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			Game theory

			Key information

			
					Names: Game theory, strategic behaviour theory, interactive decision theory.

					Uses: Justification of social laws and norms in order to maintain cooperation within a group; political decision-making; understanding power relations in negotiations; conflict analysis tool; tool to generate confidence within a group; applications in logic and set theory; applications in economics, biology, computer science and the theory of evolution.

					Why is it successful? Game theory is an excellent tool for negotiations, as it encourages us to reflect on the complexity of social interactions and shows that:	individuals, companies and countries are mutually interdependent;

	interaction is beneficial for resolving shared problems;

	cooperation is not easy to implement;

	in some cases, where each individual acts in their own interest, the shared interest may not be reached;

	there are various ways of making strategic choices in a cooperative situation.




					Key words:	Interaction: a collective action in which a player performs an action or makes a decision that is influenced by another player.

	Strategy: a full specification of a player’s behaviour in any situation where they are required to play.




			

			Introduction

			Every day, all agents (animals, natural and legal persons or economic agents, including politicians, consumers, employers and manufacturers) and communities (sports teams, countries, armies, etc.) interact with each other when making decisions. These interactions can range from cooperation to conflict.

			The field of game theory is very broad and its applications can be found in areas as diverse as international relations, economics, political science, philosophy and history, among others. This theory develops the tools to analyse behaviours (economic, social, etc.) in the form of strategy games.

			History

			The first analyses of strategy games date back to the Renaissance. However, it was not until the 19th and 20th centuries that a theory on the subject was really formalised. The game theorists of that era include in particular the mathematicians and economists Antoine Augustin Cournot, Émile Borel, John von Neumann, Oskar Morgenstern and John Forbes Nash, whose respective contributions will be explored in more detail in the following section.

			
				
					Good to know: the Renaissance

					This was a European movement extending from the late Middle Ages to the early modern period. It was characterised by a change in mentality in the literary, artistic and scientific domains and by the circulation of knowledge among scholars. The Renaissance began in Italy and spread across Europe from the 16th century onwards.

				

			

			Definition of the model

			Game theory studies the consequences of strategic interaction between rational agents (players) pursuing their own unique objectives, within a clearly defined framework. These interactions include negotiation, competition, mutual assistance, and the provision of a good or service, among others, which are all possible actions that will lead to a result. The outcome results in a payoff, positive or negative, for each individual who took part in the game.

			The purpose of this theory is to show that individuals, companies and even countries are mutually interdependent and it is in their best interests to find a balance in order to make their interactions beneficial to all. This theory also encourages us to realise that even if cooperation is not easy, it is better to understand it than to fight it.

		


		
			Theory

			Game theory and its philosophers

			The beginnings of game theory, strictly speaking, are found in the works of mathematicians from the first half of the 19th century.

			Antoine Augustin Cournot

			The first person to study the strategic aspects of interactions between economic agents was Antoine Augustin Cournot (French mathematician, philosopher and economist, 1801-1877). His 1838 book Researches into the Mathematical Principles of the Theory of Wealth contains the beginnings of game theory, which was later developed in the 1950s. He analyses the different forms of competition in duopolies (a market with two competing sellers) and in the specific context of the Nash equilibrium (between manufacturers), for which he gives the first formulations.

			
				
					Good to know: Researches into the Mathematical Principles of the Theory of Wealth, 1838

					Although it was completely ignored when it was first published, this book emerged from obscurity through the work of John Forbes Nash (American economist and mathematician, 1928-2015) on repeated game theory in 1950. Today, the Cournot competition is a model based on the analysis of imperfect competition in industrial economics.

				

			

			Francis Ysidro Edgeworth

			While Cournot analysed the strategic interactions between two productive companies, the Anglo-Irish economist and lawyer Francis Ysidro Edgeworth (1845-1926) expanded this reasoning and applied the model to cases of economies without production. In Mathematical Physics: An Essay on the Application of Mathematics to the Moral Sciences (1881), he developed a tool to represent the interactions between two non-productive economic agents: the Edgeworth box. This book marked the introduction of mathematics into economics.

			
				
					Good to know: the Edgeworth box

					This box allows users to both analyse the possibilities for allocating resources between two entities and to see if this allocation is ideal according to Pareto optimality, i.e. if is possible to improve the situation of one agent without damaging that of the other.

				

			

			Ernst Friedrich Ferdinand Zermelo

			Modern literature on game theory fully recognises that the first formal theorem of game theory was produced by Ernst Friedrich Ferdinand Zermelo (German mathematician, 1871-1953) in 1913. This theorem has been taken up by many authors and interpreted in several different ways. Mas Colell et al.’s version from 1995 essentially states that in any perfect information (each player knows all the strategies and payoff functions of all the other players) fixed game (where the number of rounds is known in advance), there is an equilibrium that would later become known as the Nash equilibrium.

