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Gradientsoftangents 




Solution 




(i) Estimated gradient 

is 




( ) 




− − − 




− 




= − 




9 8 




3 2 




1. 




(ii) The gradient of the tangent 

is 

clearly 

positive,but 

the answer in part (i) 




is 

negative. 




(iii) 

( ) 




− 




2 




1 




2 




,  9 3 




8 




is closer to (3, 

−9). 

An improved estimate is 




( ) 




− − − 




− 




= 




9 9 3 




8 




3 2 1 




2 




0.75. 




(i) 

A 

tangent to the curve 

y 

= 

x3 

− 

4x2 

is 

drawn 

at 

the point (3, 

−9). 

Use 




the point (2, 

−8) 

to calculate an estimate to the gradient of the tangent. 




y 




x 




O 




y 

= 

x3 

–4x2 




(3,–9) 




(ii) The tangent at (3, 

−9) 

is shown here on a sketch of the graph. 




Comment on the estimate made in part (i). 




(iii) Find an improved estimate using another backward difference. 




When using these methods for estimating 

a gradient,the 

function must be 




continuous in the interval considered. 




Discussion point 




➜ When 

the 

chord 




is 

moved closer 




to the 

point being 




considered, 

is the 




estimate always 




improved? 




For each of these questions,show your method clearly. 




① 

These five points lie on the same curve:(0, 

−5) 

(1, 

−4) 

(2, 

−1) 

(3,4) (4,11). 




Use the central difference method to calculate an estimate of the gradient of 




the curve at the point (2, 

−1). 




② 

A tangent to the curve 

y 

= 

2x is drawn at the point (1,2). 




(i) 




Use the central difference method with a step of 1 to calculate an 




estimate to the gradient of the tangent. 




Exercise13.4 




Example13.14 





Introduction 




Getting 

the most from this book 




This book supports the revised OCR Free Standing Maths 




Qualification, Additional Mathematics (6993). 

It is 

the second edition, 




and builds on the principles used in the very successful previous 




book to cover the content of the new specification. 

It is 

consequently 




entirely suitable for use 

as a 

classroom textbook. 




However, you may also use 

it 

to provide an independent introduction 




to mathematics beyond GCSE level. So 

it 

has been designed to be 




helpful whether you are working 

in a 

group 

or 

largely 

on 

your own. 




The text 

is 

interactive and the answers to the many worked examples 




are fully 

explained. Throughout 

the book, the emphasis 

is 

on 




understanding and interpretation rather than on routine calculations, 




but the various exercises do, nonetheless, provide plenty of scope for 




practising basic techniques. 




The book 

is 

divided into six sections and sub-divided into chapters. 




Each chapter includes: 





n  






a 

quote, 

an 

image 

and a 

discussion point 




to 

begin the chapter, sometimes including 




elements 

of 

the history 

of 

mathematics 





n  






detailed, step-by-step worked examples, with 




solutions 

and 

callouts 

to 

enhance 

and 

secure 




your understanding 





n  






discussion points 

– 

thought-provoking 




questions 

to 

help you understand the theory 





n  






warnings 

– 

the       icon alerts you 




to 

possible pitfalls and common 




misunderstandings, 

and also to 

whether 

you 




need 

to 

impose 

any 

restrictions 




Linear inequalities in two variables 




7 






70 




Others have done 

it 




before 

me. I can, too. 




CorporalJohnFaunce 




(Americansoldier) 




Discussion point 




➜ What 

isthedifferencebetweenanequationandaninequality? 




Discussion 

point 




TheradiusoftheEarth’sorbitround 




theSunisapproximately 

1.5 

× 

108 

km; 




thatofMarsisabout 

2.3 

× 

108 

km. The 




Earthtakes365daysforoneorbitand 




Marstakes687days. 




Atsometime,thedistancefromEarth 




toMarsis 

x 

km. 




➜ What 

canyousayabout 

x? 




M 




E 




S 




x 
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Introduction 





n  






activities designed 

for 

practising 

the 

skills 

you 




have learnt 

and to 

reinforce 

the 

examples given 




in 

the text 

– 

you can tackle these 

on 

your own 




or in 

groups 

in 

class 





n  






notes 

to 

provide additional 

clarification on 




difficult 

points 





n  






prior knowledge boxes, which indicate where 




GCSE 

(or Key 

Stage 

3) 

knowledge 

is specifically 




required 

to 

begin work 

on a 

topic, 

or 

where 




specific 

knowledge from elsewhere 

in 

the book 




is 

required 






Note 





Points where a curve just ‘twists’, but doesn’t have a zero gradient are also called 




points of inflection, but only 

stationary 

points of inflection, i.e. ones where the 




gradient is zero, are included in this section. The tangent at a point of inflection 




both touches and intersects the curve. 







ACTIVITY 14.1 






The diagram below shows the graph of 

y 

= 

cos 

x. 








x 




y 




1 




–1 




90° 




180° 




270° 




360° 




0° 








Describe the gradient of the curve, using the words ‘positive’, ‘negative’, ‘zero’, 




‘increasing’ and ‘decreasing’, as 

x 

increases from 0° to 360°. 







LEARNING OUTCOMES 





Now you have finished this chapter, you should be able to: 




➤ 

expand, in a quick and efficient manner, expressions of the form (a 

+ 

b)n 

,  




where n is a positive integer 




➤ 

identify single terms of a binomial expansion 




➤ 

use the binomial distribution to calculate probabilities of events involving  




success and failure scenarios. 





KEY 

POINTS 





1 

The binomial expansion of  

a b a 




a b a b 




( ) 

is 

C 




C 




n n n n n n 




1 




1 




2 




2 2 




… 




+ 




+ 




+ 




+ + 




− 




− 




a b 




b 




C 




n 




r 




n r r 




n 




… 




+ + 




− 




where  




n 




r 




n 




r n r 




C C 




! 




!( )! 




n 




r n r 




( ) 




= = 




= 




− 




. 




2 

The binomial distribution, B(n, p) may be used to model situations in which: 




n 

there is a fixed number, n, of independent trials 




n 

each trial has two possible outcomes, success and failure 




n  

the probability of success is the same for each trial 




n  

 the probability of success on any trial is independent of the outcome of any  




other trial. 




3 

The probability of success is denoted by p and that of failure by q. 




+ = 




p q 

1 

       




4 

The probability of r successes and (n – r) failures in n trials is  




p q 




C . 




n 




r 




r n r 




− 

       






FUTURE USES 






If you go on to study  




Mathematics at A Level  




you will use the  




binomial distribution to  




solve various statistical  




problems including  




hypothesis testing. You  




will also learn about  




other distributions that  




can be used in different  




situations. 







① 

The length, 

l 

metres,of a 

field 

is 80m 

greater than the 

width. The 

perimeter 




is 600m. 




(i) 




Write the information in the form of an equation for 

l. 




(ii) 

Solve the equation and so find the area of the field. 




② 

Louise and Molly are twins and their brother Jonathan 

is 

four years younger. 




The total of their three ages 

is 

17 years. 




(i) 




Write this information in the form of an equation in 

j, 

Jonathan’s age 




in years. 




(ii) 

What are all their ages? 




③ 

In 

a 

multiple-choice examination of 20 

questions,four 

marks are given 




for each correct answer and one mark 

is 

deducted for each wrong answer. 




There 

is 

no penalty for not attempting 

a question. A 

candidate attempts 




a 

questions and gets 

c 

correct. 




(i) 




Write 

down,and simplify,an 

expression for the candidate’s total mark 




in terms of 

a 

and 

c. 




(ii) 

A 

candidate attempts three-quarters of the questions and scores 40. 




Write 

down,and solve,an 

equation for the number of correct questions. 




④ 

John 

is 

three times 

as 

old 

as 

his 

son,Michael,and 

in 

x 

years’time 

he will be 




twice 

as 

old 

as 

him. 




(i) 




Write down expressions for John’s and Michael’s age in 

x 

years’time. 




(ii) 

Write 

down,and solve,an 

equation in 

x. 




⑤ 

A 

square has sides of length 2a 

metres,and a 

rectangle has length 3a metres 




and breadth 3 metres. 




The perimeters of the square and the rectangle are 

equal. Find 

a. 




⑥ 

The sum of five consecutive numbers 

is 

equal to 

105. Let 

m 

represent the 




middle number. 




(i) 




Write down the five numbers in terms of 

m. 




