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Preface

The first chapter of this textbook has been written to explain in detail graphs of various functions and their corresponding defined and undefined regions.  

It is usually very difficult for FET College students to solve equations of functions when the learner in question does not have a fundamental knowledge of the range and domain of a specific function.

The principle of Complex Numbers has been applied to solve Engineering Science and Electrical Engineering problems in Chapter 5 of this book.

The concept of differentiation has also been defined from trigonometric, direct and indirect proportionality perspectives in Chapter 6. This is a very basic concept for students to understand because they will be applying this knowledge in Applications of Differentiation, Engineering Mathematics N5.

The last chapter of this book is Integration. A practical and logical approach has been applied in teaching the limit of integration or definite integrals.
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​1. Functions and Graphs

[image: ]


​1.1 Quadratic Functions.    

The standard form of a quadratic function is  y = ax2 + bx + c  c = y intercept of the curve  b/2a = line of symmetry of the curve  The x intercepts or the roots of the curve can be calculated by:  a) Factorizing  b) Applying Quadratic Formula  c) Completing the square  1.1.1  Domain and Range of a Quadratic Function.    Consider the two curves and tables of values as shown below.

​

TABLE 1.1  Y = X2

	
x


	
-1


	
-2


	
-3


	
-4


	
-5


	
-6



	






	






	






	






	






	






	







	
y


	
1


	
4


	
9


	
16


	
25


	
36



	
x


	
+1


	
+2


	
+3


	
+4


	
+5


	
+6



	
y


	
1


	
4


	
9


	
16


	
25


	
36
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TABLE 1.2  Y2 = x  

	
x


	
-1


	
-2


	
-3


	
-4


	
-5


	
-6



	
y


	
1


	
4


	
9


	
16


	
25


	
36



	
x


	
+1


	
+2


	
+3


	
+4


	
+5


	
+6



	
y


	
1


	
4


	
9


	
16


	
25


	
36
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FIG 1.1 THE GRAPH OF y=x2
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FIG 1.2 THE GRAPH OF x=y2

For the equation, y2 = x, there are two values of y for each given value of  x ( +5 and -5 for x = 25 etc). This equation is a relation. 

Considering the curve y = x2, there are two values of x for each given value of y (+3 and -3 for y = 9). This curve is a function. Please note that a vertical line will intersect a relation at two points while a vertical line will intersect a function at one point.

The Domain of a curve specifies all the possible values of the x coordinates.

The Range of a curve specifies all the possible values of the y coordinates.

Example 1 State the Domain and Range of the two curves

	y2 = x  domain = 0 ≤ x ≤ + ∞  range = - ∞ ≤ y ≤ + ∞

	y = x2  domain = - ∞ ≤ x ≤ + ∞  range = 0 ≤ y ≤ + ∞


The term 0 ≤ x means that x is greater than or equal to 0. Likewise, x ≤ + ∞ means that x is less than or equal to plus infinity.

1.1.2 Classification of Quadratic Roots  Quadratic curves are also referred to as parabolas. The general formula for a parabola is y = ax2 + bx + c.

a = coefficient of x2  b = coefficient of b2  and c = y intercept  c is the value of y when x is zero.

The roots of the equation or the x intercepts of the equation can be evaluated by applying the methods as stated in section 1.1. In this section, we shall apply the quadratic formula as stated below.

Quadratic formula[image: ]

The line of symmetry of a parabola is given by the formula:  x = -[image: ] where a = coefficient of x2

And b = coefficient of x and c is the constant term.

