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  Have you ever wondered how navigation apps like Google Maps and Apple Maps determine the fastest route from one place to another? Have you been curious about how ride-sharing companies like Uber, Lyft, or DiDi guide their drivers to the best spots to reduce your wait time and their travel distance, making things better for everyone? Or perhaps you’ve asked yourself how food delivery platforms like Uber Eats suggest food choices for you. Have you considered how last-mile delivery apps map out the fastest routes for parcel deliveries while minimizing empty return trips? Do you ever wonder how emergency responders are dispatched swiftly to incidents? Have you thought about the process behind selecting locations for electric vehicle charging stations? Or how to calculate the optimal price for a product, optimize investment portfolios, allocate resources, or schedule surgeries efficiently? This book dives into the world of artificial intelligence algorithms that tackle these real-world design, planning, and control problems. The book is written for practitioners interested in solving ill-structured search and optimization problems using modern derivative-free algorithms. This book will get you up to speed with the core concepts of search and optimization and endow you with the ability to deal with practical design, planning, and control problems.


  This book has been written to take almost anyone with no prior knowledge of search and optimization, and with only an intermediate knowledge of Python and data structures, from never having solved search and optimization problems to being a well-rounded search and optimization practitioner able to select, implement, and adapt the right solver for the right problem. This book grew out of several courses related to search and optimization that I have taught at different universities and at industry training centers.


  The book will take you you on a comprehensive journey through a diverse landscape of search and optimization algorithms. It begins with a deep dive into deterministic search algorithms that rigorously explore problem spaces for optimal solutions, utilizing both blind and informed strategies. The journey then progresses to trajectory-based algorithms, where you’ll discover the effectiveness of simulated annealing and tabu search in overcoming local optima. As we advance, we’ll delve into the domain of evolutionary computing algorithms, observing the prowess of genetic algorithms in tackling complex continuous and discrete optimization problems. This fascinating journey continues with an intriguing look at swarm intelligence algorithms, including particle swarm optimization, ant colony optimization, and the artificial bee colony algorithm. The final leg of our journey introduces machine learning-based methods, utilizing unsupervised, supervised, and reinforcement learning to address complex combinatorial optimization problems.


  My 25 years working as an AI and robotics professor in academia and as a technical leader in industry have given me a wealth of experiences to share with you. Throughout this book, numerous examples and in-depth case studies are provided for both novices and experts. These examples and case studies are thoroughly explained and put into practice with cutting-edge Python libraries dedicated to search and optimization.


  I hope that this book, which traverses the vast landscape of optimization algorithms, serves as a valuable guide and resource in your journey. Whether you are a novice or an expert, the insights you’ll gain from this comprehensive exploration of various algorithms and their application to real-world problems can empower you to make impactful decisions and innovate in various domains. The field of optimization is continuously evolving, and with this book, you are equipped not just to keep pace with its advancements but also to contribute to shaping the future of this dynamic and critical discipline. Let the knowledge you gain here inspire you to tackle new challenges, forge new paths, and realize the immense potential that lies in optimization.
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  about this book


  Optimization Algorithms delves into the diverse world of optimization algorithms, offering an extensive exploration of deterministic graph search algorithms, trajectory-based algorithms, evolutionary computing algorithms, swarm intelligence algorithms, and machine learning-based methods. It is designed to cater to both novices and experts, featuring a wealth of examples and in-depth case studies that span a broad spectrum of design, planning, and control problems. These examples encompass a wide array of practical scenarios, including, but not limited to, routing problems, assembly line balancing, optimal pricing, composite laminate design, controller parameter tuning, political districting, product manufacturing planning, neural network training, facility allocation, doctor scheduling, supply/demand optimization, airline flight operations, electric motor control, and online advertising optimization. This book stands as a valuable resource for anyone looking to deepen their understanding and proficiency in the dynamic and ever-evolving field of optimization.


  Who should read this book?


  This book is tailored to meet the needs of a diverse range of readers, particularly working professionals who deal with optimization problems across various domains. It serves as an invaluable resource for practitioners seeking to deepen their understanding and skills in solving optimization problems. The content is also highly beneficial for continuing education and training centers, catering to general-interest readers and learners with a keen interest in optimization algorithms. Computer engineering/science and systems engineering students, along with researchers, will find this book a treasure trove of knowledge, enhancing their academic and practical understanding. Additionally, university professors can use this comprehensive guide in designing and enriching undergraduate and postgraduate courses on topics such as graph search, metaheuristic optimization, bio-inspired algorithms, cooperative and adaptive algorithms, and the application of machine learning in optimization. This book is a versatile and rich source of information, well-suited for anyone involved or interested in the dynamic field of optimization.


  How this book is organized: A roadmap


  The book is divided into five parts and 12 chapters with three appendices, 114 code listings, several projects, and more than 140 exercises and their solutions:


  
    	
      This book will guide you through the realms of optimization algorithms, beginning with deterministic graph search algorithms in part 1, where foundational concepts and techniques are covered.

    


    	
      Part 2 progresses into trajectory-based algorithms like simulated annealing and tabu search, applying them to diverse problems.

    


    	
      In part 3, the focus shifts to evolutionary computing algorithms, delving into genetic algorithms and their applications.

    


    	
      Part 4 explores swarm intelligence algorithms, including particle swarm optimization, ant colony optimization, and artificial bee colony algorithms, demonstrating their nature-inspired problem-solving capabilities.

    


    	
      Part 5 converges on machine learning-based methods, bridging machine learning and optimization to address complex problems using techniques like self-organizing maps, graph machine learning, and reinforcement learning.

    

  


  This book includes three appendices, serving as invaluable companions that offer practical insights and resources to enhance your understanding and proficiency in implementing optimization algorithms.


  Appendix A guides you in setting up the Python environment and introduces various state-of-the-art Python libraries such as mathematical programming solvers, graph and mapping libraries, and machine learning libraries.