(ii) 

Form an equation in 

m 

and solve it. 




(iii) 

What are the five consecutive numbers? 




⑦ 

One rectangle has 

a 

length of (x 

+ 

2) cm and 

a 

breadth of 

2cm,and 




another,of 

equal 

area,has a 

length of 

5cm 

and 

a 

breadth of (x 

− 

3)cm. 




What is the area of each of the rectangles? 




⑧ 

The sides of a right-angled 

triangle,in centimetres,are 

x, 

2x 

− 

2,and 

x 

+ 

2, 




where 

x 

+ 

2 is 

the hypotenuse. 




Find their lengths. 




⑨ 

The difference between two positive numbers 

is 2 

and the difference 




between their squares 

is 

40. 




Taking 

x 

to be the smaller of the two 

numbers,form 

an equation in 

x 

and 




solve it. 




PS 




PS 





Exercise 3.1 





n  






exercise questions, which 

are 

carefully constructed 

for 




each sub-topic 

– 

designed 

to 

embed learning 

as 

well 

as 




provide essential practice 

to 

achieve 

fluency 

(including the 




necessary practice 

in 

relatively basic 

and 

more complex 




mathematical 

techniques). Answers are 

provided 

in the 

back 




of 

the book. For the new 

specification we 

have extended 




the problem-solving content: 

all 

problem-solving questions 





are 

indicated with 

a 

blue 

   PS 

   icon. 





And 

at 

the end of each chapter: 





n  






‘Future uses’ 

briefly 

outlines how 

a 




particular topic 

is 

taken further 

at 




A 

Level Mathematics and 

A 

Level Further 




Mathematics 





n  






‘Learning outcomes’ provides 

a 

checklist 

of 




objectives that have been covered 





n  






‘Key points’ provides you with 

a 

checklist 

to 




ensure 

that you 

have understood each 

step 




required 

for 

each topic. 




At the back of the book there 

is a 

dedicated section of 




practice questions followed by the answers to the exercise 




questions and discussion points. 




Roger 

Porkess,Val 

Hanrahan and Andrew Ginty 




Prior knowledge 




Your work on graphs of functions in Chapter 6 




will be helpful here, as well as that on gradients 




in chapters 5 and 

13. 
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Introduction 




Prior 

knowledge 




This course follows on from Higher Tier GCSE and so readers of this 




book are expected to be familiar with the material they will have met 




there. However, some of 

it is 

repeated and reviewed, particularly in 




the earlier part of the book and also in the introductory work early in 




several chapters. 




SECTION 1 




The first four chapters are about algebra. 





n  






Chapter 1 

provides 

a 

review 

of 

algebraic manipulation, 




including working with square roots. Much 

of this 

material 




will already 

be 

familiar 

to 

readers from GCSE. However, 




fluency in 

basic algebra will 

be 

assumed throughout the course, 




so 

working through this chapter will 

be 

very valuable. 





n  






Chapter 2 

extends 

the 

work 

in the 

previous chapter 

to 

cover 




the 

manipulation 

of 

polynomials, their graphs, 

and the 

solution 




of 

their 

equations. The 

work involving quadratic functions 

will 




be 

familiar from GCSE and this 

is 

now extended 

to 

cubics. 





n  






In 

Chapter 3 

the work 

in 

the previous chapter 

is 

extended 




to 

applications 

of 

equations, involving the use 

of 

contexts and 




also 

inequalities 

in one 

variable. 





n  






Chapter 4 

is 

about sequences. 

In this 

chapter 

the 

basic ideas 




in 

GCSE 

are 

extended 

to 

include recurrence relationships. 




Students will 

be 

assumed 

to be 

competent 

in 

basic algebra. 




SECTION 2 




The next three chapters are about graphs and coordinate geometry. 





n  






Chapter 5 

introduces the ideas 

of 

coordinate geometry. 

It 




builds 

on 

GCSE geometry, 

for 

example Pythagoras theorem, 




and on 

algebra 

and 

graphs from 

the first 

three chapters 

of this 




book. The 

ideas 

are 

extended later 

in this 

book, particularly 

in 




Chapters 

13 to 16 on 

numerical methods and calculus. 





n  






Chapter 

6 

on 

graphs, extends the work 

in 

Chapter 

2 on 




polynomials. 

It 

also introduces trigonometric and exponential 




graphs, which 

are 

taken further 

in 

Chapters 

8 and 11. 





n  






Chapter 

7 

covers inequalities 

in two 

variables, including linear 




programming. 

It 

builds 

on 

work 

in 

Chapter 

3 on 

inequalities, 




and in 

Chapter 

5 on 

coordinate geometry. 
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Introduction 




SECTION 3 




The next two chapters are about trigonometry. 





n  






Chapter 8 

builds 

on the 

basic ideas from GCSE 

of 

using 




trigonometry 

to 

solve triangles. 

It 

extends the ideas 

so 

that the 




trigonometric ratios are seen 

as 

functions and used 

in 

graphs, 




equations and 

identities. The 

work 

on 

graphs extends ideas 




met in 

Chapter 5. 





n  






In 

Chapter 9 

some 

of the 

ideas from 

the 

previous chapter 

are 




used 

to 

solve problems 

in 

three dimensions. 




SECTION 4 




The next two chapters are about selections and so set the stage for 




students’ later work in probability and statistics. 





n  






Chapter 10 

covers permutations and combinations. 

It 

builds 




on the 

GCSE requirement 

to 

enumerate 

sets 

systematically, 




and 

extends 

into 

work 

that is 

largely 

new and 

free-standing. 





n  






Chapter 11 

is 

about 

the 

binomial distribution. Covering 

this 




will require 

an 

understanding 

of 

polynomials from Chapter 

2 




as 

well 

as 

general algebraic 

fluency. 




SECTION 

5 




The next two chapters are about powers and iteration. 





n  






Chapter 12 

covers exponentials and 

logarithms. This is 




mostly 

new 

work 

but 

exponential graphs were introduced 

in 




Chapter 

5. As in 

much 

of this 

course, students 

are 

expected 

to 




be 

competent 

in 

basic algebra, covered 

in 

GCSE and the early 




chapters 

of 

this book. 





n  






Chapter 13 

formalises GCSE approaches 

to 

graphical 




estimation. 

It 

covers numerical methods 

for 

solving equations, 




extending Chapters 

2 and 3, finding a 

gradient, extending 




Chapter 

5, and finding the area 

under 

a curve. This 

chapter 

has 




a 

pivotal role 

in 

this 

book. The 

work 

on 

gradients underpins 




Chapter 

14 on 

differentiation and that 

on 

the area under 

a 




curve 

is 

taken further 

in 

Chapter 

15 on 

integration. 




SECTION 6 




The final three chapters are about calculus. 





n  






In 

Chapter 14 

the key 

calculus concept 

of 

differentiation 




is introduced. This 

builds 

on 

earlier work 

on 

coordinate 




geometry 

in 

Chapter 

5 

and 

on finding a 

gradient numerically 




in 

Chapter 13. 





n  






Chapter 15 

covers 

integration. This 

extends and formalises 




methods 

for finding the area 

under 

a 

curve 

that 

students have 




met in 

Chapter 

13, and 

builds 

on the 

work 

in 

Chapter 

14 on 




differentiation. 





n  






In 

Chapter 16 

the calculus introduced 

in 

the previous two 




chapters 

is 

applied 

to 

kinematics. 









1 




One 

really can’t argue 




with 

a 

mathematical 




theorem. 




Stephen Hawking 




(1942−2018) 




1 




Algebraic manipulation 




Early mathematics focused principally on arithmetic and geometry. However, in 




the sixteenth century 

a 

French mathematician, François Viète, started work on ‘new 




algebra’. He was 

a 

lawyer by trade and served 

as a 

privy councillor to both Henry III 




and Henry IV of France. His innovative use of letters and parameters in equations 




was an important step towards modern algebra. 




Algebra 

is 

the foundation of much of what 

is 

referred to 

as 

‘Pure mathematics’. 




Simplifying algebraic fractions 




Fractions in algebra obey the same rules 

as 

fractions in 

arithmetic. These 

cover two 




pairs of operations: 

× 

and 

÷, 

and 

+ 

and 

−. 




Discussion points 




➜ 

What is a 

fraction 

in 




arithmetic? 




➜ 

What about in 




algebra? 




Discussion points 




➜ 

When can you cancel 

fractions 

in 

arithmetic? 