Substituting this value of x = -[image: ] into the original equation will give the corresponding value of y. These values of x and y are the coordinates of the turning points of the parabola.  The above methods of evaluating the roots of x intercepts of a quadratic curve is explained in examples 7 - 9 of Section 2.3.  The Fig. 1.2 shows graphs of :  a) y = x2- 4x + 4 Repeated roots  b) y = 7x2- 23x + 6 Real unequal roots  c) y = x2- 5x + 6 Real unequal roots  d) y = x2- 5x + 15  Quadratic Complex Number

––––––––
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FIG 1.3 CLASSIFICATION of quadratic roots. y = x2- 4x + 4 Repeated roots  

[image: ]

Fig 1.4  Classification of quadratic roots. y = (x-2)(x-3) Real unequal roots  

[image: ]

Fig 1.5  Classification of quadratic roots. y = 7x2- 23x + 6 Real unequal roots  

[image: ]

Fig 1.6 Classification of quadratic roots. y = x2-5x + 15. Quadratic Complex Numbers.  

––––––––
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TABLE 1.3

	
	Factorized Form

	Roots

	[b2 – 4ac]0.5

	

	y = x2-4x + 4

	y = 

(x-2)(x -2)

	x = -2 ; x = -2

	[(-4)2 – 4(1X4]0.5

	0


	y = x2-5x + 6

	y = 

(x-3)(x -2)

	x = 3 ; x = 2

	[(-5)2 – 4(1X6]0.5

	1


	y = 7x2-23x + 6

	y = 

(7x-2)(3x -2)

	x = 2/7 ; 

x =2/3

	[(-23)2 – 4(7X6]0.5

	19


	y = x2-5x + 15

	NA

	
	[(-5)2 – 4(1X15]0.5

	error



The term, [b2 – 4ac] 0.5for the equation, x2-5x + 15, is the square root of a negative number. This is the reason why our calculators give an undefined or error value. Furthermore, this curve does not have x intercepts or roots.  The equation, y = x2-5x + 15, is a Quadratic Complex number as stated above.

––––––––
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EXAMPLE 1: Given the equation y = 6x2 + 11x + 3, draw the graph to scale by calculating the following:

	y intercept  b) the roots  c)  the turning points



Solution:


	when x = 0, y = 6(0)2 + 2(0) + 3 = 3  x, y = (0,3)

	Factorizing (3x +1)(2x +3) = 0  x = - [image: ] ; x =  - [image: ] x,  y = (- [image: ] , 0 ) ; (- [image: ],0)

	X = -[image: ] = -[image: ] = -0.917  



y = 6(-0.917)2 + 11(-0.917) + 3 = -2.042  x, y = (-0.917, -2.042)

(-0.917, -2.042)










[image: ]

Fig 1.7  Graph of y = 6x2 + 11x + 3

​1.2 Continuous and Discontinuous Functions  

CONSIDER THE TWO FUNCTIONS y = x2 and y = [image: ]. For the equation, y = x2, substituting any possible x value that lies within the domain gives a corresponding y value. This is not correct for the equation, y=  [image: ]. The domain for the function is 0 ˂ x ≤ + ∞  and 0 ˂ x ≤ - ∞. Compare this domain with the single expression for the domain for y = x2. This means that the values of x =0 and y = 0 does not exist.y =  [image: ]= error or undefined when x = 0 and x =  [image: ] = error or undefined when y = 0.

The lines x = 0 and y = 0 are known as asymptotes because they are the lines of discontinuity for the given function. This means that the lines x=0 and y=0 are undefined for the function y=  [image: ].  Fig 1.4 and table 1.4 illustrate the asymptotes x=0 and y=0.  An asymptote is a line that differentiates a defined region from an undefined region or area.  Compare the curves y1 and y2 that are in the 1st and 3rd quadrant of the Cartesian plane and the curve y = x2. (See Fig 1.4)

y=  [image: ] is a discontinuous function while y = x2 is a continuous function. y=  [image: ] is discontinuous at the lines x = 0 and y = 0.

[image: C:\Users\USER\Downloads\Untitled presentation (16).jpg]

Fig 1.8 The Hyperbolic Curve or the hyperbolic function xy=+8

Table 1.4

	x

	-4

	-3

	-2

	0

	2

	3

	4


	y

	-2

	-2.67

	-4

	undefined

	4

	2.67

	2



​

​1.3 Inverse Functions.    