  Appendix B provides a variety of relevant resources, including optimization test functions, combinatorial optimization benchmark datasets, geospatial datasets, and machine learning datasets.


  Finally, Appendix C presents a comprehensive set of exercises and solutions organized chapter-wise. These exercises encompass various styles, including multiple-choice questions (MCQs), matching exercises, word search, crossword puzzles, coding exercises, and problem-solving exercises. The purpose of these exercises is to actively reinforce and solidify your understanding of optimization concepts and algorithms explored throughout the book.


  These bonus appendices are available in the ePub and Kindle versions of this book, and you can read them online in liveBook available here: https://www.manning.com/books/optimization-algorithms..


  For readers looking to grasp the core concepts of search and optimization algorithms, I recommend starting with part 1, which lays the foundation. Afterward, you are free to explore the subsequent chapters in any order that aligns with your interests. Each chapter is crafted to stand on its own, providing flexibility in your learning journey.


  A crucial aspect of this learning process is actively engaging with the included code listings. By experimenting with and tuning the algorithm parameters, you’ll gain practical insights into, and a deeper understanding of, the subject matter. Additionally, I encourage you to attempt the exercises provided online in appendix C, as they are designed to reinforce your knowledge. If you encounter difficulties, the solutions are included, offering guidance to help you overcome any obstacles. This hands-on approach is essential for a thorough and rewarding learning experience.


  About the code


  This book is enriched with an extensive array of source code presented in numbered listings, numerous practical projects, and exercises (along with their solutions). It utilizes state-of-the-art Python libraries in the code listings to ensure a contemporary and effective learning experience. All of this code, which is implemented in the form of Python Jupyter notebooks—a web-based interactive computing platform—is readily available for download from the book’s GitHub repository: https://github.com/Optimization-Algorithms-Book/Code-Listings. This setup not only facilitates an interactive and engaging learning process but also allows you to directly experiment with and modify the code. Note that the book is structured with the assumption that you have Python 3.6 or a newer version installed on your system.


  You can also get executable snippets of code from the liveBook (online) version of this book at https://livebook.manning.com/book/optimization-algorithms. The complete code for the examples in the book is available for download from the Manning website at www.manning.com.


  liveBook discussion forum


  Purchase of Optimization Algorithms includes free access to liveBook, Manning’s online reading platform. Using liveBook’s exclusive discussion features, you can attach comments to the book globally or to specific sections or paragraphs. It’s a snap to make notes for yourself, ask and answer technical questions, and receive help from the author and other users. To access the forum, go to https://livebook.manning.com/book/optimization-algorithms/discussion. You can also learn more about Manning’s forums and the rules of conduct at https://livebook.manning.com/discussion.


  Manning’s commitment to our readers is to provide a venue where a meaningful dialogue between individual readers and between readers and the author can take place. It is not a commitment to any specific amount of participation on the part of the author, whose contribution to the forum remains voluntary (and unpaid). We suggest you try asking the author some challenging questions lest their interest stray! The forum and the archives of previous discussions will be accessible from the publisher’s website for as long as the book is in print.


  about the author


  
    [image: ]

  


  Dr. Alaa Khamis works as AI & Smart Mobility Technical Leader at General Motors Canada. He is also a Lecturer at the University of Toronto, an Adjunct Professor at Ontario Tech University and Nile University, and an Affiliate Member of the Center of Pattern Analysis and Machine Intelligence (CPAMI) at the University of Waterloo. He worked as an Autonomous Vehicles Professor at Zewail City of Science and Technology, Head of AI at Sypron Solutions, Associate Professor and Head of Engineering Science Department at Suez University, Associate Professor and Director of Robotics and Autonomous Systems (RAS) research group at German University in Cairo (GUC), Research Assistant Professor at the University of Waterloo, Canada, Visiting Professor at Universidad Carlos III de Madrid, Spain, and Université de Sherbrooke, Canada, Visiting Researcher at the University of Reading, UK, and Distinguished Scholar at the University of Applied Sciences Ravensburg-Weingarten, Germany. His research interests include smart mobility, autonomous and connected vehicles, cognitive IoT, algorithmic robotics, intelligent data processing and analysis, machine learning, and combinatorial optimization. He has published five books and more than 200 scientific papers in refereed journals and international conferences. He has also filed 64 US patents, defensive publications, and trade secrets. For more information, please visit www.alaakhamis.org.


  About the technical editor


  Frances Buontempo has many years of C++, Python, and machine learning experience. She has given talks on both and edits ACCU’s Overload magazine. She has written two books: Genetic Algorithms and Machine Learning for Programmers (Pragmatic Bookshelf, 2019) and Learn C++ by Example (Manning, 2024). Frances has also often helped as a Manning editor, helping others be clearer, and she believes she can explain complicated things clearly.


  about the cover illustration


  The figure on the cover of Optimization Algorithms is “Insulaire de Oonalaska,” or “Onalaska Islander,” taken from a collection by Jacques Grasset de Saint-Sauveur, published in 1797. Each illustration is finely drawn and colored by hand.


  In those days, it was easy to identify where people lived and what their trade or station in life was just by their dress. Manning celebrates the inventiveness and initiative of the computer business with book covers based on the rich diversity of regional culture centuries ago, brought back to life by pictures from collections such as this one.


  Part 1. Deterministic search algorithms


  Welcome to the first part of this book, where we’ll embark on an exploration of deterministic graph search algorithms. This part consists of four chapters.


  In chapter 1, you’ll learn the fundamental concepts of search and optimization and understand their real-world significance. You’ll discover how to define optimization problems, differentiate between well-structured and ill-structured problems, gain insight into the challenges of search algorithms, and understand the search dilemma.