			The Nash equilibrium is made up of pure strategies – sequences of actions that a player is known to choose each time they are likely to play – and is obtained by backward induction. This involves determining the optimal strategies of the players in the last round of the game. In other words, we reason by working back from the last round of the game to the first, determining the best strategies of the players at each stage of the game. This concept will be illustrated later.

			Émile Borel

			Whereas all of the previous contributions allowed simple games (meaning those with pure strategies) to be solved, the contribution of the French mathematician Émile Borel (1871-1956) marks a turning point for game theory from 1921 onwards. In Volume IV of his book Treaty of the Calculation of Probabilities and its Applications (1924-1934), the author introduces probabilities in games of chance and recommends the minimax theorem for zero-sum games, where gains for one player mean losses for another. In the same book, the author also distinguishes between two different categories of games of chance:

			
					The first includes games in which the player’s personality and skill level do not play a role.

					The second corresponds to games where both luck and the player’s skills have an influence. This category has similarities with economic phenomena.

			

			
				
					Good to know: the minimax theorem, or fundamental theorem of two-player game theory

					This theorem was outlined by Émile Borel in 1921, but the first complete proof was not produced until a few years later (1928) by the American mathematician John von Neumann. Borel stated that in a non-cooperative game (a game in which all the strategic options available to players are specified) between two players, with perfect information, with a set number of pure strategies and zero-sum (one person’s gain is the other person’s loss), there is at least an equilibrium where neither player has an incentive to deviate from their mixed strategy (probability distribution of a player’s pure strategies).

					This theorem is very important in game theory, as it provides a rational method for making simultaneous decisions in a competitive environment (a zero-sum game).

				

			

			John von Neumann and Oskar Morgenstern

			Game theory really emerged as a fully-fledged discipline in 1944 under the impetus of the American mathematician John von Neumann (1903-1957) and the German economist Oskar Morgenstern (1902-1977). Together, they wrote the book Theory of Games and Economic Behavior, which contributed to the impressive development of this discipline, especially with regard to human behaviour. In this book, the authors offered an equilibrium solution for the particular case of a zero-sum game. For example, chess is a game which involves two players and has the distinctive feature that gains for one player correspond to losses for the other.

			John Forbes Nash and his successors

			The work of American economist and mathematician John Forbes Nash strengthened the foundation of game theory in 1950. He put forward an equilibrium solution for non-zero-sum games. To achieve this, he based his ideas on Cournot’s 1838 work and developed a non-cooperative equilibrium theory for variable-sum games. This theory generalised the solution put forward in 1944 by von Neumann and Morgenstern.

			In 1965, the German economist Reinhard Selten (1930-2016) made his contribution to this domain by introducing the concept of subgame perfect equilibrium. 

			Similarly, the Hungarian-American economist John Charles Harsanyi (1920-2000) made a significant contribution to game theory with his detailed analysis of incomplete information games, known as Bayesian games. He also popularised the very theoretical concept of the Nash equilibrium through a lengthy article published in 1967.

			Finally, the Canadian mathematician Donald Bruce Gillies (1928-1975) systematised the general equilibrium, taking the Edgeworth Box as his starting point.

			
				
					Good to know: Nash equilibrium

					The Nash equilibrium is an equilibrium situation in which no player has any interest in changing their own strategy, taking into account the strategy of the other player.

				

			

			Since the 1970s and 1980s, game theory has experienced significant development within the field of mathematics. It is now a branch of both economics and mathematics, although, as mentioned above, it can also be applied to a range of social, medical, political and economic problems.

			As proof of the importance of this discipline, several game theorists have been awarded the Nobel Memorial Prize in Economic Sciences in recent years:

			
					John Charles Harsanyi, John Forbes Nash and Reinhard Selten in 1994;

					The American economist Thomas Schelling (1921-2016) and the Israeli economist Robert Aumann (born in 1930) in 2005;

					The American economists Lloyd Shapley (1923-2016) and Alvin E. Roth (born in 1951) in 2012.

			

			Presentation of game theory

			The hypotheses that support game theory are as follows:

			
					the rationality of agents (players), which drives them to achieve the best possible solution for themselves, is measured by what is known as utility;

					each player knows all the strategies and payoff functions of all the other players (complete information);

					all participants make the best decisions for themselves with the aim of maximising their utility (in the case of individuals) or their profit (in the case of businesses), knowing that others do the same;

					the choices made in the past are known by all the participants.

