


Leonard Susskind
and Art Friedman



SPECIAL RELATIVITY AND CLASSICAL FIELD THEORY

The Theoretical Minimum


[image: Penguin Books]







ABOUT THE AUTHORS

Leonard Susskind has been the Felix Bloch Professor in Theoretical Physics at Stanford University since 1978, and his online lectures are viewed all around the world. One of the fathers of string theory, he is the author of The Black Hole War and The Cosmic Landscape.

Art Friedman is a life-long student of physics, and his career encompasses software engineering, teaching, and writing. When he’s not busy puzzling over quantum entanglement, Art plays the fiddle.





To my father and my hero, a man of courage, Benjamin Susskind

—LS

To my wife, Maggie, and her parents, David and Barbara Sloan

—AF







Introduction

Dear readers and students of The Theoretical Minimum,

Hello there, and welcome back to Lenny & Art’s Excellent Adventure. We last left the intrepid pair recovering from a wild rollicking roller coaster ride through the quantum world of entanglement and uncertainty. They were ready for something sedate, something reliable and deterministic, something classical. But the ride continues in Volume III, and it’s no less wild. Contracting rods, time dilation, twin paradoxes, relative simultaneity, stretch limousines that do and don’t fit into Volkswagen-size garages. Lenny and Art are hardly finished with their madcap adventure. And at the end of the ride Lenny tricks Art with a fake monopole.

Well, maybe that is a bit overwrought, but to the beginner the relativistic world is a strange and wondrous fun house, full of dangerous puzzles and slippery paradoxes. But we’ll be there to hold your hand when the going gets tough. Some basic grounding in calculus and linear algebra should be good enough to get you through.

Our goal as always is to explain things in a completely serious way, without dumbing them down at all, but also without explaining more than is necessary to go to the next step. Depending on your preference, that could be either quantum field theory or general relativity.

It’s been a while since Art and I published Volume II on quantum mechanics. We’ve been tremendously gratified by the thousands of e-mails expressing appreciation for our efforts, thus far, to distill the most important theoretical principles of physics into TTM.

The first volume on classical mechanics was mostly about the general framework for classical physics that was set up in the nineteenth century by Lagrange, Hamilton, Poisson, and other greats. That framework has lasted, and provides the underpinning for all modern physics, even as it grew into quantum mechanics.

Quantum mechanics percolated into physics starting from the year 1900, when Max Planck discovered the limits of classical physics, until 1926 when Paul Dirac synthesized the ideas of Planck, Einstein, Bohr, de Broglie, Schrödinger, Heisenberg, and Born into a consistent mathematical theory. That great synthesis (which, by the way, was based on Hamilton’s and Poisson’s framework for classical mechanics) was the subject of TTM Volume II.

In Volume III we take a historical step back to the nineteenth century to the origins of modern field theory. I’m not a historian, but I think I am accurate in tracing the idea of a field to Michael Faraday. Faraday’s mathematics was rudimentary, but his powers of visualization were extraordinary and led him to the concepts of electromagnetic field, lines of force, and electromagnetic induction. In his intuitive way he understood most of what Maxwell later combined into his unified equations of electromagnetism. Faraday was lacking one element, namely that a changing electric field leads to effects similar to those of an electric current.

It was Maxwell who later discovered this so-called displacement current, sometime in the early 1860s, and then went on to construct the first true field theory: the theory of electromagnetism and electromagnetic radiation. But Maxwell’s theory was not without its own troubling confusions.

The problem with Maxwell’s theory was that it did not seem to be consistent with a basic principle, attributed to Galileo and clearly spelled out by Newton: All motion is relative. No (inertial) frame of reference is more entitled to be thought of as at rest than any other frame. However this principle was at odds with electromagnetic theory, which predicted that light moves with a distinct velocity c = 3 × 108 meters per second. How could it be possible for light to have the same velocity in every frame of reference? How could it be that light travels with the same velocity in the rest frame of the train station, and also in the frame of the speeding train?

Maxwell and others knew about the clash, and resolved it the simplest way they knew how: by the expedient of tossing out Galileo’s principle of relative motion. They pictured the world as being filled with a peculiar substance—the ether—which, like an ordinary material, would have a rest frame in which it was not moving. That’s the only frame, according to the etherists, in which Maxwell’s equations were correct. In any other frame, moving with respect to the ether, the equations had to be adjusted.

This was the status until 1887 when Albert Michelson and Edward Morley did their famous experiment, attempting to measure the small changes in the motion of light due to the motion of Earth through the ether. No doubt most readers know what happened; they failed to find any. People tried to explain away Michelson and Morley’s result. The simplest idea was called ether drag, the idea being that the ether is dragged along with Earth so that the Michelson-Morley experiment was really at rest with respect to the ether. But no matter how you tried to rescue it, the ether theory was ugly and ungainly.