  Chapter 2 dives deeper into the classification of optimization problems. You’ll learn how to categorize search and optimization algorithms based on different criteria. Additionally, you’ll learn about heuristics, metaheuristics, and heuristic search strategies, with a sneak peek at nature-inspired algorithms.


  In chapter 3, you’ll explore graph search techniques, uncover graph traversal methods, and discover how to use blind search algorithms to find the shortest path between two nodes in a graph, all while solving practical routing problems.


  In chapter 4, you’ll delve into the concept of informed search. You’ll learn how to solve the minimum spanning tree problem and find the shortest path using informed search algorithms, all while gaining practical problem-solving skills for real-world routing problems.


  When you’re finished with this part of the book, you’ll have a solid grasp of the fundamentals of optimization, deterministic graph search algorithms, and practical problem-solving skills that are applicable to real-world scenarios, setting the stage for the diverse optimization algorithms explored in the following parts of this book.


  1 Introduction to search and optimization


  This chapter covers


  
    	What are search and optimization?


    	Why care about search and optimization?


    	Going from “toy problems” to real-world solutions


    	Defining an optimization problem


    	Introducing well-structured problems and ill-structured problems


    	Search algorithms and the search dilemma

  


  Optimization is deeply embedded in nature and in the systems and technologies we build. Nature is a remarkable testament to the ubiquity and prevalence of optimization. Take, for instance, the foraging behaviors of social insects like ants and honeybees. They have developed their own unique optimization methods, from navigating the shortest path to an existing food source to discovering new food sources in an unknown external environment. Honeybee colonies focus their foraging efforts on only the most profitable patches. They cooperatively build their honeycombs with hexagonal structures for efficient use of space (the maximum number of cells that can be built in a given area), material efficiency (using less beeswax), structural strength, and the optimal angle to prevent honey from spilling out of the cells. Similarly, birds exhibit optimization behavior during their annual migrations. They undertake long voyages from their breeding grounds to their winter homes, and their migration routes have been optimized over generations to conserve energy. These routes account for factors such as prevailing wind patterns, food availability, and safety from predators. These examples underscore how nature intuitively applies optimization strategies for survival and growth, offering us lessons that can be translated into algorithmic problem-solving.


  Optimization is also a regular aspect of our daily lives, often so seamlessly integrated that we barely notice its constant influence. As human beings, we strive to optimize our everyday lives. Consider the simple act of planning your day. We instinctively order or group tasks or errands in a way that minimizes travel time or maximizes our free time. We navigate the challenge of grocery shopping within a budget, trying to get the most value out of every dollar spent. We create workout routines aiming for the maximum fitness benefits within our limited time. Even at home, we optimize our energy usage to keep our utility bills in check.


  Likewise, corporations maximize profits by increasing efficiency and eliminating waste. For example, logistics giants like FedEx, UPS, and Amazon spend millions of dollars each year researching new ways to trim the cost of delivering packages. Telecommunications agencies seek to determine the optimal placement of crucial infrastructure, like cellular towers, to service the maximum number of customers while investing in the minimum level of equipment. Similarly, transportation network companies like Uber, Lyft, and DiDi route drivers efficiently during passenger trips and direct drivers to ride-hailing hotspots during idle periods to minimize passenger wait time. As urbanization intensifies worldwide, local emergency services depend on efficient dispatching and routing platforms to select and route the appropriate vehicles, equipment, and personnel to respond to incidents across increasingly complex metropolitan road networks. Airlines need to solve several optimization problems, such as flight planning, fleet assignment, crew scheduling, aircraft routing, and aircraft maintenance planning. Healthcare systems also handle optimization problems such as hospital resource planning, emergency procedure management, patient admission scheduling, surgery scheduling, and pandemic containment. Industry 4.0, a major customer of optimization technology, deals with complex optimization problems such as smart scheduling and rescheduling, assembly line balancing, supply-chain optimization, and operational efficiency. Smart cities deal with large-scale optimization problems such as stationary asset optimal assignments, mobile asset deployment, energy optimization, water control, pollution reduction, waste management, and bushfire containment.


  These examples show how ubiquitous and important optimization is as a way to maximize operational efficiency in different domains. In this book, we’ll dive into the exciting world of optimization algorithms. We’ll unravel how these algorithms can be used to tackle complex continuous and discrete problems in different domains.


  1.1 Why care about search and optimization?


  Search is the systematic examination of states, starting from an initial state and ending (hopefully) at the goal state. Optimization techniques are in reality search methods, where the goal is to find an optimal or a near-optimal state within the feasible search space. This feasible search space is a subset of the optimization problem space where all the problem’s constraints are satisfied. It’s hard to come up with a single industry that doesn’t already use some form of search or optimization methods, software, or algorithms. It’s highly likely that in your workplace or industry, you deal with optimization daily, though you may not be aware of it. While search and optimization are ubiquitous in almost all industries, using complicated algorithms to optimize processes may not always be practical. For example, consider a small pizzeria that offers food delivery to its local customers. Let’s assume that the restaurant processes around ten deliveries on an average weeknight. While efficiency-improving strategies (such as avoiding left turns in right-driving countries or right turns in left-driving countries, avoiding major intersections, avoiding school zones during drop-off and pick-up times, avoiding bridges during lift times, and favoring downhill roads) may theoretically shorten delivery times and reduce costs, the scale of the problem is so tiny that implementing these kinds of changes may not lead to any noticeable effect.


  In larger-scale problems, such as fleet assignment and dispatching, multicriteria stochastic vehicle routing, resource allocation, and crew scheduling, applying search and optimization techniques to a problem must be a qualified decision. Some firms or companies may not benefit from excessive process changes due to a lack of expertise or resources to implement those changes. There may also be concerns about a potential lack of follow-through from stakeholders. Implementing these changes could also cost more than the savings obtained through the optimization process. Later in this book, we will see how these costs can be accounted for when developing search and optimization algorithms.