THE INVERSE OF A FUNCTION is obtained by interchanging the values of y with x and vice versa.  The inverse of y = x2 is x = y2. See Fig 1.5, Table 1.5 and Table 1.6.  

Careful consideration should be given to the replacement of the y values with x values and vice versa.  

1.3.1 Inverse of a Quadratic Function.    For the sake of simplicity, we will be plotting the graph of  y=x2 and its inverse.  The same procedures will be taken as in the section 1.1.1. The inverse of  y=x2 is x=y2.  

The mirror line test of y=x has been applied. This test confirms that our inverse function is correct.  

Table 1.5 Table of values of y=x2

	x

	-6

	-5

	-4

	-3

	-2

	-1

	0


	y

	36

	25

	16

	9

	4

	1

	0


	x

	1

	2

	3

	4

	5

	6

	7


	y

	1

	4

	9

	16

	25

	36

	49



Table 1.6  x=y2

	x

	36

	25

	16

	9

	4

	1

	0


	y

	-6

	-5

	-4

	-3

	-2

	-1

	0


	x

	1

	4

	9

	16

	25

	36

	49


	y

	1

	2

	3

	4

	5

	6

	7



​1.4 Lines of Symmetry  

A LINE OF SYMMETRY is a line that bisects a curve into 2 identical halves. If the curve is folded along this line of symmetry, the two halves will overlap because they have identical shape. A line of symmetry can also be called the mirror line of a curve. This is because if you place a mirror along this line and look into the mirror, you will see the other half that completes the curve.  The line of symmetry of y = x2 is the line x = 0 or the y axes. The line of symmetry of y2 = x is the line y = 0 or the x axes. See Fig 1.9 and Fig.

[image: ]

Fig 1.9 The line of symmetry defined by y=-b/(2a. y=x2

​

​1.5 The Straight Line.    

A STRAIGHT LINE IS the intersection of two planes. The vertical or horizontal sharp edge of a door or a table is a straight line.  The following standard equations are used for straight-line graphs.

	Gradient form y = mx + c  m = tanƟ  and m = gradient or slope  c = y intercept

	General form ax + by + c = 0  c = y intercept

	Intercept form [image: ] + [image: ] = 1  a = x intercept and  b = y intercept.

	Point Gradient form  y – y1 = m(x – x1)  m = slope

	Two Point form  (y2 – y1)÷( x2– x1) =  m


1.5.1 Parallel Lines 

Two parallel lines y1 =  m1 x1 + c1 and y2 =m2 x2 + c1 have the same slope m1 = m2. However, they do not have the same y intercept. See Fig 1.6.

1.5.2 Perpendicular Lines  Two lines y1 =  m1 x1 + c1 and y2 =m2 x2 + c1 are perpendicular if the product of their slopes is  -1.  m1 m2 = -1.

1.5.3 Angle of Inclination of a Line  Since  m = tanƟ, the angle of inclination Ɵ = tan-1 (m)

1.5.4 Distance between Two Points  Calculation of the distance between two points, A and B, is carried out by applying Pythagoras Theorem. This is because all inclined lines make a right-angled triangle when a vertical line is drawn from the higher point on the line and a horizontal line is drawn from the lower point of the inclined line.  For the following examples assume the following notation:  A = xA, yA, B = xB, yB etc  The distance between two points is given as:  [(xB – xA)2 + (yB – yA)2]0.5  Examples 1-8 below are based on Fig 1.6 below as shown.  Example 1 Find the equation of line AB in the standard form y =mx + c given that A (0, 10) and B (2, 8).

Slope m =  [image: ] = -1 and c = 10  y = -x + 10  

Example 2  Find the equation  of line EDB in the intercept form [image: ] + [image: ] = 1 given that E =  (-5, 0) and D=  (0,8).  intercept a = -5 and y intercept,  b = 8.  Equation of the line is  [image: ] + [image: ] =1

Example 3 Prove that the triangle ADB is a right angle triangle if A=  (0, 10) , B=  (2,8) and D = (0,6).  Slope of line AB = -1 (Example 1)  Slope of line DB = [image: ] = 1

For perpendicular lines m1m2 = -1 therefore 1 X -1 = -1  The angle ADB is a right angle triangle. Example 4 Prove that the lines DF and AG are parallel given that D= (0,6),  F = ( 6,0) , A  (0, 10) and G = ( 10,0).