According to his own testimony, Einstein did not know about the Michelson-Morley experiment when in 1895 (at age sixteen), he began to think about the clash between electromagnetism and the relativity of motion. He simply felt intuitively that the clash somehow was not real. He based his thinking on two postulates that together seemed irreconcilable:


1. The laws of nature are the same in all frames of reference. Thus there can be no preferred ether-frame.

2. It is a law of nature that light moves with velocity c.


As uncomfortable as it probably seemed, the two principles together implied that light must move with the same velocity in all frames.

It took almost ten years, but by 1905 Einstein had reconciled the principles into what he called the special theory of relativity. It is interesting that the title of the 1905 paper did not contain the word relativity at all; it was “On the Electrodynamics of Moving Bodies.” Gone from physics was the ever more complicated ether; in its place was a new theory of space and time. However, to this day you will still find a residue of the ether theory in textbooks, where you will find the symbol [image: image]0, the so-called dielectric constant of the vacuum, as if the vacuum were a substance with material properties. Students new to the subject often encounter a great deal of confusion originating from conventions and jargon that trace back to the ether theory. If I’ve done nothing else in these lectures, I tried to get rid of these confusions.

As in the other books in TTM I’ve kept the material to the minimum needed to move to the next step—depending on your preference, either quantum field theory or general relativity.

You’ve heard this before: Classical mechanics is intuitive; things move in predictable ways. An experienced ballplayer can take a quick look at a fly ball and from its location and its velocity know where to run in order to be there just in time to catch the ball. Of course, a sudden unexpected gust of wind might fool him, but that’s only because he didn’t take into account all the variables. There is an obvious reason why classical mechanics is intuitive: Humans, and animals before them, have been using it many times every day for survival.

In our quantum mechanics book, we explained in great detail why learning that subject requires us to forget our physical intuition and replace it with something entirely different. We had to learn new mathematical abstractions and a new way of connecting them to the physical world. But what about special relativity? While quantum mechanics explores the world of the VERY SMALL, special relativity takes us into the realm of the VERY FAST, and yes, it also forces us to bend our intuition. But here’s the good news: The mathematics of special relativity is far less abstract, and we don’t need brain surgery to connect those abstractions to the physical world. SR does stretch our intuition, but the stretch is far more gentle. In fact, SR is generally regarded as a branch of classical physics.

Special relativity requires us to rethink our notions of space, time, and especially simultaneity. Physicists did not make these revisions frivolously. As with any conceptual leap, SR was resisted by many. You could say that some physicists had to be dragged kicking and screaming to an acceptance of SR, and others never accepted it at all.1 Why did most of them ultimately relent? Aside from the many experiments that confirmed the predictions made by SR, there was strong theoretical support. The classical theory of electromagnetism, perfected by Maxwell and others during the nineteenth century, quietly proclaimed that “the speed of light is the speed of light.” In other words, the speed of light is the same in every inertial (nonaccelerating) reference frame. While this conclusion was disturbing, it could not just be ignored—the theory of electromagnetism is far too successful to be brushed aside. In this book, we’ll explore SR’s deep connections to electromagnetic theory, as well as its many interesting predictions and paradoxes.



1 Notably Albert Michelson, the first American to win a Nobel Prize in physics, and his collaborator Edward Morley. Their precise measurements provided strong confirmation of SR.
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LECTURE 1

The Lorentz Transformation

We open Volume III with Art and Lenny running for their lives.

Art: Geez, Lenny, thank heavens we got out of Hilbert’s place alive! I thought we’d never get disentangled. Can’t we find a more classical place to hang out?

Lenny: Good idea, Art. I’ve had it with all that uncertainty. Let’s head over to Hermann’s Hideaway and see what’s definitely happening.

Art: Where? Who is this guy Hermann?

Lenny: Minkowski? Oh, you’ll love him. I guarantee there won’t be any bras in Minkowski’s space. No kets either.

Lenny and Art soon wind up at Hermann’s Hideaway, a tavern that caters to a fast-paced crowd.

Art: Why did Hermann build his Hideaway way out here in the middle of—what? A cow pasture? A rice paddy?

Lenny: We just call it a field. You can grow just about anything you like; cows, rice, sour pickles, you name it. Hermann’s an old friend, and I rent the land out to him at a very low price.

Art: So you’re a gentleman farmer! Who knew? By the way, how come everyone here is so skinny? Is the food that bad?

Lenny: The food is great. They’re skinny because they’re moving so fast. Hermann provides free jet packs to play with. Quick! Look out! Duck! DUCK!

Art: Goose! Let’s try one out! We could both stand to get a bit thinner.