  This book will take most anyone from never having solved search and optimization problems to being a well-rounded search and optimization practitioner, able to select, implement, and adapt the right solver for the right problem. It doesn’t assume any prior knowledge of search and optimization and only an intermediate knowledge of data structures and Python. For managers or professionals involved in high-level technological decisions at their workplace, these skills can be critical in understanding software-based approaches, their opportunities, and their limitations when discussing process improvement. In contrast, IT professionals will find these skills directly applicable when considering options for developing or selecting new software suites and technologies for in-house use. The following section describes the methodology we will follow throughout this book.


  1.2 Going from toy problems to the real world


  When discussing algorithms, many books and references present them as formal definitions and then apply them to so-called “toy problems.” These trivial problems are helpful because they often deal with smaller datasets and search spaces while being solvable by hand iteration. This book follows a similar approach but takes it one step further by presenting real-world data implementations. Whenever possible, resources such as datasets and values are used to illustrate the direct applicability and practical drawbacks of the algorithms discussed. Initially, the scaled-down toy problems will help you appreciate the step-by-step operations involved in the various algorithms. Later, the Python implementations will teach you how to use multiple datasets and Python libraries to address the increased complexity and scope of real-world problems. 


  As illustrated in figure 1.1, the source of inspiration for each search or optimization algorithm is identified, and then the algorithm pseudocode, algorithm parameters, and heuristics/solution strategies used are presented. The algorithm’s pros and cons and adaptation methods are then described. This book contains many examples that will allow you to carry out iterations by hand on a scaled-down version of the problem and fully understand how each algorithm works. It also includes many programming exercises in a special problem-solution-discussion format so you can see how a scaled-up version of the problem previously solved by hand can be solved using Python. Through programming, you can optimally tune the algorithm and study its performance and scalability.


  
    [image: ]


    Figure 1.1 The book’s methodology—each algorithm will be introduced following a pattern that goes from explanation to application.

  


  Throughout this book, several classic and real-world optimization problems will be considered to show you how to use the search and optimization algorithms discussed in the book. Figure 1.2 shows examples of these optimization/search problems.
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    Figure 1.2 Examples of classic and real-world optimization problems

  


  Real-world design problems, or strategic functions, can be used in situations when time is not as important as the quality of the solution and users are willing to wait (sometimes even a few days) to get optimal solutions. Planning problems, or tactical functions, need to be solved in a time span from a few seconds to a few minutes. Control problems, or operational functions, need to be solved repetitively and quickly, in a time span from a few milliseconds to a few seconds. To find a solution in such a short period of time, optimality is usually traded in for speed gains. In the next chapter, we’ll discuss these problem types more thoroughly.


  I highly recommend that you first perform the hand iterations for the examples following each algorithm and then try to recreate the Python implementations yourself. Feel free to play around with the parameters and problem scale in the code; one of the advantages of running optimization algorithms through software is the ability to tune for optimality.


  1.3 Basic ingredients of optimization problems


  Optimization refers to the practice of finding the “best” solutions to a given problem, where “best” usually means satisfactory or acceptable, possibly subject to a given set of constraints. The solutions can be classified into feasible, optimal, and near-optimal solutions: 


  
    	
      Feasible solutions are solutions that satisfy all the given constraints.

    


    	
      Optimal solutions are both feasible and provide the best objective function value.

    


    	
      Near-optimal solutions are feasible solutions that provide a superior objective function value but are not necessarily the best.

    

  


  Assuming we have a minimization problem, where the goal is to find the values of a decision variable that minimize a certain objective function, a search space may combine multiple global minima, strong local minima, and weak local minima, as illustrated in figure 1.3:


  
    	
      A global optimum (or a global minimum in the case of minimization problems) is the best of a set of candidate solutions (i.e., the lowest point of the entire feasible search space). Mathematically, if ƒ(x) is the objective function, a point x* is the global minimum if, for all x in the domain of ƒ, ƒ(x*) ≤ ƒ(x).

    


    	
      A strong local minimum is a point where the function’s value is less than (or equal to) the values of the function in a neighborhood around that point but is higher than the global minimum. Mathematically, a point x* is a strong local minimum if there is a neighborhood N of x* such that ƒ(x*) < ƒ(x) for all x in N with x ≠ x*.

    


    	
      A weak local minimum is a point where the function’s value is less than or equal to the function’s values at neighboring points, but there are sequences of points converging to this point for which the function’s values strictly decrease. Mathematically, a point x* is a weak local minimum if there is a neighborhood N of x* such that ƒ(x*) ≤ ƒ(x) for all x in N.
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    Figure 1.3 Feasible solutions fall within the constraints of the problem. A feasible search space may display a combination of global, strong local, and weak local minima.

  


  These optimum seeking methods, also known as optimization techniques, are generally studied as a part of operations research (OR). OR, also referred to as decision or management science, is a field that originated at the beginning of World War II due to the urgent need to assign scarce resources in military operations. It is a branch of mathematics that applies advanced scientific analytical methods to decision-making and management problems to find the best or optimal solutions.


  Optimization problems can generally be stated as follows. Find X which optimizes ƒ, subject to a possible set of equality and inequality constraints:


  
    
      
      
    

    
      
        	
          gi(X) = 0, i = 1, 2, ..., m


          hj(X) ≤ 0, j = 1, 2, ..., p

        

        	
          1.1

        
      

    
  


  where


  
    	
      X = (x1, x2,…, xn)T is the vector representing the decision variables

    


    	
      ƒ(X) = (ƒ1(X), ƒ2(X),…, ƒM(X)) is the vector of objectives to be optimized

    


    	
      gi(X) is a set of equality constraints

    


    	
      hj(X) is a set of inequality constraints

    

  


  The following subsections describe three main components of optimization problems: decision variables, objective functions, and constraints.


