits a special introduction to one of the most amazing mathematical minds the world has ever known.

An Amazing Mathematical Mind

Karl Friedrich Gauss was born at Brunswick, Germany, in 1777. His father, a bricklayer, hoped that his son would be able to assist him in his work – both as a labourer and to keep the accounts. The latter task was one to which the young Gauss seemed highly suited when, as a three-year-old child, he was able to correct his father’s payroll calculations. Fortunately for the future of mathematics (to say nothing of physics and astronomy), the reigning duke soon came to hear of the young child prodigy and arranged for his formal education. At fifteen years of age, having progressed far beyond the abilities of his schoolteachers, Gauss went to Caroline College. Within three years the professors there had to admit he had left them way behind as well.

It was whilst he was a college student, in 1796, that Gauss made his remarkable observation concerning Greek geometry and Fermat numbers. The result appeared in the seventh and last section of his mammoth work Disquisitiones Arithmeticae, a book – in print to this day – which appeared in 1801 when Gauss was still only twenty-four, and which forms the basis of much of present-day number theory (that branch of mathematics which deals with properties of the natural numbers, of which the material in this chapter is but a small part).

One of the favourite problems of the Ancient Greek mathematicians was the construction of plane figures (circles, triangles, parallelograms, and so on) using only a ruler (unmarked, and thus suitable only for drawing straight lines) and compasses (used only to draw arcs of circles, not to transfer a length by moving them across the page). By the exercise of often considerable ingenuity it is possible to construct a great many geometrical figures using just these two rudimentary tools. (Until the mid 1960s such constructions formed a significant part of the mathematical schooling of pupils around the world.) The Greeks themselves knew how to construct regular n-sided polygons for n = 3, 4, 5, 6, 8, 10, 12, 15, 16. (A polygon is regular if all its sides have the same length and all its internal angles are equal.)

What the nineteen-year-old Gauss proved was that a regular polygon with n sides can be constructed using just ruler and compasses if, and only if, either n = 2k for some number k or else n = 2kp1p2 … pr (for some k)  where p1, p2, … , pr are distinct Fermat primes. In particular, for any Fermat prime p you can construct a regular polygon with p sides. For the first Fermat prime, F0 = 3, you get an equilateral triangle, which is easy to construct, and for the next one, F1 = 5, you get a regular pentagon. Since F2 = 17 is also a Fermat prime, Gauss’s result shows that a regular 17-sided polygon may also be constructed using ruler and compasses. This was the first (and only) advance on the problem of constructing regular polygons since the time of the Greeks themselves, and Gauss was so proud of his discovery that he asked for a regular 17-sided polygon to be engraved on his tombstone. Though this request was never fulfilled, such a polygon is inscribed on the side of a monument to him erected in Brunswick, his birthplace.

Perfect Numbers

As was noticed by the Pythagoreans (the followers of the sixth-century BC mathematician Pythagoras), the number 6 has a rather special property. It is equal to the sum of its own divisors (other than itself):

6 = 1 + 2 + 3.

The next number after 6 with this property is 28. The only numbers which divide 28 are 1, 2, 4, 7, 14, and 28 itself, and

28 = 1 + 2 + 4 + 7 + 14.

Such numbers were named perfect numbers by the Pythagoreans.

In his first-century AD lntroductio Arithmeticae the Greek mathematician Nicomachus lists four known perfect numbers, the third (after 6 and 28) being 496, and the next 8128. Two conjectures followed from this evidence: that the nth perfect number contains n digits, and that the perfect numbers end alternately in 6 and 8. Both conjectures are false. For a start there are no perfect numbers with five digits. Moreover, though the fifth perfect number does end in a 6, being 33 550 336, so does the sixth, which is 8 589 869 056. (It is however true that any even perfect number ends in either 6 or 8. This can be proved directly, and does not depend on knowledge of which numbers actually are perfect.)

In Book IX of his Elements, Euclid proved in about 350–300 BC that if 2n − 1 is prime, then the number 2n-1(2n – 1) is perfect. Two thousand years later, Euler showed that every even perfect number is of this type. Thus was established the close relationship between Mersenne primes and perfect numbers, which implies at once that there are at present exactly thirty-seven known even perfect numbers. In fact there are no known odd perfect numbers, and it is conjectured that all perfect numbers are of necessity even. Though this had not been proved, some evidence has been collected in favour of the conjecture. It is known that any odd perfect number, if one were to exist, would have to be larger than 10100 and have at least 11 distinct prime factors. On the other hand, if history is any guide one should be careful about making conjectures about perfect numbers. In his 1811 book Theory of Numbers, Peter Barlow wrote, of the eighth perfect number, 230(231 − 1), a 19-digit number discovered by Euler in 1772, ‘[It] is the greatest that ever will be discovered; for as they are merely curious, without being useful, it is not likely that any person will ever attempt to find one beyond it.’

Though he appears to have been right about perfect numbers being merely of curiosity value, Barlow clearly underestimated the fascination of curiosities, as the first section of this chapter illustrates only too well. And there is no doubt that perfect numbers are very curious. For instance, every (even) perfect number is triangular; which means that it can be represented by a number of balls arranged to form an equilateral triangle (which is equivalent to being of the form ½n(n + 1) for some number n). Another fact: if you take any perfect number other than 6 and add together all its digits, the number you get will be one more than a multiple of 9. Related to this is the result that the digital root of any perfect number is 1. (To obtain the digital root you add together all the digits of the number, then all the digits of that number, and so on until you end up with a single-digit number.)

And again, every perfect number is a sum of consecutive odd cubes. For instance:

  28 = 13 + 33,

496 = 13 + 33 + 53 + 73.

One more: if n is perfect, then the sum of the reciprocals of all the divisors of n is always equal to 2. For instance, 6 has divisors 1, 2, 3, 6, and

1/1 + 1/2 + 1/3 + 1/6 = 2.

In fact, so much effort has been spent searching for these ‘curious’ numbers that, despite Barlow’s claim as to their uselessness, their computation has acquired something of the status of a benchmark for measuring computer power. For instance, take the Mersenne number M8191, the first number to break the chain of Mersenne primes giving rise to Mersenne primes (see earlier). Using the Lucas–Lehmer test to demonstrate that this 2466-digit number is not prime (and hence does not yield a perfect number) took 100 hours when first done on the ILLIAC-I computer in 1953. Over the years the computation time has come down dramatically: 5.2 hours on an IBM 7090, 49 minutes on ILLIAC–II, 3.1 minutes on an IBM 360–91, 10 seconds on a CRAY-1, and virtually no time at all on today’s fastest supercomputers.

Secret Codes

In the autumn of 1982, at a scientific meeting in Winnipeg, Canada, two mathematicians and a computer engineer went out for a beer one evening. The two mathematicians soon got around to talking about how you can factorize large numbers, and the computational problems that can arise. Hearing them, the computer engineer mentioned that the design of the particular machine he worked on would enable one of the major problems they had met with to be overcome quite easily. And so it was that
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