More than anything else, the special theory of relativity is a theory about reference frames. If we say something about the physical world, does our statement remain true in a different reference frame? Is an observation made by a person standing still on the ground equally valid for a person flying in a jet? Are there quantities or statements that are invariant—that do not depend at all on the observer’s reference frame? The answers to questions of this sort turn out to be interesting and surprising. In fact, they sparked a revolution in physics in the early years of the twentieth century.

1.1 Reference Frames

You already know something about reference frames. I talked about them in Volume I on classical mechanics. Cartesian coordinates, for example, are familiar to most people. A Cartesian frame has a set of spatial coordinates x, y, and z, and an origin. If you want to think concretely about what a coordinate system means, think of space as being filled up with a lattice of metersticks so that every point in space can be specified as being a certain number of meters to the left, a certain number of meters up, a certain number of meters in or out, from the origin. That’s a coordinate system for space. It allows us to specify where an event happens.

In order to specify when something happens we also need a time coordinate. A reference frame is a coordinate system for both space and time. It consists of an x-, y-, z-, and t axis. We can extend our notion of concreteness by imagining that there’s a clock at every point in space. We also imagine that we have made sure that all the clocks are synchronized, meaning that they all read t = 0 at the same instant, and that the clocks all run at the same rate. Thus a reference frame (or RF for simplicity) is a real or imagined lattice of metersticks together with a synchronized set of clocks at every point.

There are many ways to specify points in space and time, of course, which means we can have different RFs. We can translate the origin x = y = z = t = 0 to some other point, so that a location in space and time is measured relative to the new origin. We can also rotate the coordinates from one orientation to another. Finally, we consider frames that are moving relative to some particular frame. We can speak of your frame and my frame, and here we come to a key point: Besides the coordinate axes and the origin, a reference frame may be associated with an observer who can use all those clocks and metersticks to make measurements.

Let’s assume you’re sitting still at the center of the front row in the lecture hall. The lecture hall is filled with metersticks and clocks at rest in your frame. Every event that takes place in the room is assigned a position and a time by your sticks and clocks. I’m also in the lecture hall, but instead of standing still I move around. I might march past you moving to the left or to the right, and as I do I carry my lattice of clocks and metersticks with me. At every instant I’m at the center of my own space coordinates, and you are at the center of yours. Obviously my coordinates are different from yours. You specify an event by an x, y, z, and t, and I specify the same event by a different set of coordinates in order to account for the fact that I may be moving past you. In particular if I am moving along the x axis relative to you, we won’t agree about our x coordinates. I’ll always say that the end of my nose is at x = 5, meaning that it is five inches in front of the center of my head. However, you will say my nose is not at x = 5; you’ll say my nose is moving, and that its position changes with time.

I might also scratch my nose at t = 2, by which I mean that the clock at the end of my nose indicated 2 seconds into the lecture when my nose was scratched. You might be tempted to think that your clock would also read t = 2 at the point where my nose was scratched. But that’s exactly where relativistic physics departs from Newtonian physics. The assumption that all clocks in all frames of reference can be synchronized seems intuitively obvious, but it conflicts with Einstein’s assumption of relative motion and the universality of the speed of light.

We’ll soon elaborate on how, and to what extent, clocks at different places in different reference frames can be synchronized, but for now we’ll just assume that at any given instant of time all of your clocks agree with each other, and they agree with my clocks. In other words we temporarily follow Newton and assume that the time coordinate is exactly the same for you as it is for me, and there’s no ambiguity resulting from our relative motion.

1.2 Inertial Reference Frames

The laws of physics would be very hard to describe without coordinates to label the events that take place. As we’ve seen, there are many sets of coordinates and therefore many descriptions of the same events. What relativity meant, to Galileo and Newton as well as Einstein, is that the laws governing those events are the same in all inertial reference frames.1 An inertial frame is one in which a particle, with no external forces acting on it, moves in a straight line with uniform velocity. It is obvious that not all frames are inertial. Suppose your frame is inertial so that a particle, thrown through the room, moves with uniform velocity when measured by your sticks and clocks. If I happen to be pacing back and forth, the particle will look to me like it accelerates every time I turn around. But if I walk with steady motion along a straight line, I too will see the particle with uniform velocity. What we may say in general is that any two frames that are both inertial must move with uniform relative motion along a straight line.

It’s a feature of Newtonian mechanics that the laws of physics, F = ma together with Newton’s law of gravitational attraction, are the same in every IRF. I like to describe it this way: Suppose that I am an accomplished juggler. I have learned some rules for successful juggling, such as the following: If I throw a ball vertically upward it will fall back to the same point where it started. In fact, I learned my rules while standing on the platform of a railway station waiting for the train.