  1.3.1 Decision variables


  Decision variables represent a set of unknowns or variables that affect the objective function’s value. These are the variables that define the possible solutions to an optimization problem. If X represents the unknowns, also referred to as the independent variables, then f(X) quantifies the quality of the candidate solution or feasible solution.


  For example, assume that an event organizer is planning a conference on search and optimization algorithms. The organizer plans to pay a for fixed costs (the venue rental, security, and guest speaking fees) and b for variable costs (pamphlets, lanyards, ID badges, and a catered lunch), which depend on the number of participants. Based on past conferences, the organizer predicts that demand for tickets will be as follows:


  
    
      
      
    

    
      
        	
          Q = 5000 – 20x

        

        	
          1.2

        
      

    
  


  where x is the ticket price and Q is the expected number of tickets to be sold. Thus, the company expects the following scenarios:


  
    	
      If the company charges nothing (x = 0), they will give away 5,000 tickets for free.

    


    	
      If the ticket price is x = $250, the company will get no attendees, and the expected number of tickets will be 0.

    


    	
      If the ticket price is x < $250, the company will sell some number of tickets 0 ≤ Q ≤ 5,000.

    

  


  The profit f(x) that the event organizer can expect to earn can be calculated as follows:


  
    
      
      
    

    
      
        	
          Profit = Revenue – Costs

        

        	
          1.3

        
      

    
  


  where Revenue = Qx and Costs = a + Qb. Altogether, the profit (or objective) function looks like this:


  
    
      
      
    

    
      
        	
          ƒ(x) = Revenue – Costs = Qx – (a + Qb) = –20x2 + (5000 + 20b)x – 5000b – a

        

        	
          1.4

        
      

    
  


  In this problem, the predefined parameters include fixed costs, a, and variable costs, b. There is a single decision variable, x, which is the price of the ticket where xLB ≤ x ≤ xUB. The ticket price’s lower bound xLB and upper bound xUB are considered boundary constraints. Solving this optimization problem focuses on finding the best value of x that maximizes the profit ƒ(x).


  1.3.2 Objective functions


  An objective function ƒ(x), also known as the criterion, merit function, utility function, cost function, stands for the quantity to be optimized. Without a loss of generality, optimization can be interpreted as the minimization of a value, since the maximization of a primal function ƒ(x) can be just the minimization of a dual problem generated after applying mathematical operations on ƒ(x). This means that if the primal function is a minimization problem, then the dual problem is a maximization problem (and vice versa). According to this duality aspect of optimization problems, a solution x*, which is the minimum for the primal minimization problem, is also, at the same time, the maximum for the dual maximization problem, as illustrated in figure 1.4. 


  Moreover, simple mathematical operations like addition, subtraction, multiplication, and division do not change the value of the optimal point. For example, multiplying or dividing ƒ(x) by a positive constant or adding or subtracting a positive constant to or from ƒ(x) does not change the optimal value of the decision variable, as illustrated in figure 1.4.
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    Figure 1.4 Duality principle and mathematical operations on an optimization problem

  


  In the earlier ticket pricing problem, assume that a = 50,000, b = 60, xLB = 0, and xUB = 250. Using these values, we have a profit function: ƒ(x) = –20x2 + 6,200x – 350,000. Following a derivative-based approach, we can simply derive the function to find its maximum: df/dx = –40x + 6,200 = 0 or 40x = 6,200. Thus, the optimal ticket price is $155, which yields a net profit of $130,500, as shown in figure 1.5.
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    Figure 1.5 Ticket pricing problem—the optimal pricing that maximizes profit is $155 per ticket.

  


  In the ticket pricing problem, we have a single objective function to be optimized, which is the profit. In this case, the problem is called a mono-objective optimization problem. An optimization problem involving multiple objective functions is known as a multi-objective optimization problem. For example, assume that we want to design an electric vehicle (EV). This design problem’s objective functions can be minimizing acceleration time and maximizing Environmental Protection Agency (EPA) driving range. The acceleration time is the time in seconds the EV takes to accelerate from 0 to 60 mph. The EPA driving range is the approximate number of miles that a vehicle can travel in combined city and highway driving (using a mix of 55% highway and 45% city driving) before needing to be recharged, according to the EPA’s testing methodology. Decision variables can include the size of the wheels, the power of the electric motor, and the battery’s capacity. A bigger battery is needed to extend the driving range of the EV, which adds extra weight, and therefore the acceleration time increases. In this example, the two objectives are in conflict, as we need to minimize acceleration time and maximize the EPA range, as shown in figure 1.6.
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    Figure 1.6 Electric vehicle design problem for maximizing EPA range and minimizing acceleration time

  


  This multi-objective optimization problem can be handled using a preference-based multi-objective optimization procedure or by using a Pareto optimization approach. In the former approach, the duality principle is applied first to transform all the conflicting objectives for maximization (e.g., maximizing the EPA range and the inverse of the acceleration time) or for minimization (e.g., minimizing the acceleration time and the inverse of the EPA range). Then we combine these multiple objectives into an overall objective function by using a relative preference vector or a weighting scheme to scalarize the multiple objectives. For example, you may give more weight to EPA range over acceleration time. However, finding this preference vector or the weights is subjective, and sometimes it’s not straightforward. The Pareto optimization approach relies on finding multiple trade-off optimal solutions and choosing one using higher-level information. This procedure tries to find the best trade-off by reducing the number of alternatives to an optimal set of nondominated solutions known as the Pareto frontier, which can be used to take strategic decisions in multi-objective space. Multi-objective optimization is discussed in chapter 8.


  Constraint-satisfaction problems (CSPs) do not define an explicit objective function. Instead, the goal is to find a solution that satisfies a given set of constraints. The n-queen problem is an example of a CSP. In this problem, the aim is to put n queens on an n x n board with no two queens on the same row, column, or diagonal. The 4 x 4 queen CSP problem has two optimal solutions. Neither of these two optimal solutions is inherently or objectively better than the other. The only requirement of the problem is to satisfy the given constraints.