			

			Game formalities

			A strategy game is characterised by a set of game rules which specify:

			
					The players.

					The strategies (actions or decisions).

					The sequence of decisions (game progress).

					The payoffs or utility of the players (depending on their strategies). Utility is not a measure of material, monetary or other payoff, but a subjective measure of player satisfaction.

					The information available to the players. This information can be complete (perfect) or incomplete (imperfect).

			

			Types of games

			There are many types of games:

			
					zero-sum games or strictly competitive non-zero-sum games;

					games with simultaneous decisions or sequential decisions;

					cooperative or non-cooperative games;

					two-player games or games with more than two players;

					perfect information games or imperfect information games;

					static games (one round), fixed games (several rounds) or infinite games.

			

			Types of strategy

			
					Pure strategy: a sequence of actions that a player is known to choose each time they play.

					Mixed strategy: probability distribution of a player’s pure strategies.

					Weakly dominant strategy: strategy X is weakly dominant for player Y if there is another strategy, X’, that offers a lower or equal payoff for player Y.

					Weakly dominated strategy: strategy X is weakly dominated for player Y if there is another strategy, X’, that offers a higher or equal payoff for player Y.

					Strictly dominant strategy: strategy X is strictly dominant for player Y if there is no other strategy, X’, that offers a strictly higher payoff for player Y.

					Strictly dominated strategy: strategy X is strictly dominated for player Y if there is another strategy, X’, that offers a strictly higher payoff for player Y.

			

			Game examples

			Consider the following game: two players (player 1 and player 2) decide to play against each other.

			
					Player 1 strategies: X and Y.

					Player 2 strategies: U and V.

					Order of decisions: player 1 then player 2.

					Payoffs: The payoff matrix is shown by a and b, where a represents the payoffs of player 1 and b represents the payoffs of player 2.





	If player 1 chooses X and player 2 chooses U:




			
	Player 1 payoff: 4

	Player 2 payoff: 2



				

	If player 1 chooses X and player 2 chooses V:




	Player 1 payoff: 3

	Player 2 payoff: 1




	If player 1 chooses Y and player 2 chooses U:



				
				

					Player 1 payoff: 2

					Player 2 payoff: 5




	If player 1 chooses Y and player 2 chooses V:




 	Player 1 payoff: 9

	Player 2 payoff: 0

				


If we accept the hypothesis that both players have complete information, there are two possible ways of representing this game:



	Extensive form, better suited to sequential decision games
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	Strategic form, better suited to static games with simultaneous decisions
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Each extensive form corresponds to a strategy game in which the players choose their strategies simultaneously. On the other hand, a strategy game can correspond to many different extensive forms.

Successive elimination of dominated strategies

In order to define which strategies will be played by both player 1 and player 2, we need to identify the dominant strategies of each player.

Player 2

	if player 1 chooses X, the best choice for player 2 is U because with this choice, their payoff will be 2 (compared with 1 if they choose V);

	if player 1 chooses Y, the best choice for player 2 is U because with this choice, their payoff will be 5 (compared with 0 if they choose V).



For player 2, strategy U strictly dominates strategy V because it offers player 2 a better payoff in both situations.

By eliminating player 2’s strategy V (strictly dominated because it loses whatever happens), the game can be presented as follows:
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Player 1

Given that player 2 chooses their strictly dominant strategy U, the best choice for player 1 is X because with this choice, their payoff will be 4 (compared with 2 if they choose Y).

For player 1, strategy X is dominant because it offers a better payoff.

By eliminating player 1’s dominated strategy (the one where they lose the most), the game can be presented as follows:
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The situation X, U corresponds to the Nash equilibrium.

Nash equilibrium

The Nash equilibrium is a situation in which no player wishes to change their strategy, in light of the strategies chosen by the other players. Since they act strategically, each player will play their best response according to the strategies of the other players.

The Nash equilibrium is determined through the iterative (successive) elimination of dominated strategies, as these strategies are never played by players (due to their rationality).

In our example, the Nash equilibrium corresponds to the strategies:

	X for player 1

	U for player 2.



The associated payoffs are as follows:

	player 1 payoff: 4

	player 2 payoff: 2.



Good to know: eliminating dominated strategies

A game can be resolved by the iterative elimination of the dominated strategies, leaving only one strategy (unique profile) for each player at the end of the process. The Nash equilibrium comprises strategies obtained this way.