When the train stops at the station I jump on and immediately start to juggle. But as the train pulls out of the station, the old laws don’t work. For a time the balls seem to move in odd ways, falling where I don’t expect them. However, once the train gets going with uniform velocity, the laws start working again. If I’m in a moving IRF and everything is sealed so that I can’t see outside, I cannot tell that I’m moving. If I try to find out by doing some juggling, I’ll find out that my standard laws of juggling work. I might assume that I’m at rest, but that’s not correct; all I can really say is that I’m in an inertial reference frame.

The principle of relativity states that the laws of physics are the same in every IRF. That principle was not invented by Einstein; it existed before him and is usually attributed to Galileo. Newton certainly would have recognized it. What new ingredient did Einstein add? He added one law of physics: the law that the speed of light is the speed of light, c. In units of meters per second, the speed of light is approximately 3 × 108. In miles per second it is about 186,000, and in light-years per year it is exactly 1. But once the units are chosen, Einstein’s new law states that the velocity of light is the same for every observer.

When you combine these two ideas—that the laws of physics are the same in every IRF, and that it’s a law of physics that light moves at a fixed velocity—you come to the conclusion that light must move with the same velocity in every IRF. That conclusion is truly puzzling. It led some physicists to reject SR altogether. In the next section, we’ll follow Einstein’s logic and find out the ramifications of this new law.

1.2.1 Newtonian (Pre-SR) Frames

In this section I will explain how Newton would have described the relation between reference frames, and the conclusions he would have made about the motion of light rays. Newton’s basic postulate would have been that there exists a universal time, the same in all reference frames.

Let’s begin by ignoring the y and z directions and focus entirely on the x direction. We’ll pretend that the world is one-dimensional and that all observers are free to move along the x axis but are frozen in the other two directions of space. Fig. 1.1 follows the standard convention in which the x axis points to the right, and the t axis points up. These axes describe the metersticks and clocks in your frame—the frame at rest in the lecture hall. (I will arbitrarily refer to your frame as the rest frame and my frame as the moving frame.) We’ll assume that in your frame light moves with its standard speed c. A diagram of this kind is called a spacetime diagram. You can think of it as a map of the world, but a map that shows all possible places and all possible times. If a light ray is sent out from the origin, moving toward the right, it will move with a trajectory given by the equation
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Figure 1.1: Newtonian Frames.





x = ct.

Similarly a light ray moving to the left would be represented by

x = −ct.

A negative velocity just means moving to the left. In the various figures that follow I will draw them as if my frame is moving to the right (v positive). As an exercise you can redraw them for negative v.

In Fig. 1.1, the light ray is shown as a dashed line. If the units for the axes are meters and seconds, the light ray will appear almost horizontal; it will move 3 × 108 meters to the right while moving vertically by only 1 second! But the numerical value of c depends entirely on the units we choose. Therefore, it is convenient to use some other units for the speed of light—units in which we see more clearly that the slope of the light-ray trajectory is finite.

Now let’s add my frame, moving along the x axis relative to your frame, with a uniform velocity v.2 The velocity could be either positive (in which case I would be moving to your right), negative (in which case I would be moving to your left), or zero (in which case we are at rest relative to each other, and my trajectory would be a vertical line in the figure).

I’ll call the coordinates in my frame x′ and t′ instead of x and t. The fact that I am moving relative to you with a constant velocity implies that my trajectory through spacetime is a straight line. You may describe my motion by the equation

x = vt

or

x − vt = 0,

where v is my velocity relative to you, as shown in Fig. 1.1. How do I describe my own motion? That’s easy; I am always at the origin of my own coordinate system. In other words, I describe myself by the equation x′ = 0. The interesting question is, how do we translate from one frame to the other; in other words, what’s the relationship between your coordinates and mine? According to Newton, that relation would be



  t ′=t
 
 (1.1)


  x ′=x−vt.
 
	(1.2)
The first of these equations is Newton’s assumption of universal time, the same for all observers. The second just shows that my coordinate x′ is displaced from your coordinate by our relative velocity times the time, measured from the origin. From this we see that the equations

x − vt = 0

and

x′ = 0

have the same meaning. Eqs. 1.1 and 1.2 comprise the Newtonian transformation of coordinates between two inertial reference frames. If you know when and where an event happens in your coordinates, you can tell me in my coordinates when and where it happens. Can we invert the relationship? That’s easy and I will leave it to you. The result is



 t= t ′ 
 (1.3)


 x= x ′+v t ′.
 
 (1.4)
Now let’s look at the light ray in Fig. 1.1. According to assumption, it moves along the path x = ct in your frame. How do I describe its motion in my frame? I simply substitute the values of x and t from Eqs. 1.3 and 1.4 into the equation x = ct, to get

x′ + vt′ = ct′,

which we rewrite in the form

x′ = (c − v)t′.