➜ 

What about in 

algebra? 




➜ 

What is a factor in 

arithmetic? 




➜ 

What about in 

algebra? 









2 




Simplifying algebraic fractions 




Solution 




(i) 




18 




24 




6 3 




6 4 




3 




4 




1 




1 




= 




× 




× 




= 




(ii) 




x 




x 




x 




x 




2 




2 




3 




3 




2( 




1) 




3( 




1) 




2 




3 




+ 




+ 




= 




+ 




+ 




= 




(iii) 




a 




a 




a 




a 




a 




a 




a 




a 




a 




a 




6 




8 




15 




( 

3) 

( 

2) 




( 

3) 

( 

5) 




( 

2) 




( 

5) 




2 




2 




1 




1 




− − 




− 




+ 




= 




− 




+ 




− 




− 




= 




+ 




− 




Solution 




(i) 




+ = 




+ 




= 




2 




3 




3 




4 




8 




12 




9 




12 




17 




12 




(ii) 




+ = 




+ 




= 




x x 




x 




x 




x 




5 




6 




4 




10 




12 




3 




12 




13 




12 




The new denominator is 




the LCM of 6 and 4. 




Solution 




(i) 




× 




= 




× 




= × 




× 




= 




2 




3 




9 




14 




2 




3 




9 




14 




1 3 




1 7 




3 




7 




1 




1 




3 




7 




(ii) 




÷ 




= × 




= 




3 




4 




9 




16 




3 




4 




16 




9 




4 




3 




(iii) 




× 




= 




a b 




c 




c 




ab 




ac 




3 




2 




4 




9 




2 




3 




2 




3 




2 




(iv) 




− 




+ 




÷ 




+ 




− 




= 




+ 




− 




+ 




× 




+ − 




+ 




n 




n 




n 




n 




n 




n 




n 




n n 




n 




4 




9 




1 




2 




3 




1 




(2 3)(2 3) 




1 




( 

1)( 

1) 




2 3 




2 




2 





       




= 

(2n 

− 

3)(n 

− 

1) 




Simplify the following. 




(i) 




18 




24 




(ii) 




+ 




+ 




x 




x 




2 2 




3 3 




(iii) 




a 




a 




a 




a 




6 




8 




15 




2 




2 




− − 




− 




+ 




Simplify the following. 




(i) 




× 




2 




3 




9 




14 




(ii) 




÷ 




3 




4 




9 




16 




(iii) 




× 




a b 




c 




c 




ab 




3 




2 




4 




9 




2 




3 




(iv) 




n 




n 




n 




n 




4 




9 




1 




2 3 




1 




2 




2 




− 




+ 




÷ 




+ 




− 




Simplify the following. 




(i) 




+ 




2 




3 




3 




4 




(ii) 




+ 




x x 




5 




6 4 




(iii) 




+ 




+ 




− 




x 




x 




2 




( 




1) 




5 




( 




1) 




(iv) 




− 




− 




+ 




a 




a 




a 




1 




2 




1 




2 




Example 1.1 




Example 1.2 




Example 1.3 




Discussion point 




➜ What 

is a common 




denominator? 




To add or subtract fractions 

it is 

first necessary to find 

a 

common denominator. 




Remember that in algebra 




you must factorise before 




cancelling. 




Prior knowledge 




This chapter is about 




basic 

algebra. Although 




you will have met the 




work at GCSE you really 




do need to be fluent 




and accurate in it. 




This 

chapter 

is a good 




opportunity 

to practise 




and polish your 

skills. 









3 




Simplify the following. 




① 

(i) 




a b 




ab 




4 




2 




2 




2 




(ii) 




x y 




xy 




6 




9 




2 3 




4 




(iii) 




ab 




a b 




4 




10 




3 




3 




(iv) 




p q r 




p q r 




6 




3 




2 3 




3 3 2 




② 

(i) 




+ 




+ 




x 




x 




2( 




3) 




4 




12 




(ii) 




+ 




a 




a a 




2 




– – 6 




2 




(iii) 




+ 




x y 




x y 




 3( 




) 




– 




2 2 




(iv) 




p 




p p 




2 




6 – 2 




  




2 




③ 

(i) 




+ 




x 




x 




x 




– 4 




3 




2 – 6 




2 




(ii) 




+ 




x 

xy 




x y 




– 




2 




2 




2 




(iii) 




+ 




+ 




x 




xy 




xy 

y 




3 




3 




6 




6 




2 




2 




(iv) 




− 




+ 




x 




x 




9 1 




9 3 




2 




④ 

(i) 




× 




a 




b 




b 




a 




3 




6 




2 




3 




(ii) 




− 




× 




− 




xy 

y 




y 




x 




x y 




2 




(iii) 




− 




+ 




− 




× 




− 




− 




x 




x 




x 




x 




x 




x 




4 




4 




2 




2 




4 




2 




2 




2 




(iv) 




+ 




− 




× 




− 




+ 




p 




p 




p p 




p 




4 

12 




3 




9 




3 




2 




3 




2 




⑤ 

(i) 




− 




÷ 




− 




x 




x 




x 




x 




1 




2 




4 




4 




2 




2 




(ii) 




+ − 




÷ 




− − 




+ 




a a 




a a 




a 




3 




2 




2 




6 




2 




8 4 




2 




2 




(iii) 




− 




+ 




÷ 




− − 




+ 




+ 




x 




x 




x 




x 




x 




x 




2 




1 




1 




2 




1 




3 




2 




2 




2 




(iv) 




− 




+ 




÷ 




− + 




+ − 




x 




x 




x x 




x x 




3 9 




2 




6 9 




2 




2 




2 




2 




⑥ 

(i) 




+ 




a 




a 




2 




3 




3 




2 




(ii) 




+ 




a 




a 




2 




3 




3 




2 




(iii) 




− 




a a 




3 




5 4 




(iv) 




− 




a a 




5 




3 




4 




⑦ 

(i) 




+ 




+ 




− 




a 




a a 




a 




2 




3 




2 




2 




(ii) 




− 




+ 




− 




x 




x y 




y 




y x 




2 




2 




(iii) 




− 




+ 




+ 




+ 




− 




a b 




a b 




a b 




a b 




(iv) 




+ + 




+ 




p 




p 




p 




p 




2 3 




3 




3 




2 3 




⑧ 

(i) 




− 




− 




+ 




p 




p 




p 




1 




1 




1 




2 




(ii) 




+ 




− 




− 




m n m n 




2 




( 




) 




1 




( ) 




(iii) 




( 




) 




( 




) 




+ − 




− 




x 




x 




x 




x 




5 2 




1 




3 




3 2 




1 




5 




(iv) 




− 




− 




+ 




p 




p 




4 




2 




3 




2 1 




Exercise 1.1 




(iii) 




x 




x 




x 




x 




x 




x 




x 




x 




x 




x 




x 




x 




x 




x 




x 




2 




( 




1) 




5 




( 




1) 




2( 1) 




( 




1)( 

1) 




5( 1) 




( 

1)( 

1) 




2 




2 5 5 




( 

1)( 

1) 




7 3 




( 

1)( 

1) 




+ 




+ 




− 




= 




− 




+ 




− 




+ 




+ 




+ − 




= 




− + + 




+ 




− 




= 




+ 




+ 




− 




(iv) 




− 




− 




+ 




= 




− 




+ 




− 




+ 




a 




a 




a 




a 




a 




a 




a 




1 




2 




1 ( 

1)( 

1) 




2 




1 




2 




= 




− 




+ 




− 




− 




− + 




a 




a 




a 




a 




a 




a 




( 

1)( 

1) 




2( 1) 




( 

1)( 

1) 




= 




− + 




− 




+ 




a a 




a 




a 




2 2 




( 

1)( 

1) 




= 




− 




− 




+ 




a 




a 




a 




2 




( 

1)( 

1) 




Here you must factorise 




before looking for the 




common 

denominator. 
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Simplifying expressions containing square roots 




⑨ 

(i) 

Simplify 

− 




− 




− 




x 




x 




5 




1 




3 




7 




(ii) 

Solve the equation 

− 




− 




− 




= 




x 




x 




5 




1 




3 




7 




0 




(iii) 

What 

is 

the difference between simplifying algebraic fractions and 




solving an equation involving algebraic fractions? 