  1.3.3 Constraints


  Constrained optimization problems have a set of equality and/or inequality constraints gi(X), lj(X) that restrict the values assigned to the decision variables. In addition, most problems have a set of boundary constraints, which define the domain of values for each variable. Furthermore, constraints can be hard (must be satisfied) or soft (desirable to satisfy). Consider the following examples from a school timetabling problem:


  
    	
      Not having multiple lectures in the same room at the same time is a hard constraint.

    


    	
      Not having a teacher give multiple lectures at the same time is also a hard constraint.

    


    	
      Guaranteeing a minimum of three teaching days for every teacher may be a soft constraint.

    


    	
      Locating back-to-back lectures in nearby rooms may be a soft constraint.

    


    	
      Avoiding scheduling very early or very late lectures may also be a soft constraint.

    

  


  As another example of hard and soft constraints, navigation apps such as Google Maps, Apple Maps, Waze, or HERE WeGo may allow users to set preferences for routing:


  
    	
      Avoiding ferries, toll roads, and highways would be hard constraints.

    


    	
      Avoiding busy intersections, highways during rush hour, or school zones during drop-off and pick-up times might be soft constraints.

    

  


  Soft constraints can be modeled by incorporating a reward/penalty function as part of the objective function. The function can reward solutions that satisfy the soft constraints and penalize those that do not.


  As an example, assume that there are 10 parcels to be loaded in the cargo bike in figure 1.7.
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    Figure 1.7 The cargo bike loading problem is an example of a problem with a soft constraint. While the weight of the packages can exceed the bike’s capacity, a penalty will be applied when the bike is overweight.

  


  Each parcel has its own weight, profit, and efficiency value (profit per kg). The goal is to select the parcels to be loaded in such a way that the profit function ƒ1 is maximized and the weight function ƒ2 is minimized. This is a classic example of a combinatorial problem:


  
    
      
      
    

    
      
        	
          
            [image: ]

          

        

        	
          1.5

        
      

    
  


  where n is the total number of packages and Ei is the efficiency of package i


  
    
      
      
    

    
      
        	
          
            [image: ]

          

        

        	
          1.6

        
      

    
  


  where wi is the weight of package i and C is the maximum capacity of the bike. A penalty of 50 is added if and only if the total weight of the added parcels exceeds the maximum capacity.


  Soft constraints can also be used to make the search algorithm more adaptive. For example, the severity of the penalty can be dynamically changed as the algorithm progresses, imposing less strict penalties at first to encourage exploration, but imposing more severe penalties near the end to generate a result largely bound by the constraint.


  1.4 Well-structured problems vs. ill-structured problems


  We can classify optimization problems based on their structure and the procedure that exists (or doesn’t exist) for solving them. The following subsections introduce well-structured and ill-structured problems.


  1.4.1 Well-structured problems


  In “The Structure of Ill Structured Problems,” Herbert Simon outlines six key characteristics of well-structured problems (WSPs) [1]. These include the presence of a clear criterion for testing proposed solutions, the existence of a problem space capable of representing the initial problem state and potential solutions, and the representation of attainable and considerable state changes within the problem space. Moreover, any knowledge acquired by the problem solver can be represented within these spaces, and if the problem involves interacting with the external world, the state changes reflect the laws governing the real world. Simon emphasizes that these conditions hold strongly, implying that the processes require feasible computation and that information necessary for problem-solving is effectively available without excessive search efforts.


  Assume that we are planning a robotic pick-and-place task in an inspection system. In this scenario, the robot waits until receiving a signal from a presence sensor, which indicates the existence of a defective workpiece over the conveyer belt. The robot stops the conveyer belt, picks up the defective piece, and deposits it in a waste box. Then the robot reactivates the movement of the conveyer belt. After this operation, the robot returns to its initial position and the cycle repeats. As illustrated in figure 1.8, this problem has the following well-structured components:


  
    	
      Feasible states—The position and speed of the robot arm and its orientation and status (open or closed and orientation) of its end-effector (gripper)

    


    	
      Operator (successor)—Robot arm motion control command to move from one point to another following a certain singularity-free trajectory (positions or joint angles in space and motion speed) and end-effector control (orientation and open or closed)

    


    	
      Goal—Pick and place a defective workpiece regardless of its orientation

    


    	
      Solution/path—Optimal sequence through state space for the fastest pick-and-place operation

    


    	
      Stopping criteria—Defective workpiece is picked from the conveyer belt and placed in the waste box, and the robot returns to its home position

    


    	
      Evaluation criteria—Pick-and-place duration and/or the success rate of the pick-and-place process

    

  


  
    [image: ]


    Figure 1.8 A WPS features a defined problem space, operators for allowable moves, clear evaluation criteria, and computational tractability.

  


  As you can see, the work environment is highly structured, static, and fully observable. The problem can be mathematically modeled, and an optimal pick-and-place plan can be generated and executed with a high level of certainty. This pick-and-place problem can be considered a WSP.


  1.4.2 Ill-structured problems


  Ill-structured problems (ISPs) are complex discrete or continuous problems without algorithmic solutions or general problem solvers. ISPs are characterized by one or more of these characteristics:


  
    	
      A problem space with different views of the problems, unclear goals, multimodality, and a dynamic nature

    


    	
      A lack of exact mathematical models or a lack of well-proven algorithmic solutions

    


    	
      Solutions that are contradictory, consequences that are difficult to predict, and risk that is difficult or impossible to calculate, resulting in a lack of clear evaluation criteria

    


    	
      Considerable data imperfection in terms of uncertainty, partial observability, vagueness, incomplete information, ambiguity, or unpredictability that makes monitoring the execution of the solutions difficult and sometimes impossible

    


    	
      Computational intractability

    

  


  Assume that we need to find the optimal dispatching of four elevators to serve users between 10 floors, as illustrated in figure 1.9. This is a classic example of a problem too large to solve using traditional means.
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    Figure 1.9 Elevator dispatching problem—with four elevator cars and 10 floors, this problem has ~1021 possible states.