Not surprisingly, this shows the light ray moving with velocity (c − v) in my frame. That spells trouble for Einstein’s new law—the law that all light rays move with the same speed c in every IRF. If Einstein is correct, then something is seriously wrong. Einstein and Newton cannot both be right: The speed of light cannot be universal if there is a universal time that all observers agree on.

Before moving on, let’s just see what would happen to a light ray moving to the left. In your frame such a light ray would have the equation

x = −ct.

It’s easy to see that in my frame the Newtonian rules would give

x′ = −(c + v)t.

In other words, if I’m moving to your right, a light ray moving in the same direction travels a little slower (with speed c − v), and a light ray moving in the opposite direction travels a little faster (with speed c + v) relative to me. That’s what Newton and Galileo would have said. That’s what everyone would have said until the end of the nineteenth century when people started measuring the speed of light with great precision and found out that it’s always the same, no matter how the inertial observers move.

The only way to reconcile this conflict is to recognize that something is wrong with Newton’s transformation law between coordinates in different frames.3 We need to figure out how to repair Eqs. 1.1 and 1.2 so that the speed of light is the same for both of us.

1.2.2 SR Frames

Before deriving our new transformation equations, let’s revisit one of Newton’s key assumptions. The assumption that is most at risk, and in fact the one that’s wrong, is that simultaneity means the same thing in every frame—that if we begin with our clocks synchronized, and then I start to move, my clocks will remain synchronized with your clocks. We’re about to see that the equation

t′ = t

is not the correct relationship between moving clocks and stationary clocks. The whole idea of simultaneity is frame-dependent.

Synchronizing Our Clocks

Here’s what I want you to imagine. We’re in a lecture hall. You, a student, are sitting in the front row, which is filled with eager attentive students, and each student in the front row has a clock. The clocks are all identical and completely reliable. You inspect these clocks carefully, and make sure they all read the same time and tick at the same rate. I have an equivalent collection of clocks in my frame that are spread out relative to me in the same way as your clocks. Each of your clocks has a counterpart in my setup, and vice versa. I’ve made sure that my clocks are synchronized with each other and also with your clocks. Then I, together with all my clocks, start moving relative to you and your clocks. As each of my clocks passes each of yours, we check each other’s clocks to see if they still read the same time and if not, how far out of whack each clock is compared to its counterpart. The answer may depend on each clock’s position along the line.

Of course, we could ask similar questions about our metersticks, such as, “As I pass you, does my meterstick measure 1 in your coordinates?” This is where Einstein made his great leap. He realized that we have to be much more careful about how we define lengths, times, and simultaneity. We need to think experimentally about how to synchronize two clocks. But the one anchor that he held on to is the postulate that the speed of light is the same in every IRF. For that, he had to give up Newton’s postulate of a universal time. Instead he found that “simultaneity is relative.” We will follow his logic.

What exactly do we mean when we say that two clocks—let’s call them A and B—are synchronized? If the two clocks are at the same location, moving with the same velocity, it should be easy to compare them and see if they read the same value of time. But even if A and B are standing still, say in your frame, but are not at the same position, checking if they are synchronized requires some thought. The problem is that light takes time to travel between A and B.

Einstein’s strategy was to imagine a third clock, C, located midway between A and B.4 To be specific, let’s imagine all three clocks being located in the front row of the lecture hall. Clock A is held by the student at the left end of the row, clock B is held by the student at the right end, and clock C is at the center of the row. Great care has been taken to make sure that the distance from A to C is the same as the distance from B to C.

At exactly the time when the A clock reads noon it activates a flash of light toward C. Similarly when B reads noon it also sends a flash of light to C. Of course, both flashes will take some time to reach C, but since the velocity of light is the same for both flashes, and the distance they have to travel is the same, they both take the same time to get to C. What we mean by saying A and B are synchronized is that the two flashes will arrive at C at exactly the same time. Of course, if they don’t arrive simultaneously, student C will conclude that A and B were not synchronized. She may then send a message to either A or B with instructions for how much to change their settings to get synchronized.

Suppose clocks A and B are synchronized in your frame. What happens in my moving frame? Let’s say I’m moving to the right, and I happen to reach the midpoint C just as these two flashes are emitted. But the light doesn’t get to C at noon; it gets there slightly later. By that time, I’ve already moved a little to the right of center. Since I’m right of center, the light ray coming from the left will reach me a little later than the light ray coming from the right. Therefore, I will conclude that your clocks are not synchronized, because the two light flashes reach me at two different times.

Evidently what you and I call synchronous—occurring at the same time—is not the same. Two events that take place at the same time in your frame take place at different times in my frame. Or at least that’s what Einstein’s two postulates force us to accept.

Units and Dimensions: A Quick Detour

Before moving ahead, we should pause briefly to explain that we’ll be using two systems of units. Each system is well suited to its purpose, and it’s fairly easy to switch from one system to the other.