Solution 




(i) 




8    2 2 2 




        




2 




2   2 




        




2 




2 




  




2 2 




2 




( ) 




= 




× × 




= 




× 




× 




= 




× 




= 




(ii) 




6 3    6 3 




               

   2 3 3 




               




3 




2 




  




3 2 




2 




( ) 




× = × 




= × × 




= 




× 




= 




(iii) 




= 




× 




× 




= 




= 




32 – 18 




 16 

2 –  9 2 




                  

4 2 – 3 2 




                        




2 




(iv) 




+ 




= 




× + × 




12 




27 




4 3 




9 3 




2 3 3 3 




= 




+ 




= 

5 3 




(v) 




4 




3 4 – 3 

16 

– 4 3 4 3 – 3 




                        

    

16 

– 3 




                         

  

13 




2 




( 




)( 




) 




( ) 




+ 




= 




+ 




= 




= 




Simplify the following. 




(i) 




8 




(ii) 




× 




6 3 




(iii) 




− 




32 




18 




(iv) 




+ 




12 27 




(v) 




( 




)( 




) 




+ 




− 




4 




3 4 




3 




Example 1.4 




Numbers like these 




involving at least 




one square root are 




called surds. 




Notice that in this answer 




there is no square root. 




The expansion involves 




the difference of squares. 




Simplifying expressions containing 




square roots 




In mathematics there are times when 

it is 

helpful to be able to manipulate square 




roots, rather than just find their values from your 

calculator.This 

ensures that you 




are working with the exact value, not just 

a 

rounded version. 




Although calculators today will perform the numerical operations below for you, 




exactly the same techniques apply 

in 

algebra, 

as 

you will see 

in 

Examples 1.5 and 1.7. 









5 




Solution 




(i) 




= 




× × 




a 




a a a 




  




3 




= 

a a 




(ii) 




× 




= 




ab 




a 




a b 




  




2 




= 

a b 




(iii) 




− 




= 




− 




ab 




ac 




b a c a 




2 




2 




=  

( 




) 




− 




a b c 




(iv) 




− 




= 




− 




a b 




a c a b a c 




2 




2 




( 




) 




= 




− 




a b 




c 




(v) 

( 




)( 




) 




+ 




− 




= − 




+ 




− 




a 




b a 




b 




a a b a b b 




2 




= − 




a b 




2 





       




Notice, also, how there 

is 

less work in this example than in the previous 




one, since you don’t have to start by looking for common factors. 




In the next example, all the expressions involve fractions with 

a 

square root 




on the bottom line. 




It is 

easier to work with expressions both in arithmetic and in algebra 

if 

any 




square roots are on the top line only. Manipulating 

a 

number to this form 

is 




called 

rationalising the denominator. 




Simplify the following. 




(i) 




a 




3 




(ii) 




× 




ab 

a 




(iii) 




− 




ab 




ac 




2 




2 




(iv) 




− 




a b a c 

  




2 




2 




(v) 

( 




)( 




) 




+ 




− 




a 




b a 




b 




Example 1.5 




This answer also does 




not include a square root 




as it is a difference of 




squares: it is rational. 




When you come to 




Examples 1.6 and 1.7 




you will see how this 




expansion is used 




in rationalising the 




denominator. 




Discussion point 




➜ What 

is a rational 




number? 




Simplify the following by rationalising their denominators. 




(i) 




2 




3 




(ii) 




3 




5 




(iii) 




3 




8 




(iv) 




+ 




1 




2 




3 




Example 1.6 




Solution 




(i) 




2 




3 




2 




3 




3 




3 




2 3 




3 




2 3 




3 




2 




( ) 




= 




× 




= 




= 




(ii) 




3 




5 




3 




5 




3 




5 




5 




5 




3 5 




5 




15 




5 




2 




( ) 




= 




= 




× 




= 




× 




= 




Notice how multiplying 




the top and bottom 




by 

3 

results in a 




denominator with no 




square root in it; it has 




been 

rationalised. 
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Simplifying expressions containing square roots 




Each part of the next example 

is 

similar to the ones above but uses algebra 




instead of arithmetic. 




Solution 




(i) 




a 




b 




a 




b 




b 




b 




= 




× 




(ii) 




= 




a 




b 




a 




b 




= 




a b 




b 




a 




b 




b 




b 




= × 




ab 




b 




= 




(iii) 




= 




a 




b 




a 




b 




3 




3 




(iv) 

a b 




a b 




a b a b 




1 




( 




) 




( 




)( 




) 




+ 




= 




− 




+ 




− 




= 




a 




b b 




= 

− 




− 




a b 




a b 




2 




= 




× 




a 




b b 




b 




b 




= 




ab 




b 




2 




Simplify the following by rationalising their denominators. 




(i) 




a 




b 




(ii) 




a 




b 




(iii) 




a 




b 




3 




(iv) 




+ 




a b 




1 




Example 1.7 




Look back 




to part (iv) of 




Example 1.5. 




The result 




obtained there 




is used here. 




Simplify: 




(i) 




− 




+ 




3 




2 




3 




2 




(ii) 




− 




+ 




a 




b 




a 




b 




. 




Example 1.8 




(iii) 




3 




8 




3 




8 




3 




2 2 




3 




2 2 




2 




2 




3 




2 




2 2 




6 




4 




2 




( ) 




= 




= 




= 




× 




= 




× 




= 




(iv) 




1 




2 3 




  




2 3 




2 3 2 3 




( 




) 




( 




)( 




) 




+ 




= 




− 




+ 




− 




2 3 




4 3 




( 




) 




= 




− 




− 




2 3 




= − 




Notice in 




part (iv) how 




multiplying 




the top and 




bottom by 




− 




2 3 




rationalises the 




denominator. 
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Solution 




(i) 




Multiply the top and bottom of the fraction by 

( 




) 




− 




3 2 : 




      




3 




2 




3 




2 




3 




2 




3 




2 




3 2 




3 2 




( 




) 




( 




) 




( 




) 




( 




) 




− 




+ 




= 




− 




+ 




× 




− 




− 




= 




− 




− 




+ 




− 




3 




6 




6 2 




3 2 




= − 




5 2 6 




(ii) Multiply the top and bottom of the fraction by 

( 




) 




− 




a b 

: 




( 




) 




( 




) 




( 




) 




( 




) 




− 




+ 




= 




− 




+ 




× 




− 




− 




a 




b 




a 




b 




a 




b 




a 




b 




a b 




a b 




( 




) 




= 




− 




− 




a 




b 




a b 




2 




Discussion point 




➜ How 

would you 




rationalise 

the 




denominator 

of 




− 




a 




b 




1 




? 




Solution 




Let the length of the hypotenuse be 

h. 




Using Pythagoras’ theorem 




( 




) 




= 




+ 




h 

  5 




3 




2 




2 

+ 

( 




) 




− 




5 




3 




2 




( 




) ( 




) 




= 




+ 




+ + − 




+ 




5 2 

15 

3 




5 2 

15 

3 




= + 




+ − 




8 2 

15 

8 2 

15 




= 

16 




The length of the hypotenuse 

is 4 

cm. 




A 

right-angled triangle has shorter sides of lengths 

( 




) 




+ 




5 3 

cm and 




( 




) 




− 




5 




3 

cm. Find the length of the hypotenuse. 




Example 1.9 




(√5 

− √3) 

cm 




(√5 

+ √3) 

cm 




h 




Solution 




Using Pythagoras’ theorem 




6 




2 




= 




+ 

h 




2 




2 




2 




⇒ 




= + 

h 




 36 

4 




  




2 




⇒ = 

h 




32   




  




2 




⇒ = 

h 




32 

  




  




2 




h 




32 




  




⇒ 

= 




h 




32 




  




⇒ 

= 




= 

4 2 




The ladder reaches 

4 2 

metres up the wall. 




A 

ladder of length 

6 

m 

is 

placed 

2 

m from 

a 

vertical wall 

at 

the side of 

a 




house. How far up the wall does the ladder reach? Give your answer 

as a 

surd 




in its simplest form. 




Example 1.10 




2 

m 




6 

m 




h 




Notice that 

32 

is not 




in its simplest form. It 




is always good practice 




to simplify surds into 




their simplest form, in 




this case 

4 2. 

In this 




example the question 




actually told you to do 




this. 




h 

must be 

positive. 
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Simplifying expressions containing square roots 




Do not use 

a 

calculator for this exercise. 




① 

Write each of the following in its simplest form. 