  


  The following objective functions can be considered in this optimal dispatching problem:


  
    	
      Minimizing the average waiting time—how long the user waits before getting on an elevator

    


    	
      Minimizing the average system time—how long the user waits before being dropped off at the destination floor

    


    	
      Minimizing the percentage of users whose waiting time exceeds 60 seconds

    


    	
      Ensuring fairness in serving all the users of the elevators

    

  


  This optimal dispatching problem is an example of an ISP, as the problem space has a dynamic nature and partial observability; it is impossible to predict the user calls and destinations. Defining an optimum is almost impossible, as it can immediately change after a decision has been made based on the known situation (such as if a new request comes in for a move in the opposite direction). Moreover, the search space is huge due to the extremely high number of possible states, taking into consideration different elevator positions, elevator buttons, and hall call buttons:


  
    	
      Elevator position—Each elevator can be on one of 10 floors. Therefore, for each elevator, there are 10 different possible states. Since there are four elevators, the number of combinations for elevator positions is 104.

    


    	
      Elevator buttons—Each elevator has 10 buttons that can be either on (pressed) or off (not pressed). Therefore, for one elevator, there are 210 different possible states. Since there are four elevators, the number of combinations for elevator buttons is 240.

    


    	
      Hall call buttons—There are 18 hall call buttons (up and down buttons at each floor, except the first and the last floor) that can be either on or off. Therefore, the number of combinations for hall call buttons is 218.

    

  


  Assuming that every combination of button presses is valid (i.e., ignoring the physical or logical limitations of an elevator system, such as not allowing both the up and down hall call buttons on the same floor to be pressed at the same time), the total number of states can be calculated as follows: number of possible states = 104 (elevator positions) * 240 (elevator buttons) * 218 (hall call buttons) = 2.88 x 1021 different states. The total number of states is more than the number of stars in the universe!


  1.4.3 WSP, but ISP in practice


  The traveling salesman problem (TSP) is an example of a problem that may be well-structured in principle, but in practice becomes ill-structured. This is because of the impractical amount of computational power required to solve the problem in real time.


  Assume that a traveling salesman is assigned to make sales calls to a list of n cities. The salesman would like to visit all these cities in the minimum amount of time, as salespeople are generally paid by commission rather than hourly. Furthermore, the tour of the cities may be asymmetric; the time it takes to go from city A to city B may not be the same as the reverse due to infrastructure, traffic patterns, and one-way streets. For example, with 13 cities to visit, the problem may initially seem trivial. However, upon closer examination, the search space for this TSP results in 13! = 6,227,020,800 different possible routes to be examined in the case of using naive algorithms! Fortunately, dynamic programming algorithms enable reduced complexity, as we will see in the next chapter.


  This book largely focuses on ISPs, and on WSPs that are ISPs in practice, for a few reasons:


  
    	
      WSPs tend to have well-known solving algorithms that often provide trivial, step-by-step procedures. As such, very efficient and well-known solutions often exist for these kinds of problems. Moreover, several WSPs can be solved using derivative-based generic solvers.

    


    	
      The amount of computational power needed to solve WSPs is often negligible, or very manageable at worst. Especially with the continued improvement of consumer-grade computers, not to mention the vast resources available through cloud computing and distributed processing, we often do not have to settle for near-optimal WSP solutions resulting from computational bottlenecks.

    


    	
      Most problems in the real world are ISPs, as the problem scope, state, and environment are dynamic and sometimes partially observable with certain degrees of uncertainties. Solutions or algorithms for ISPs, therefore, have much more applicability to real-world scenarios, and there is a greater incentive to find solutions to these problems.

    

  


  Most of the algorithms explored in this book are derivative-free and stochastic; they use randomness in their parameters and decision processes. These algorithms are often well suited to solving ISPs, as the randomness of their initial states and operators allows the algorithms to escape local minima and find optimal or near-optimal solutions. In contrast, deterministic algorithms use well-defined and procedural paths to reach solutions and generally are not well suited for ISPs, as they either cannot work in unknown search spaces or are unable to return solutions in a reasonable amount of time. Moreover, most of the algorithms covered in this book are black-box solvers that deal with the optimization problem as a black box. This black box provides, for certain decision variable values, the corresponding values of the objective functions and constraint functions. Importantly, this approach eliminates the need to consider various properties of the objective and constraint functions, such as nonlinearity, differentiability, nonconvexity, monotonicity, discontinuities, or even stochastic noise.


  1.5 Search algorithms and the search dilemma


  The goal of any optimization method is to assign values to decision variables so that the objective function is optimized. To achieve this, optimization algorithms search the solution space for candidate solutions. Constraints are simply limitations on specific regions in the search space. Thus, all optimization techniques are, in reality, just search methods, where the goal is to find feasible solutions to satisfy constraints and maximize (or minimize) the objective functions. We’ll define “search” as the systematic examination of feasible states, starting from the initial state, and ending (hopefully) at the goal state. However, while we explore the feasible search space, we may find a few reasonably good neighboring solutions, and the question is whether we should exploit this region or keep exploring, looking for better solutions in other regions of the feasible search space. 


  Exploration (or diversification) is the process of investigating new regions in the feasible search space with the hope of finding other promising solutions. On the other hand, exploitation (or intensification) is the process of directing the search agent to focus on an attractive region of the search space where good solutions have already been found.