The first system uses familiar units such as meters, seconds, and so on. We’ll call them common or conventional units. These units are excellent for describing the ordinary world in which most velocities are far smaller than the speed of light. A velocity of 1 in those units means 1 meter per second, orders of magnitude less than c.

The second system is based on the speed of light. In this system, units of length and time are defined in a way that gives the speed of light a dimensionless value of 1. We call them relativistic units. Relativistic units make it easier to carry out derivations and notice the symmetries in our equations. We’ve already seen that conventional units are impractical for spacetime diagrams. Relativistic units work beautifully for this purpose.

In relativistic units, not only does c have a value of 1, but all velocities are dimensionless. For this to work out, we have to choose appropriately defined units of length and time—after all, velocity is a length divided by a time. If our time units are seconds, we choose light-seconds as our length units. How big is a light-second? We know that it’s 186,000 miles, but for our purposes that’s unimportant. Here’s what matters: A light-second is a unit of length, and by definition light travels 1 light-second per second! In effect, we’re measuring both time and length in units of seconds. That’s how velocity—a length divided by a time—gets to be dimensionless. When we use relativistic units, a velocity variable such as v is a dimensionless fraction of the speed of light. That’s consistent with c itself having a value of 1.

In a spacetime diagram such as Fig. 1.2, the x and t axes are both calibrated in seconds.5 The trajectory of a light ray makes equal angles with the x axis and with the t axis. Conversely, any trajectory that makes equal angles with the two axes represents a light ray. In your stationary RF, that angle is 45 degrees.

Knowing how to switch easily between the two types of units will pay off. The guiding principle is that mathematical expressions need to be dimensionally consistent in whatever system of units we’re using at the time. The most common and useful trick in going from relativistic to conventional units is to replace v with v/c. There are other patterns as well, which typically involve multiplying or dividing by some appropriate power of c, the speed of light. We’ll show examples as we go, and you’ll find that these conversions are fairly simple.

Setting Up Our Coordinates—Again!

Let’s go back to our two coordinate systems. This time, we’ll be very careful about the exact meaning of the word synchronous in the moving RF. In the stationary RF, two points are synchronous (or simultaneous) if they’re both on the same horizontal level in a spacetime diagram. The two points both have the same t coordinate, and a line connecting them is parallel to the x axis. That much Newton would have agreed with.

But what about the moving frame? We’ll find out in a minute that in the moving frame, the point

x = 0, t = 0

is not synchronous with the other points on the x axis, but with an entirely different set of points. In fact, the whole surface that the moving frame calls “synchronous” is someplace else. How can we map out this surface? We’ll use the synchronization procedure, described in a previous subsection (Synchronizing Our Clocks) and further illustrated in Fig. 1.2.

Drawing a spacetime diagram is usually the best way to understand a problem in relativity. The picture is always the same; x is the horizontal axis, and t is vertical. These coordinates represent a RF that you can think of as stationary. In other words, they represent your frame. A line that represents the trajectory of an observer moving through spacetime is called a world line.

With our axes in place, the next things to draw are the light rays. In Fig. 1.2, these are represented by the lines labeled x = ct and x = −ct. The dashed line from point a to point b in the figure is also a light ray.

Back to the Main Road

Getting back to Fig. 1.2, let’s sketch in an observer, Art, who’s sitting in a railroad car moving to the right with constant speed v. His world line is labeled with equations that describe his motion. Once again, Art’s frame will be moving such that x′ = x − vt, exactly like the moving observer in Fig. 1.1.

Now let’s figure out how to draw Art’s x′ axis. We begin by adding two more observers, Maggie and Lenny. Maggie is sitting in the rail car directly in front of Art (to your right), and Lenny’s rail car is directly in front of Maggie’s. Adjacent observers are separated from each other by one unit of length as measured in your frame (the rest frame). Equations for Maggie’s and Lenny’s world lines are shown in the figure. Because Maggie is located one unit to the right of Art, her trajectory is just x = vt + 1. Likewise, Lenny’s trajectory is x = vt + 2. Art, Maggie, and Lenny are in the same moving frame. They’re at rest with respect to each other.

Our first observer, Art, has a clock, and his clock happens to read 12 noon just as he arrives at the origin. We’ll assume the clock in the rest frame also reads 12 noon at this event. We both agree to call 12 noon our “time zero,” and we label our common origin with (x = 0, t = 0) in your coordinates, and (x′ = 0, t′ = 0) in Art’s coordinates. The moving observer and the stationary observer agree, by assumption, on the meaning of t = 0. For you (the stationary observer), t equals zero all along the horizontal axis. In fact, that’s the definition of the horizontal axis: it’s the line where all times for the stationary observer are zero.