The equilibrium reached through the successive elimination of (strictly) dominated strategies does not depend on the order of elimination of these strategies. On the other hand, a different equilibrium can be obtained by eliminating the weakly dominated strategies. The Nash equilibrium obtained by the successive elimination of strictly dominated strategies is more robust than equilibrium obtained by the iterative elimination of weakly dominated strategies.

In some cases, the game cannot be resolved.



Pareto optimality

A game of pure strategies can have multiple Nash equilibriums or none at all. In this case, the problem is knowing how to choose one particular equilibrium.

Pareto’s optimality shows that strategy profile A dominates profile strategy B if A is strictly better for all players.

Good to know: Security level

The security level of a player’s strategy is defined as the minimum payoff that the strategy can bring, regardless of the choices of other players. The security level X of player Y is the maximum security level of player Y’s strategies.

In the case of our example:

	the security level of strategy X of player 1 is 3;

	the security level of strategy Y of player 1 is 2;

	the security level of strategy U of player 2 is 2;

	the security level of strategy V of player 2 is 0.



As such, the security level of player 1 is 3, while that of player 2 is 2.



Mixed strategies

The strategies defined and used up to now are pure strategies (options available to the players).

As explained above, a mixed strategy is the probability distribution across all the pure strategies. Players randomly choose to play their strategies with a certain probability.

To illustrate this, we can take the game in the previous example and assume that this time, player 1 randomly plays X and Y with a probability of ½ (0.5), and that player 2 does the same.

	Strategic form of mixed strategy games: one in two times (0.5, or ½), player 1 chooses strategy X and one in two times (0.5 or ½) chooses strategy Y. Player 2 does the same.
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	Expected payoffs:	if player 2 chooses U, player 1’s expected payoffs are (0.5x4)+(0.5x2)=3;

	if player 2 chooses V, player 1’s expected payoffs are (0.5x3)+(0.5x9)=6;

	if player 1 chooses X, player 2’s expected payoffs are (0.5x2)+(0.5x1)=1.5;

	if player 1 chooses Y, player 2’s expected payoffs are (0.5x5)+(0.5x0)=2.5.




	Nash equilibrium in mixed strategies: Each player chooses the strategy that allows them to maximise their payoffs. In the Nash equilibrium from our example, player 1 chooses Y with a probability of ½ (0.5) and player 2 chooses strategy V with a probability of ½ (0.5). The expected payoffs for the two players are 6 for player 1 and 2.5 for player 2. Nash’s theorem can be seen here, since any strategy game has a Nash equilibrium for mixed strategies.



Prisoner’s dilemma

Several concepts in game theory can be studied through one example, the prisoner’s dilemma. The first version of the prisoner’s dilemma was presented by researchers from the RAND Corporation (the Research and Development department of the US Air Force created in 1945) in 1950. It helps to explain the arms race, but also the process of nuclear disarmament. 

The story behind prisoner’s dilemma

Two thieves are arrested by the police and interrogated separately. The police are convinced that they are guilty, but do not yet have sufficient evidence to issue a long prison sentence. Between them, before the arrest, the thieves vowed not to betray one another. The police, who want more than anything to make the two men confess, promise freedom to the person who speaks, if they are the only one to do so. Hence a dilemma arises: on the one hand, the prisoners know that they will only suffer a small penalty if they do not confess to the police. On the other hand, both are individually tempted to confess the crime to gain freedom.

Strategic form of the prisoner’s dilemma
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In this case, the two players (thieves) have the choice between two strategies: deny or confess. Each box contains the payoffs for the two players. The first figure corresponds to the result of player 1 and the second figure is the result of player 2. By convention, here the number of years in prison is written as a negative because it represents a loss of utility. The objective of each player is to minimise the number of years in prison.

Dominant strategies of the two players

	If players 2 chooses to deny, it is in player 1’s interests to confess in order to avoid a year in prison and thus be free.

	If player 2 chooses to confess, it is in player 1’s interests to confess and only spend 4 years in prison instead of 5 if they deny.

	If player 1 chooses to deny, it is player 2’s interests to confess in order to avoid a year in prison and thus be free.

	If player 1 chooses to confess, it is in player 2’s interests to confess and only spend 4 years in prison instead of 5 if they deny.



Here, ‘confess’ is a dominant strategy for both players. In fact, whatever one player chooses, the other will always get a better result by denouncing their accomplice. This is what is called the Nash equilibrium.

Nash equilibrium of the prisoner’s dilemma

The logical solution to the game (Nash equilibrium) would be for each player to denounce the other: each of them would then be sentenced to four years in prison. Conversely, by cooperating (by both keeping silent), they would both only spend one year in prison. The prisoner’s dilemma illustrates the conflict between collective wellbeing resulting from cooperation and individual incentives not
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