(i) 




12 




(ii) 




75 




(iii) 




300 




(iv) 




+ 




3 5 6 5 




(v) 




+ 




48 

  

27 




(vi) 




− 




3 

45 

2 

20 




② 

Write each of the following in its simplest form. 




(i) 




a 




3 




(ii) 




a 




27 




2 




(iii) 




a 




16 




(iv) 




+ 




a b 




ab 




  




2 




2 




(v) 




+ 




a 




a 




3 




27 




2 




2 




(vi) 




+ 




ab 




ab 




3 




27 




③ 

Express each of the following 

as 

the square root of 

a 

single number. 




(i) 

    3 6 




(ii) 

5 

5   




(iii) 

12 

3 




(iv) 

10 17 




④ 

Simplify the following, leaving all square roots in the numerator. 




(i) 




25 




49 




(ii) 




24 




9 




(iii) 




12 




15 




(iv) 




6 




121 




⑤ 

Simplify the following leaving all square roots in the numerator. 




(i) 




a 




b 




2 




2 




(ii) 




a 




b 




12 




9 




2 




(iii) 




a 




b 




8 




3 




2 




(iv) 




ab 




a b 




3 




12 




2 




2 




⑥ 

Simplify the following by collecting like terms. 




(i) 




( 




) ( 




) 




+ 




+ + 




3 




2   5 4 2 




(ii) 




( 




) ( 




) 




− + 




+ 




4 3 1 4 3 1 




⑦ 

Expand and simplify: 




(i) 




( 




)( 




) 




+ 




− 




3 2 




3 2 




(ii) 




( 




) 




− 




3 5 3 




(iii) 

( 




) 




+ 




4 




2 




2 




(iv) 

( 




)( 




) 




− 




− 




6   3 6   3 . 




⑧ 

Expand and simplify: 




(i) 




( 




)( 




) 




+ 




− 




a 




b a 




b 




2 




2 




(ii) 

( 




) 




− 




a 




b 




3 




4 




2 




(iii) 

( 




) 




+ 




a 




b 




2 




3 




2 




(iv) 




( 




) 




− 




ab 

a b 

. 




⑨ 

Rationalise the denominators, giving each answer in its simplest form. 




(i) 




1 




6 




(ii) 




12 




3 




(iii) 




6 




2 2 




(iv) 




( 




) 




− 




1 




5   2 




(v) 




+ 




− 




3 




2 




4 




2 




(vi) 




− 




+ 




3 5 




5 5 




⑩ 

Rationalise the denominators, giving each answer in its simplest form. 




(i) 




ab 




1 




(ii) 




ab 




a b 




2 




2 




(iii) 




ab 




b 




3 




3 




(iv) 




− 




a 




b 




1 




(v) 




+ 




− 




a 




a 




2 




2 




(vi) 




− 




+ 




a b 




a 




b 




2 




2 




Exercise 

1.2 
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⑪ 

Write the following in the form 

+ 




a b c 

where 

c 

is 

an integer and 

a 

and 

b 




are rational numbers. 




(i) 




+ 




− 




1 




2 




3 




2 




(ii) 




+ 




3 5 




3 




5 




(iii) 




− 




2 6 




6 2 




⑫ 

Find the length of AC of the triangle shown below. 




( 3 

+ √2 

) 

cm 




( 3 

− √2 

) 

cm 




B 




C 




A 




⑬ 

A 

square has sides of length 

x 

cm and diagonals of length 12 cm. Use 




Pythagoras’ theorem to find the exact value of 

x 

and find the area of the square. 




⑭ 

An equilateral triangle has sides of length 3 cm. 




Find: 




(i) 




the height of the triangle 




(ii) 

the area of the triangle in its simplest surd form. 




PS 




KEY POINTS 




1 

When 

simplifying 

an 

algebraic fraction involving multiplication 

or 

division 

you 




must factorise first and then you can cancel by a common factor. 




2 

When 

simplifying 

an algebraic fraction involving addition or 

subtraction 

you 




first need to find a 

common denominator. 

This may not just be the 

product 

of 




existing 

denominators. 




3 

When 

simplifying expressions 

involving square roots you should: 





n 

make the 

number 

under the square root sign as small as 

possible 




n 

rationalise 

the 

denominator. 





FUTURE 

USES 




The ability to 

manipulate 

algebraic 

expressions 

pervades the whole of Pure 




Mathematics 

at this level and 

beyond. 




LEARNING OUTCOMES 




Now you have finished this 

chapter, 

you should be able to: 





➤  

simplify 

expressions 

involving algebraic fractions and square 

roots. 
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Polynomials, functions 

and 




equations 




If A 

equals success, then 




the formula 

is A 

equals 




X 

plus 

Y 

plus 

Z, 

with 

X 




being work, 

Y 

play, 

and Z 




keeping your mouth shut. 




Albert Einstein 

(1879–1955) 




Discussion point 




4 




2 




–2 




–4 




2 




–2 




x 




y 




0 




Look at the graph. 




➜ Which 

of these could be the 

equation 

for the curve? 




n 




= 




− 




y x 




  




4 




2 




n 




= − 




y 




x 




4 




2 




n 




= − 




y x 




x 




4 




3 




n 




= − + 




y x x 




4 




3 




n 




= − 




y x x 




4 




4 2 




n 




= − 




y x x 




4 




2 

4 
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Addition 

and 

subtraction 

of 




polynomials 




A 

quadratic expression such 

as 




− − 




x 




x 




5 




3 4 




2 




is 

an example of 

a 

polynomial. 




The 

order 

of 

a 

polynomial 

is 

the highest power of 

x 

(or whatever letter 

is 

being 




used). 

It is 2 

for 

a 

quadratic. 




Similarly, the cubic polynomial 




− + 




x 




x 




6 2 




3 




has order 

3. 




Polynomials can have any positive whole number 

as 

their order and, apart from 

a 




possible constant term, they can only include positive whole number powers of 




the variable. 




Discussion point 




Here are four 

expressions. 




Only two of them are 




polynomials. 




➜ Which 

two are they? 




➜ Why 

are the other two 




not 

polynomials? 




n 




+ + 




+ 




x 




x 




x 

4 




3 




2 




n 




+ 




+ 




− 




x 




x 




x 




3 




2 




1 




5 




3 




n 




+ + + 




x 




x 




x 




2 3 




2 




n 




+ + 




z 




z 




z 




3 




2 




To add or subtract polynomials, collect like terms. 




Example 2.1 




Example 2.2 




Add (2x 




3 




+ 

3x 

+ 

3) to (7x 




2 




− 

x 

+ 

4). 




Subtract (x 




3 




− 

5x 




2 




+ 

7x 

− 

1) from (3x 




3 




+ 

x 




2 




− 

2x 

− 

4). 




Solution 




2x 




3 




+ 

3x 

+ 

3 




+ 




7x 




2 




− 

x 

+ 

4 




2x 




3 




+ 

7x 




2 




+ 

2x 

+ 

7 




Solution 




Notice that subtracting 




a negative quantity is 




the same as adding the 




positive value. 

−(−5x 




2 




) 

is 




the same as 

+5x 




2 




. 




3x 




3 




+ 

x 




2 




− 

2x 

− 

4 




− 

(x 




3 




− 

5x 




2 




+ 

7x 

− 

1) 




2x 




3 




+ 

6x 




2 




− 

9x 

− 

3 




Multiplication 

of 

polynomials 




Example 2.3 




Use expansion to multiply (2x 

− 

3) by (x 

− 

4). 




Solution 




(2x 

− 

3) 

× 

(x 

− 

4) 




2x(x 

− 

4) 

− 

3(x 

− 

4) 




2x 




2 




− 

8x 

− 

3x 

+ 

12 




2x 




2 




− 

11x 

+ 

12 




Notice that 

−3 × −4 = +12. 




You can also use long multiplication to multiply polynomials, 

as 

in the next 




example. 




Prior knowledge 




This chapter builds on 




work you should be 




familiar 

with from GCSE: 




addition and 

subtraction 




of 

polynomials 

and the 




multiplication 

of two 




linear 

polynomials. 
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Division of polynomials 




Example 2.4 




Use long multiplication to multiply (x 




3 




+ 

2x 

− 

4) by (x 




2 




− 

x 

+ 

3). 




Solution 




x 




x 




Multiply top line by 




Multiply top line by (– 

) 




Multiply top line by 

3 




2 




Keep 

a 

separate 




column for each power 




of 

x. 

Sometimes 

it is 




necessary to leave gaps. 