[image: image]
Figure 1.2: SR Frames Using Relativistic Units (c = 1). The equations associated with Art are two different ways to characterize his world line. The dashed lines are the world lines of light rays. The constants 1 and 2 in the equations for Maggie’s and Lenny’s world lines are not pure numbers. Their relativistic units are seconds.




Suppose Art sends out a light signal to Maggie from the origin. At some point—we don’t know yet what that point is—Lenny will also send out a light signal toward Maggie. He’ll somehow arrange to do this in a way that both signals reach Maggie at the same instant. If Art’s light signal starts at the origin, Maggie will receive it at point a in Fig. 1.2. From what point must Lenny send his light signal, if it is to reach at Maggie at the same time? We can find out by working backward. The world line of any light signal that Lenny sends to Maggie must make a 45-degree angle to the x axis. So all we need to do is construct a line at point a that slopes 45 degrees downward toward the right, and extend it until it crosses Lenny’s path. This is point b in the figure. As we can easily see from the figure, point b lies above the x axis and not on it.

What we’ve just shown is that the origin and point b are simultaneous events in Art’s frame! In other words, the moving observer (Art) will say that t′ = 0 at point b. Why? Because in the moving frame of reference, Art and Lenny, who are equidistant from the central observer Maggie, sent her light signals that arrived at the same instant of time. So Maggie will say, “You guys sent me light signals at exactly the same instant of time, because they both arrived here at the same instant of time, and I happen to know that you’re at equal distances from me.”

Finding the x′ Axis

We’ve established that Art’s (and Maggie’s and Lenny’s) x axis is a line that joins the common origin (i.e., common to both frames) to point b. Our next task is to find out exactly where point b is. Once we figure out point b’s coordinates, we’ll know how to specify the direction of Art’s x′ axis. We’ll go through this exercise in detail. It’s a little cumbersome, but quite easy. There are two steps involved, the first being to find the coordinates of point a.

Point a sits at the intersection of two lines; the rightward moving light ray x = ct, and the line x = vt + 1, which is Maggie’s world line. To find the intersection, we just substitute one equation into the other. Because we’re using relativistic units for which the speed of light c is equal to 1, we can write the equation

x = ct

in an even simpler way,

x=t.	(1.5)
Substituting Eq. 1.5 into Maggie’s world line,

x = vt + 1,

gives

t = vt + 1

or

t(1 − v) = 1.

Or, even better,

 t a=1/(1−v ). (1.6)
Now that we know the time coordinate of point a we can find its x coordinate. This is easily done by noticing that all along the light ray, x = t. In other words, we can just replace t with x in Eq. 1.6, and write

xa = 1/(1 − v).

Voilà!—we’ve found point a.

With the coordinates of point a in hand, let’s look at line ab. Once we have an equation for line ab, we can figure out where it intersects Lenny’s world line, x = vt + 2. It takes a few steps, but they’re fun and I don’t know of any shortcuts.

Every line that slopes at 45 degrees, pointing downward to the right, has the property that x + t is constant along that line. Every line sloping upward to the right at 45 degrees has the property that x − t is constant. Let’s take the line ab. Its equation is

x + t = some constant.

What is the constant? An easy way to find out is to take one point along the line and plug in specific values x and t. In particular, we happen to know that at point a,

xa + ta = 2/(1 − v).

Therefore, we know that this is true all along line ab, and the equation for that line must be

x + t = 2/(1 − v). (1.7)
Now we can find b’s coordinates by solving the simultaneous equations for line ab and for Lenny’s world line. Lenny’s world line is x = vt + 2, which we rewrite as x − vt = 2. Our simultaneous equations are

x + t = 2/(1 − v)

and

x − vt = 2.

The solution, after a bit of easy algebra, is



  t b=  2v   (    1−   v   2       )  
   





x
b

=
2

(

1−
v
2

).


 (1.8)
First, the most important point: tb is not zero. Therefore point b, which is simultaneous with the origin in the moving frame, is not simultaneous with the origin in the rest frame.

Next, consider the straight line connecting the origin with point b. By definition, the slope of that line is tb/xb, and using Eqs. 1.8 we see that the slope is v. This line is nothing but the x′ axis, and it is given, very simply, by the equation



t=vx. (1.9)
Keep in mind as we go along that the velocity v can be positive or negative depending on whether I am moving to the right or to the left relative to your frame. For negative velocity you will have to redraw diagrams or just flip them horizontally.

Fig. 1.3 shows our spacetime diagram with the x′ and t′ axes drawn in. The line t = vx (or what is really a three-dimensional surface in the spacetime map when the two other coordinates y, z are accounted for) has the important property that on it, all the clocks in the moving frame record the same value of t′. To give it a name, it is a surface of simultaneity in the moving frame. It plays the same role as the surface t = 0 does for the rest frame.