Slope of line DF = [image: ] = -1  Slope of line AG = [image: ] = -1  Lines DF and AG are parallel because they have the same slope or gradient. Example 5 Evaluate the angle of inclination of the following lines:

	AB,  A  (0, 10) , B  (2,8)

	DB, B (2,8)  D (0,6)

	IJ given that I = (2.5, 7.5) and J = ( -0.5, 0)


	Slope mAB = -1 = tan ƟƟ = tan -1  -1 = 1350

	Slope mDB = 1 = tan Ɵ  Ɵ = tan -1  1 =  450

	Slope mIJ  = [image: ] = 2.5 = tan Ɵ  Ɵ = tan -1  2.5 =  68.190


––––––––
[image: ]


[image: ]

FIG 1.10 A.

––––––––
[image: ]


[image: ]FIG 1.10 B.

––––––––
[image: ]


[image: ]

FIG 1.10 C.

Example 5 Evaluate the angle of inclination of the following lines:

	AB,  A  (0, 10) , B  (2,8)

	DB, B (2,8)  D (0,6)

	IJ given that I = (2.5, 7.5) and J = ( -0.5, 0)


	Slope mAB = -1 = tan ƟƟ = tan -1  -1 = 1350

	Slope mDB = 1 = tan Ɵ  Ɵ = tan -1  1 =  450

	Slope mIJ  = [image: ] = 2.5 = tan Ɵ  Ɵ = tan -1  2.5 =  68.190


Example 6 Calculate the distance between the two points :

	A ((0, 10) and B  (2,8).

	D (0,6) and B(2,8)

	I (2.5, 7.5) and J  ( -0.5, 0)


	[(xB – xA)2 + (yB – yA)2]0.5  =  [(2 – 0)2 + (8 -10)2]0.5 = 2.828



or [(xA – xB)2 + (yA – yB)2]0.5  =  [(0 – 2)2 + (10 -8)2]0.5 = 2.828


	[(xD – xB)2 + (yD – yB)2]0.5 =  [(0 –2)2 + (6 -8)2]0.5 = 2.828



[(xB – xD)2 + (yB – yD)2]0.5 =  [(2 – 0)2 + (8 -6)2]0.5 = 2.828


	[(xJ – xI)2 + (yJ – yI)2]0.5  = [(2.5 – - 0.5)2 + (7.5 -0)2]0.5 = 8.078


[(xI – xJ)2 + (yI – yJ)2]0.5= [(-0.5 – 2.5)2 + (0 -7.5)2]0.5  =  8.078  The equation [(xB – xA)2 + (yB – yA)2]0.5 is a modification of the Pythagoras Theorem.  A right angle triangle is made up of two components namely the base and the height.  xB







	= (y – yJ)÷( x – xJ)= (y – yI)÷( x – xI)  Substituting values of point J ; 2.5  = (y -0) ÷(x - -0.5)








	
	
	
	
	
	

	
	
	
	
	
	






​Exercise 1.1

	Draw a graph of the following curves by completing a table of values for the following:  a) y= 10/x  b)  y = 2/x  c)  x= -3/y  d)  x = -5/y  

	State the equation of the line in the form y = mx + c given the following:


	Passes through point (0,5) with a slope of 2.

	Passes through the point (5,8) with a gradient of -1.

	Intersects the x axis at -1 with a slope of 0.5.

	Intersects the y axis at the point -5 with a slope of 1.

	Passes through the point  (4, -2) and Ɵ = 200.

	Passes through the point  (3, 1) and Ɵ = 800


	Draw the lines stated in Question 1 a) – f) on the same axes or otherwise by using a suitable scale.





	Point through which it passes in the form (x,y).

	Angle of inclination

	Draw and label the horizontal and vertical distances between any two points on each line.