In arithmetic, zeros are 




placed in the gaps. For 




example, four thousand 




and five 

is 

written 

as 




4005. 




x 




3 




+ 

2x 

− 

4 




× 




x 




2 




− 

x 

+ 

3 




x 




5 




+ 

2x 




3 




− 

4x 




2 




− 

x 




4 




− 

2x 




2 




+ 

4x 




3x 




3 




+ 

6x 

− 

12 




x 




5 




− 

x 




4 




+ 

5x 




3 




− 

6x 




2 




+ 

10x 

− 

12 




Example 2.5 




Divide (x 




3 




+ 

5x 




2 




+ 

7x 

+ 

2) by (x 

+ 

2). 




Solution 




) 




x 




x 




x 




x 




x 




x 




x 




2 




5 




7 




2 




2 




2 




3 




2 




3 




2 




+ 




+ 




+ 




+ 




+ 




Now subtract (x 




3 




+ 

2x 




2 




) 

from (x 




3 




+ 

5x 




2 




), 

bringing down the next term 




(i.e. 7x) and repeat the method above. 




) 




x 




x 




x 




x 




x 




x 




x 




x 




x 




x 




x 




x 




3 




2 




5 




7 




2 




2 




3 




7 




3 




6 




2 




3 




2 




3 




2 




2 




2 




+ 




+ 




+ 




+ 




+ 




+ 




+ 




+ 




Continuing gives 




) 




x 




x 




x 




x 




x 




x 




x 




x 




x 




x 




x 




x 




x 




x 




3 




1 




2 




5 




7 




2 




2 




3 




7 




3 




6 




2 




2 




0 




2 




3 




2 




3 




2 




2 




2 




+ 




+ 




+ 




+ 




+ 




+ 




+ 




+ 




+ 




+ 




+ 




You now have the result that (x 




3 




+ 

5x 




2 




+ 

7x 

+ 

2) 

÷ 

(x 

+ 

2) 

= 

x 




2 




+ 

3x 

+ 

1. 




The final 

0 

tells you that there is no remainder, 




so 

x 

+ 

2 

is a divisor of 

x 




3 




+ 

5x 




2 




+ 

7x 

+ 

2; 




it is one of its factors. 




The leading term in 

x 




3 




+ 

5x 




2 




+ 

7x 

+ 

3 

is 

x 




3 




. 




The leading term in 

x 

+ 

2 

is 

x. 




Write 

x 




2 




down at the top and in the working 




multiply 

x 

+ 

2 

by 

x 




2 




. 




When you divide 

x 




3 




by 

x, 




you get 

x 




2 




. 




Division 

of 

polynomials 




If 

you don’t know whether there will be 

a 

remainder, this should be set out like 




arithmetical long division. 
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Example 2.6 




Example 2.7 




Divide (x 




4 




− 

x 




3 




− 

2) by (x 

+ 

1). 




Divide (x 




3 




− 

x 




2 




− 

2x 

+ 

8) by (x 

+ 

2). 




Solution 




) 




x 




x 




x 




x 




x 




x 




x 




x 




x 




x 




x 




x 




x 




x 




x 




x 




2 




2 




2 




1 




2 




2 




2 




2 




2 




2 




2 




2 




2 




2 




2 




0 




3 




2 




4 




3 




4 




3 




3 




3 




2 




2 




2 




− 




+ 




− 




+ 




− 




− 




+ 




− 




− 




− 




+ 




− − 




− − 




Keep 

a 

separate 




column for each power 




of 

x. 




Solution 




Let (x 




3 




− 

x 




2 




− 

2x 

+ 

8) 

= 

(x 

+ 

2)(ax 




2 




+ 

bx 

+ 

c) 




Multiplying each term in the second bracket by 

x 

and then by 

2 




x ax 




bx c 




ax bx c 




( 




) 2( 




) 




2 




2 




= 




+ + + 




+ + 




ax 




bx 




cx 




ax 




bx 

c 




2 




2 




2 




3 




2 




2 




= 




+ 




+ + 




+ 




+ 




Collecting like terms 




= 




+ + 




+ + 




+ 




ax 




b 




a x 




c b x c 




( 




2 ) 




( 2 ) 2 




3 




2 




This gives 




x 




x 




x 




ax 




b a x c b x c 




2 




8 




( 2 ) 




( 2 ) 2 




3 




2 




3 




2 




− 




− 




+ = 




+ + 




+ + 




+ 




Comparing coefficients 




a 

= 

1 




b 

+ 

2a 

= −1 ⇒ 

b 

= −3 




(since 

a 

= 

1) 




c 

+ 

2b 

= −2 ⇒ 

c 

= 

4 




(using 

b 

= −3) 




Check the constant term, 

2c 

= 

8, 

which 

is 

correct. So the answer 

is 




x 




2 




− 

3x 

+ 

4 




Make sure, when setting this out, 




that you leave gaps where there 




are missing powers of 

x. 




If 

you know that there 

is 

no remainder, then 

it is 

possible to divide one 




polynomial by another using inspection 

as 

in the following 

example.This is 

an 




extension of the method you used to multiply two brackets. 




Comparing coefficients of 

x 

allows you to check the values of 

b 

and 

c. 




With practice you may be able to do this method 

by inspection. 
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The factor theorem 




① 

State the orders of the following polynomials. 




(i)  

2x 




3 




+ 

3x 

− 

5 




(ii)  

x 




5 




− 

2 




(iii)  

4x 




6 




+ 

2x 




3 




− 

x 




2 




+ 

1 




(iv)  

7x 




4 




− 

2x 




3 




+ 

3 




② 

(i) 

Add (2x 




3 




+ 

3x 




2 




− 

x 

+ 

4) to (3x 




3 




− 

x 




2 




+ 

5x 

− 

1). 




(ii)  

Add (5x 




4 




− 

2x 




2 




+ 

3x 

+ 

1) to (x 




3 




− 

x 




2 




+ 

5x 

− 

5). 




③ 

(i) 

Subtract (2x 




3 




− 

3x 




2 




+ 

4x 

+ 

1) from (5x 




3 




− 

2x 




2 




+ 

4x 

− 

1). 




(ii)  

Subtract (3x 




4 




− 

2x 




2 




− 

3x 

+ 

2) from (x 




3 




+ 

4x 




2 




+ 

3x 

− 

2). 




④ 

(i) 

Multiply (x 




3 




− 

x 




2 




+ 

x 

− 

2) by (x 




2 




+ 

1). 




(ii)  

Multiply (x 




5 




+ 

x 




4 




+ 

x 




3 




+ 

x 




2 




+ 

x 

+ 

1) by (x 

− 

1). 




⑤ 

(i) 

Multiply (x 




4 




− 

2x 




2 




+ 

3) by (x 




2 




+ 

2x 

− 

1). 




(ii)  

Multiply (2x 




3 




− 

3x 

+ 

5) by (x 




2 




− 

2x 

+ 

1). 




⑥ 

(i) 

Expand (x 

+ 

2)(x 

− 

1)(x 

+ 

3). 




(ii)  

Expand (2x 

+ 

1)(x 

− 

2)(x 

+ 

4). 




⑦ 

(i)  

Simplify (2x 




2 




− 

1)(x 

+ 

2) 

− 

4(x 

+ 

2) 




2 




. 




(ii)  

Simplify (x 




2 




− 

1)(x 

+ 

1) 

− 

(x 




2 




+ 

1)(x 

− 

1). 




⑧ 

(i) 

Divide (x 




3 




+ 

2x 




2 




− 

x 

− 

2) by (x 

− 

1). 




(ii)  

Divide (x 




3 




+ 

x 




2 




− 

5x 

+ 

3) by (x 

+ 

3). 




(iii)  

Divide (2x 




3 




− 

5x 




2 




− 

11x 

− 

4) by (2x 

+ 

1). 




(iv)  

Divide (6x 




3 




− 

7x 




2 




− 

7x 

+ 

6) by (2x 

− 

3). 




Hint: Expand two brackets first. 




Exercise 2.1 




The factor 

theorem 




The factor theorem 

is 

an important result which allows you to find factors of 




polynomials of any order (if they factorise), and so solve polynomial equations. 