So far in this section, we’ve worked in relativistic units where the speed of light is c = 1. Here is a good opportunity to practice your skills in dimensional analysis and figure out what Eq. 1.9 would look like in conventional units of meters and seconds. In those units, Eq. 1.9 is not dimensionally consistent; the left side has units seconds and the right side has units meters squared per second. To restore consistency, we have to multiply the right side by an appropriate power of c. The correct factor is 1/c2:


t=(vc2

)x.
	(1.10)


[image: image]
Figure 1.3: SR Frames with x′ and t′ Axes Shown.





The interesting thing about Eq. 1.10 is that it describes a straight line with the incredibly tiny slope vc2

. For example, if v were 300 meters per second (roughly the speed of a jetliner) the slope would be v/c2 = 3 × 10−15. In other words, the x′ axis in Fig. 1.3 would be almost exactly horizontal. The surfaces of simultaneity in the rest and moving frames would almost exactly coincide just as they would in Newtonian physics.

This is an example of the fact that Einstein’s description of spacetime reduces to Newton’s if the relative velocity of the reference frames is much less than the speed of light. This, of course, is an important “sanity” check.

Now we can return to relativistic units with c = 1. Let’s simplify our diagram and keep only the features we’ll need going forward. The dashed line in Fig. 1.4 represents a light ray, whose world line makes a 45-degree angle with both the t and x axes. Art’s world line is shown as the t′ axis. His x′ axis is also labeled. Both of Art’s axes are also labeled with appropriate equations. Notice the symmetry of his two axes: x = vt and t = vx. These two lines are reflections of each other about the dashed light trajectory. They’re related by interchanging t and x. Another way to say it is that they each make the same angle with their nearest unprimed axis—the x axis in the case of t = vx, and the t axis in the case of x = vt.



[image: image]
Figure 1.4: SR Frames Simplified.





We’ve discovered two interesting things. First

Spacetime











Lorentz Transformations



x′
=x−vt
 (1.11)

x′
=(x−vt
)f(v).
 (1.12)

x′
=(x−vt
)f(v2
).
 (1.13)


t′
=(t−vx
)g(v2
),
 (1.14)


 x′
=(x−vt
)f(v2
)

t′
=(t−vx
)g(v2
).
 (1.15)







x′
=(x−vt
)f(v2
)

t′
=(t−vx
)g(v2
).
 (1.16)

x=(x′
+vt′
)f(v2
)

t=(t′
+vx′
)f(v2
).
 (1.17)










f(v2
)=11−v2


.
 (1.18)

x′
=x−vt
1−v2


 (1.19)
t′
=t−vx
1−v2


.
 (1.20)




1.2.3 Historical Aside



1.2.4 Back to the Equations




x′
=x′
+vt′
1−v2


 (1.21)
t′
=t′
+vx′
1−v2


.
 (1.22)
Switching to Conventional Units


t−vc2

x.



x′
=x−vt
1−
 
 v
 2
 

 
 c
 2
 



 (1.23)
t′
=t−vx
c2

1−
 
 v
 2
 

 
 c
 2
 


.
 (1.24)





The Other Two Axes




x′
=x−vt
1−v2
/c2


 (1.25)


t′
=t−vx/c2
1−v2
/c2


 (1.26)

y′
=y
 (1.27)

z′
=z.
 (1.28)
1.2.5 Nothing Moves Faster than Light




1.3 General Lorentz Transformation











1.4 Length Contraction and Time Dilation
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Length Contraction






x′
=(x−v2
x
)
1−v2


.



x′
=(1−v2
)
1−v2




x′
=1−v2
.
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Time Dilation
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t=t′+vx′1−v2
.

t=11−v2
.


The Twin Paradox
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The Stretch Limo and the Bug
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1.5 Minkowski’s World
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t′2+x′2=?t2+x2,

t′2+x′2=?(t−vx)21−v2+(x−vt)21−v2,

t′2+x′2=?t2+v2x2−2vtx1−v2+x2+v2t2−2vtx1−v2.




t′2−x′2=t2+v2x2−2vtx1−v2−x2+v2t2−2vtx1−v2=t2+v2x21−v2−x2+v2t21−v2. (1.29)

t′2−x′2=t2−x2=τ2 (1.30)


x′=x−vt1−v2
t′=t−vx1−v2



τ2=t2−x2−y2−z2. (1.31)
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1.5.1 Minkowski and the Light Cone



x2+y2+z2=c2t2. (1.32)


1.5.2 The Physical Meaning of Proper Time
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τ2=t2−x2c2.
1.5.3 Spacetime Interval






1.5.4 Timelike, Spacelike, and Lightlike Separations







Timelike Separation





Spacelike Separation





Lightlike Separation




1.6 Historical Perspective

1.6.1 Einstein








1.6.2 Lorentz
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