	Find the equation of the lines passing through the points by applying the formula:






	(2,-2) and (3, 4)

	(10,10) and (-2, -7)

	(7,6) and (-3, -3)

	(1,10) and (2,5)

	(-2,-3) and (-8,-9)

	(-20,-9) and (-6, 7)


	Find the angle of inclination and gradient of the lines stated below.


	[image: ] + [image: ] =5

	[image: ] + [image: ] =3

	10x – 2y +16 =0

	2x -15y -20 = 2

	y-6 = 10x -2

	y-15=6x -10


	Find the equation of the lines perpendicular to the lines stated below.


	[image: ] + [image: ] =3 passing through point  1,1

	[image: ] - [image: ] =3  passing through point -2, -1

	2y = 6x -12  passing through  -2, 1

	6x - 3y -18 = 0  passing through 2, -1

	y-6 = 4x -2 passing through the origin

	y-18= - 3x -10  passing through 5,5


	Find the equations of the six lines parallel to the lines stated in Question 5 a) – f) passing through the point (6,7).

	Find the equations of the six lines perpendicular to the lines stated in Question 5 a) – f) passing through the point (2,-1).

	Find the equations of the six lines parallel to the lines stated in Question 5 a) – f) passing through the point (-2,-3).

	Find the equations of the six lines perpendicular to the lines stated in Question 5 a) – f) passing through the point (-1,2).


​1.6 The Circle  




[image: ]
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	The domain and range of the graph.

	Is it a continuous or discontinuous function?

	Write the equations of four lines of symmetry.

	State whether it is a function or a relation.  Solution


	X2 + y2 = 1 ÷ 0.0625  x2 + y2 = 16  x2 + y2 = 42domain = -4 ≤ x ≤ + 4; range= -4 ≤ y ≤ + 4.

	Continuous function

	X = 0; y = 0  x = y; x = -y.

	A relation


​

​Exercise 1.2

	Evaluate radius, r, and state the domain and range  of each of the following:


	x2 + y2 = 0.5

	x2 + y2 = 10000

	x2 + y2 = 3600

	x2 + y2 - [image: ] = 0

	x2 + y2 - [image: ] = 0

	x2  =  [image: ] - y2


	Sketch and label the circles as stated below.


	x2 + y2 = 0.5

	x2 + y2 = 10000

	x2 + y2 = 3600

	x2 + y2 - [image: ] = 0

	x2 + y2 - [image: ] = 0

	x2  =  [image: ] - y2


​1.7.  Ellipse





[image: ]





	Write the equation in the standard form [image: ] + [image: ] = 1.

	State the value of a and b.

	State the domain and the range.

	State the equations of lines of symmetry.

	State whether it is continuous or discontinuous.

	Sketch and label the ellipse.








	[image: ] + [image: ] = [image: ] + [image: ] = 1  and  [image: ] + [image: ] = 1

	a= 48 ; b = 36

	Domain = -48 ≤ x ≤ + 48Range = -36 ≤ y ≤ + 36.

	x = 0 and y = 0.

	Continuous








[image: ]



[image: ]


​Exercise 1.3


	[image: ] + [image: ] = 1

	[image: ] + [image: ] = 1  

	[image: ] + [image: ] = 1

	64x2 + 9y2 = 576

	25x2+ 64y2 = 1600  

	25x2 + 9y2 – 225 = 0

	9y = [1- 64x2]0.5

	y =  [[image: ] ]0.5

	64x2 + 9y2 = 1

	25x2+ 64y2 = 1







​1.8  Hyperbolas
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	y = [image: ] x  compare with the straight line equation y = mx + c where c = 0.

	y= - [image: ] x  [image: ]are slopes of the asymptotes.




	x intercepts  b) The asymptotes  c)The lines of symmetry





	(3, 0) and (-3, 0)  




[image: ]



[image: ]



​Exercise 1.4

	Sketch the following rectangular hyperbolas by completing a table of values and choosing a suitable scale for the x and y axes.


	xy = -9

	y = [image: ]

	xy = -7

	x = [image: ]


	Sketch and label the following non-rectangular hyperbolas by evaluating the equation of the asymptotes.