Look 

at 

this quadratic equation: 




x 




2 




− 

5x 

− 

6 

= 

0 




Factorising 




⇒ 

(x 

− 

6)(x 

+ 

1) 

= 

0 




⇒ 

(x 

− 

6) 

= 

0 

or (x 

+ 

1) 

= 

0 




⇒ 

x 

= 

6 

or 

x 

= −1 




Note 




If f 

(x) = x 




2 




 − 5x − 6, you can use the notation f 

(6) to mean the value of f (x)   




when x = 6. 




The factor theorem states this result in a general form: 




If (x − a) is a factor of the polynomial f 

(x), then 




• 

f (a) = 0 




• 

x = a is a root of the equation f 

(x) = 0. 




Conversely, if f 

(a) = 0, then (x − a) is a factor of f 

(x). 




Discussion points 




➜ What happens if you  




substitute x = 6 in   




x 




2 




 − 5x − 6? 




➜ What about x = −1? 
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Example 2.8 




Given that f(x) 

= 

x 




3 




+ 

2x 




2 




− 

x 

− 

2 




(i) 




find f(−2), f(−1), f(0), f(1), f(2) 




(ii) 




factorise 

x 




3 




+ 

2x 




2 




− 

x 

− 

2 




(iii) use the values from part 

(i) to 

plot the curve. 




Solution 




(i) 




f(−2) 

= 

(−2) 




3 




+ 

2(−2) 




2 




− 

(−2) 

− 

2 




= −8 + 

8 

+ 

2 

− 

2 




= 

0 

⇒ 

(x 

+ 

2) 

is a 

factor 




f(−1) 

= 

(−1) 




3 




+ 

2(−1) 




2 




− 

(−1) 

− 

2 




= −1 + 

2 

+ 

1 

− 

2 




= 

0 

⇒ 

(x 

+ 

1) 

is a 

factor. 




f(0) 

= 

0 

+ 

0 

− 

0 

− 

2 




= −2 

so (x 

− 

0) 

is 

not 

a 

factor. 




f(1) 

= 

1 

+ 

2 

− 

1 

− 

2 




= 

0 

⇒ 

(x 

− 

1) 

is a 

factor. 




f(2) 

= 

8 

+ 

8 

− 

2 

− 

2 




= 

12 so (x 

− 

2) 

is 

not 

a 

factor. 




(ii) Since (x 

− 

1)(x 

+ 

1)(x 

+ 

2) would expand to give 

a 

polynomial of 




order 

3, 

you can say that 




x 




3 




+ 

2x 




2 




− 

x 

− 

2 

= 

k(x 

− 

1)(x 

+ 

1)(x 

+ 

2) 




where 

k 

is a 

constant. 




So 

x 




3 




+ 

2x 




2 




− 

x 

− 

2 

= 

(x 

− 

1)(x 

+ 

1)(x 

+ 

2) 




(iii) Using the values from part (i) gives the curve shown in the figure. 




2 




–2 




x 




y 




–1 




1 




0 




Discussion point 




➜ The 

value of 

k 

is 

1. 




How can you show 




this? 
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The factor theorem 




Example 2.9 




The function f(x) 

is 

given by f(x) 

= 

x 




3 




+ 

3x 




2 




− 

x 

− 

3. 




(i) 




Find f(−1) and hence show that (x 

+ 

1) 

is a 

factor of f(x). 




(ii) What other values of 

x 

should you try when you are looking for 




another factor? 




(iii) Solve the equation f(x) 

= 

0. 




Solution 




(i) 




(x 

+ 

1) 

is a 

factor 

if 

f(−1) 

= 

0. 




f(−1) 

= −1 + 

3 

+ 

1 

− 

3 




= 

0 




⇒ 

(x 

+ 

1) is a 

factor 

of 

x 




3 




+ 

3x 




2 




− 

x 

− 

3. 




(ii) Any other linear factor will be of the form (x 

− 

a) 

where 

a 

is a 

factor 




of the constant term (−3). 




This means that the only other values of 

x 

which are worth trying are 




1, 3 

and 

−3. 




(iii) f(1) 

= 

1 

+ 

3 

− 

1 

− 

3 




= 

0 

⇒ 

(x 

− 

1) 

is a 

factor. 




f(3) 

= 

27 

+ 

27 

− 

3 

− 

3 




= 

48 so (x 

− 

3) 

is 

not 

a 

factor. 




f(−3) 

= −27 + 

27 

+ 

3 

− 

3 




= 

0 

⇒ 

(x 

+ 

3) 

is a 

factor. 




f(−1) 

= 0, 

f(1) 

= 

0 

and f(−3) 

= 

0 

and the equation 

is a 

cubic, so has 

at 

most 




three 

roots.The 

solution 

is 

x 

= −1, 

1 

or 

−3. 




Example 2.10 




The function f(x) 

is 

given by f(x) 

= 

2x 




3 




− 

7x 




2 




+ 

2x 

+ 

3. 




(i) 




Show that (x 

− 

3) 

is a 

factor. 




(ii) Factorise f(x) completely. 




(iii) Solve f(x) 

= 

0. 




Solution 




(i) 




f(3) 

= 

2 

× 

3 




3 




− 

7 

× 

3 




2 




+ 

2 

× 

3 

+ 

3 




= 

54 

− 

63 

+ 

6 

+ 

3 




= 

0 




⇒ 

(x 

− 

3) 

is a 

factor of 2x 




3 




− 

7x 




2 




+ 

2x 

+ 

3 




Once you have found one linear factor you can find the quadratic factor by 




long division. 
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① 

Determine whether the following linear functions are factors of the given 




polynomials. 




(i)  

x 




3 




− 

8x 

+ 

7 

(x 

− 

1) 




(ii) 

2x 




3 




+ 

3x 




2 




− 

4x 

+ 

2 

(x 

+ 

1) 




(iii)  

2x 




3 




+ 

x 




2 




− 

5x 

− 

4 

(x 

+ 

2) 




(iv) 

2x 




4 




− 

x 




3 




− 

4 

(x 

− 

2) 




(v)  

x 




3 




+ 

27 (x 

+ 

3) 




(vi) 

x 




3 




− 

ax 




2 




+ 

a 




2 




x 

− 

a 




3 




(x 

− 

a) 




②  

Factorise the following functions 

as a 

product of three linear factors. 




(i)  

x 




3 




− 

3x 




2 




− 

x 

+ 

3 




(ii) 

x 




3 




− 

7x 

− 

6 




(iii)  

x 




3 




− 

x 




2 




− 

2x 




(iv) 

2x 




3 




+ 

7x 




2 




+ 

7x 

+ 

2 




(v)  

2x 




3 




− 

3x 




2 




− 

3x 

+ 

2 




(vi) 

x 




3 




+ 

5x 




2 




− 

x 

− 

5 




(vii)  

x 




3 




+ 

2x 




2 




− 

4x 

− 

8 




(viii) 

x 




3 




+ 

5x 




2 




+ 

3x 

− 

9 




(ix)  

2x 




3 




+ 

5x 




2 




− 

x 

− 

6 




(x) 

3x 




3 




− 

8x 




2 




− 

20x 

+ 

16 




③ 

Factorise the following functions 

as 

far 

as 

possible. 




(i)  

x 




3 




− 

x 




2 




− 

x 

− 

2 




(ii) 

x 




3 




− 

x 




2 




+ 

x 

− 

1 




(iii)  

x 




3 




− 

5x 




2 




+ 

10x 

− 

8 




(iv) 

x 




3 




− 

8 




(v)  

x 




3 




+ 

3x 




2 




+ 

3x 

+ 

2 




(vi) 

2x 




3 




− 

5x 




2 




− 

2x 

− 

3 




(vii)  

x 




3 




+ 

6x 




2 




+ 

13x 

+ 

10 




(viii) 

3x 




3 




+ 

5x 




2 




+ 

3x 

+ 

1 




(ix)  

2x 




3 




+ 

9x 




2 




+ 

25 




(x) 

x 




3 




+ 

10x 




2 




+ 

10x 

+ 

9 




Exercise 2.2 




(ii) Since (x 

− 

3) 

is a 

factor, divide f(x) by (x 

− 

3). 




) 




x 




x 




x 




x 




x 




x 




x 




x 




x 




x 




x 




x 




x 




x 




2 




1 




3 2 




7 




2 3 




2 




6 




2 




3 




3 




3 




0 




2 




3 




2 




3 




2 




2 




2 




− 




− 




− 




− 




+ + 




− 




− + 




− + 




− + 




− + 




So 




f(x) 

= 

(x 

− 

3)(2x 




2 




− 

x 

− 

1) 




(iii) 

⇒ 

(x 

− 

3)(2x 




2 




− 

x 

− 

1) 

= 

0 




⇒ 

either 

x 

= 

3 

or 2x 




2 




− 

x 

− 

1 

= 

0 




Factorising 2x 




2 




− 

x 

− 

1 

gives 




2x 




2 




− 

x 

− 

1 

= 

(2x 

+ 

1)(x 

− 

1) 




gives 




x 




1 




2 




or 

1 




= − 




+ 




The complete solution 

is 

= − 




+ 




x 




or 




1 




2 




, 

+1 




3 




Discussion point 




➜ What happens if you  




substitute  

= − 




x 




1 




2 





       




in f(x)? 
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The factor theorem 




④  

Find the remainder when the following functions are divided by the linear 




factors indicated. 




(i)  

x 




3 




+ 

3x 




2 




− 

6x 

+ 

2 

(x 

+ 

2) 




(ii) 

2x 




3 




− 

3x 




2 




+ 

2 

(x 

− 

3) 




(iii)  

x 




3 




+ 

x 




2 




+ 

12x 

+ 

10 (x 

+ 

1) 




(iv) 

x 




3 




+ 

x 




2 




+ 

x 

+ 

2 

(x 

+ 

2) 




(v)  

4x 




4 




− 

2x 




3 




+ 

x 




2 




– 2 

(2x 

− 

1) 




(vi) 

2x 




4 




+ 

3x 




3 




+ 

5 

(x 

+ 

3) 




(vii)  

x 




3 




+ 

a 




3 




(x 

− 

a) 




(viii) 

x 




3 




− 

a 




3 




(x 

+ 

a) 




⑤ 

(x 

+ 

2) 

is a 

factor of 

ax 




2 




+ 

3x 

− 

2. 




Find 

a. 




⑥ 

For what value of 

k 

is 

(x 

+ 

1) 

a 

factor of 

x 




4 




− 

2x 




2 




+ 

k? 




⑦ 

Find the remainder when 

x 




3 




− 

3x 




2 




+ 

5x 

+ 

10 

is 

divided by 

x 

− 

4. 




⑧ 

When 

x 




3 




+ 

4x 




2 




+ 

kx 

+ 

6 is 

divided by (x 

+ 

5) the remainder 

is 

−4. 




What 

is 

k? 




⑨ 

The expression 

x 




4 




+ 

px 




3 




+ 

qx 

+ 

36 

is 

exactly divisible by (x 

− 

2) and (x 

+ 

3). 




Find, and simplify, two simultaneous equations for 

p 

and 

q 

and hence find 

p 




and 

q. 




⑩ 

(i) 

Find the value of 

k 

for which 

x 

= 

2 is a 

root of 

x 




3 




+ 

kx 

+ 

6 

= 

0. 




(ii)  

Find the other roots when 

k 

has this value. 




⑪ 

When f(x) 

= 

2x 




3 




+ 

ax 




2 




+ 

bx 

+ 

6 is 

divided by (x 

− 

1) there 

is 

no remainder, 




and when f(x) 

is 

divided by (x 

+ 

1) the remainder 

is 

10. 




(i)  

Find the values of 

a 

and 

b. 




(ii)  

Solve the equation f(x) 

= 

0 

when 

a 

and 

b 

have these values. 




⑫ 

Given that f(x), where f(x)= 

x 




2 




+ 

ax 

+ 

5 

and 

a 

is a 

constant, 

is 

such that 




the remainder on dividing f(x) by (x 

− 

1) 

is 

three times the remainder on 




dividing f(x) by (x 

+ 

1), find the value of 

a. 




⑬ 

A 

hilly road can be modelled by part of the cubic curve 




y 

= 

0.0002x 




3 




− 

0.04x 




2 




+ 

2x for 

0 

< 

x 

< 

a. 




The curve 

is 

illustrated in the graph. 




Find the value of 

a. 




O 




a 




x 




y 




PS 
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⑭ 

The diagram shows an open rectangular tank whose base 

is a 

square of side 




x 

metres and whose volume 

is 8 

m 




3 




. 




(i)  

Write down 

an 

expression 

in 

terms 

of 

x 

for 

the height 

of 

the tank. 




(ii)  

Show that the surface area of the tank 

is 

( 




) 




+ 




x 




x 




32 m 




2 




2 

. 




(iii)  

Given that the surface area 

is 

24 m 




2 




show that 




x 




3 




− 

24x 

+ 

32 

= 

0. 




(iv)  

Solve 

x 




3 




− 

24x 

+ 

32 

= 

0 

to find the possible values of 

x. 




Solution 




Subtract the constant term from 




both sides of the equation. 




⇒ 

x 




2 




− 

8x 

= −3 




⇒ 

x 




2 




− 

8x 

+ 

16 

= −3 + 

16 




Factorise the left-hand side 




⇒ 

(x 

− 

4) 




2 




= 

13 




Take the square root of both sides 

⇒ 

(x 

− 

4) 

= 

± 

13 




Add 

4 

to both sides 




⇒ 

x 

= 

4 

+ 

13 or 

x 

= 

4 

− 

13 




⇒ 

x 

= 

7.6055… or 

x 

= 

0.3944… 




This technique 

is 

called completing the square. 




In this method  




the left-hand  




side always  




works out to  




be a perfect  




square. 




Solve 

x 




2 




− 

8x 

+ 

3 

= 

0. 




Example 2.11 




Now divide −8 by  




2 to get −4. Then  




square −4 to get 16.  




Add 16 to both sides. 




Quadratic equations 




Completing 

the 

square 




You can often solve 

a 

quadratic equation by factorisation, but this 

is 

not always 




the case, 

as 

in the next example. 
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Quadratic equations 




Quadratic graphs 




Completing the square 

is 

also useful when you are sketching the graph of 

a 




quadratic 

expression. 

It 

identifies the line of symmetry and the vertex. 




The equation 




y 

= 

x 




2 




− 

8x 

+ 

3 




can be written 

as 




y 

= 

(x 

− 

4) 




2 




− 

13. 




The line of symmetry 

is 

x 

= 

4, 

and the vertex 

is 

(4, 

−13). 




y 




x 




0.4 




7.6 




(4, 

–13) 




y 

= 

x2 

– 8x + 3 




= (x – 4)2 – 13 




x 

= 4 




4 




the 

line 

of 




symmetry 




the 

vertex 




3 




0 




The next example shows how to deal with the case when the coefficient of 

x 




2 




is 




not 

1. 




Discussion point 




➜ How 

can this 




method be adapted 




when the coefficient 




of 

x 




2 




is not 

1? 




Example 2.12 




Solve 2x 




2 




+ 

3x 

− 

7 

= 

0 




Solution 




Generalisation 




2x 




2 




+ 

3x 

− 

7 

= 

0 




ax 




2 




+ 

bx 

+ 

c 

= 

0 




⇒ 




+ 




− = 




x 




x 




3 




2 




7 




2 




0 




2 




⇒ 

+ + = 




x 




b 




a 




x 




c 




a 




0 




2 




⇒ 




+ 




= 




x 




x 




3 




2 




7 




2 




2 




⇒ 

+ = − 




x 




b 




a 




x 




c 




a 




2 




⇒ 




( ) 




( ) 




+ 




+ 




= + 




x 




x 




3 




2 




3 




4 




7 




2 




3 




4 




2 




2 




2 




⇒ 




( ) 




( ) 




+ + 




= − + 




x 




b 




a 




x 




b 




a 




c 




a 




b 




a 




2 




2 




2 




2 




2 




⇒ 

( ) 




+ 




= 




x 




3 




4 




65 




16 




2 




⇒ 

( ) 




+ 




= − = 




− 




x 




b 




a 




b 




a 




c 




a 




b ac 




a 




2 




4 




4 




4 




2 




2 




2 




2 




2 




⇒ 

( ) 




+ 




= ± 




x 




3 




4 




65 




16 




⇒ 

( ) 




+ 




= ± 




− 




= ± 




− 




x 




b 




a 




b ac 




a 




b ac 




a 




2 




4 




4 




4 




2 




2 




2 




2 




⇒ 

x 




3 




4 




65 




4 




3 




65 




4 




= − ± 




= − ± 




⇒ 

= − ± 




− 




= − ± − 




x 




b 




a 




b ac 




a 




b b ac 




a 




2 




4 




2 




4 




2 




2 




2 
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