	[image: ] - [image: ] = 1

	25x2 – 121y2= 3025

	[image: ] - [image: ] = 1



​1.9 Exponential Functions





	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	



	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	



	y = 3x  : domain  -∞ ≤ x ≤ + ∞  range 0 ˂ y ≤ + ∞  y≠0



	y = 0 or the x axes

	continuous

	There are no two y values for each specific x value.  
	The inverse of an Exponential Function.  The inverse of y= 3x is x = 3y. Completing a table of values for x = 3y is as shown in the table below. Refer to the table  1.9.2 for the table of values of y= 3x .  
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​1.10 Logarithmic Functions


	y = log3 81

	y = log10 10000

	y = log8 64








	State the domain and range for each graph.

	What line defines the asymptote of the graph?
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	Table 1.14


	


	


	


	


	


	


	


	



	


	


	


	


	


	


	


	












	


	


	


	


	


	


	


	



	


	


	


	


	


	


	


	







	y= log4 4x domain 0 ≤ x ≤ + ∞  range  -∞ ≤ y ≤ + ∞
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	Continuous.



	Completing a table of values

	Choosing a suitable scale for both x and y axes

	State the x intercept of the graph from your table or graph.





	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	


	X axes : 10 units = 20mm





	X, y = (1/4, 0)






	
	
	

	
	
	

	
	
	





​

​

​Exercise 1.5









​1.11 Trigonometric Functions





	Read off the x and y values of the points of 

	intersection of both curves.

	State the period of both graphs.

	State the amplitude of both graphs.

	State the frequency of both graphs.

	State the phase shift, leading and lagging curve.

	Domain of both graphs.





	
	
	
	
	
	
	

	
	
	
	
	
	
	

	
	
	
	
	
	
	

	
	
	
	
	
	
	



	
	
	
	
	
	
	

	
	
	
	
	
	
	

	
	
	
	
	
	
	

	
	
	
	
	
	
	

	
	
	
	
	
	
	

	
	
	
	
	
	
	










	Amplitude refers to the range of the trigonometric graph -3 ≤ y ≤ +3.

	Frequency refers to the number of complete curves in 3600.





	Consider the two points on both curves on the x axes: x,y = (75,0) and (90,0) , Phase Shift = 90 – 75= 150 . Likewise on the line y =3, x,y = (30,3) and (45,3), phase shift = 45 – 30= 150





	Domain of both graphs = 0 ≤ x ≤ 360






	State the period of both graphs.

	State the amplitude of both graphs.

	State the frequency of both graphs.

	State the phase shift, leading and lagging curve.

	Domain of both graphs.



	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	









	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	




	y= 4cos4(x +30) period = 90  360 ÷4 = 90  4 is coefficient of x and 360 = 1 revolution





	y= 4cos4(x +30) amplitude  -4 ≤ y ≤ +4





	y= 4cos4(x +30) frequency = 4 4 complete cycles in 3600





	Consider the two points from both tables at y = 0 







	Domain = -∞ ≤ y ≤ +∞
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​Exercise 1.6

	Solve graphically the following set of equations for 00 ≤ x ≤ 3600.





	y= 4sin(3x +45) and y =  4sin2x

	y= 3sin x and y = 2cosx

	y= 4sin(2x +45) and y = 4sin  2x


	For each of the above set of equations a) – c):


	State the period of both graphs.

	State the amplitude of both graphs.

	State the frequency of both graphs.

	State the phase shift, leading and lagging curve.

	Domain of the graphs.


​1.12 Cubic Functions.
















	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

























​Exercise 1.7


	y = x3 + 3x2 - 16x – 48

	y = 2x3 + 7x2 + 7x + 2

	y = x3 + 5x2 - x – 5

	y = x3 - 2x2 - 15x + 36

	y = x3 + 6x2 + 11x + 6
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