  This exploration–exploitation dilemma is one of the most important problems in search and optimization, and in life as well. We apply exploration–exploitation tactics in our lives. When we move to a new city, we start by exploring different stores and restaurants and then focus on shortlisted options around us. During a midlife crisis, some middle-aged individuals feel bored in their daily routine and lifestyle without satisfactory accomplishments, and they tend to take explorative actions. The US immigration system tries to avoid exploiting specific segments of applicants (e.g., family, skilled workers, refugees, and asylees) and enables more diversity through a computer-generated lottery. In social insects like honeybees, foraging for food sources is performed by two different worker groups, foragers and scouts (5–25% of the foragers). Forager bees focus on a specific food source while scouts are novelty seekers who keep scouting around for rich nectar. In search and optimization, the exploration–exploitation dilemma represents the trade-off between exploring new unvisited states or solutions in the search space and exploiting the elite solutions found in a certain neighborhood in the search space (figure 1.10).
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    Figure 1.10 Search dilemma—there is always a trade-off between branching out to new areas of the search space or focusing on an area with known good or elite solutions.

  


  Local search algorithms are exploitative algorithms that can be easily trapped in local optima if the search landscape is multimodal. On the other extreme, random search algorithms keep exploring the search space with a high chance of reaching global optima at the cost of an impractical search time. Generally speaking, explorative algorithms can find global optima at the cost of processing time, while exploitative algorithms risk getting stuck at local minima.


  Summary


  
    	
      Optimization is ubiquitous and pervasive in numerous areas of life, industry, and research.

    


    	
      Decision variables, objective functions, and constraints are the main ingredients of optimization problems. Decision variables are the inputs that you have control over and that affect the objective function’s value. An objective function is the function that needs to be optimized, either minimized or maximized. Constraints are the limitations or restrictions that the solution must satisfy.

    


    	
      Optimization is a search process for finding the “best” solutions to a problem, providing the best objective function values, and possibly subject to a given set of hard (must be satisfied) and soft (desirable to satisfy) constraints.

    


    	
      Ill-structured problems are complex discrete or continuous problems without exact mathematical models and/or algorithmic solutions or general problem solvers. They usually have dynamic and/or partially observable large search spaces that cannot be handled by classic optimization methods.

    


    	
      In many real-life applications, quickly finding a near-optimal solution is better than spending a large amount of time searching for an optimal solution.

    


    	
      Two key concepts you’ll see frequently in future chapters are the exploration (or diversification) and exploitation (or intensification) search dilemmas. Achieving a trade-off between exploration and exploitation will allow the algorithm to find optimal or near-optimal solutions without getting trapped in local optima in an attractive region of the search space and without spending a large amount of time.

    

  


  2 A deeper look at search and optimization


  This chapter covers


  
    	Classifying optimization problems based on different criteria


    	Classifying search and optimization algorithms based on the way the search space is explored and how deterministic the algorithm is


    	Introducing heuristics, metaheuristics, and heuristic search strategies


    	A first look at nature-inspired search and optimization algorithms

  


  Before we dive into the problems and algorithms that I hinted at in chapter 1, it will be useful to be clear about how we talk about these problems and algorithms. Classifying problems allows us to group similar problems together and potentially exploit existing solutions. For example, a traveling salesman problem involving geographic values (i.e., cities and roads) may be used as a model to find the minimum length of wires connecting pins in a very large-scale integration (VLSI) design. The same can be said for classifying the algorithms themselves, as grouping algorithms with similar properties can allow us to easily identify the right algorithm to solve a problem and meet expectations, such as the quality of the solution and the permissible search time. 


  Throughout this chapter, we’ll discuss common classifications of optimization problems and algorithms. Heuristics and metaheuristics will also be introduced as general algorithmic frameworks or high-level strategies that guide the search process. Many of these strategies are inspired by nature, so we’ll shed some light on nature-inspired algorithms. Let’s start by discussing how we can classify optimization problems based on different criteria.


  2.1 Classifying optimization problems


  Optimization is everywhere! In everyday life, you’ll face different kinds of optimization problems. For example, you may like to set the thermostat to a certain temperature to stay comfortable and at the same time save energy. You may select light fixtures and adjust the light levels to reduce energy costs. When you start driving your electric vehicle (EV), you may search for the fastest or most energy-efficient route to your destination. Before arriving at your destination, you may look for a parking spot that is affordable, provides the shortest walking distance to your destination, offers EV charging, and is preferably underground. These optimization problems have different levels of complexity that mainly depend on the type of problem. As mentioned in the previous chapter, the process of optimization involves selecting decision variables from a given feasible search space in such a way as to optimize (minimize or maximize) a given objective function or, in some cases, multiple objective functions. 


  Optimization problems are characterized by three main components: decision variables or design vectors, objective functions or criteria to be optimized, and a set of hard and soft constraints to be satisfied. The nature of these three components, the permissible time allowed for solving the problem, and the expected quality of the solutions lead to different types of optimization problems, as shown in figure 2.1.
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    Figure 2.1 Optimization problem classification—an optimization problem can be broken down into its constituent parts, which form the basis for classifying such problems.

  


  The following subsections explain these types in greater detail and provide examples of each type of optimization problem.


  2.1.1 Number and type of decision variables


  Based on the number of decision variables, optimization problems can be broadly grouped into univariate (single variable) or multivariate (multiple variable) problems. For example, vehicle speed, acceleration, and tire pressure are among the parameters that effect a vehicle’s fuel economy, where fuel economy refers to how far a vehicle can travel on a specific amount of fuel. According to the US Department of Energy, controlling the speed and acceleration of a vehicle can improve its fuel economy by 15% to 30% at highway speeds and 10% to 40% in stop-and-go traffic. A study by the US National Highway Traffic Safety Administration (NHTSA) found that a 1% decrease in tire pressure correlated to a 0.3% reduction in fuel economy. If we are only looking for the optimal vehicle speed for maximum fuel economy, the problem is a univariate optimization problem. Finding the optimal speed and acceleration for maximum fuel economy is a bivariate optimization problem, whereas finding optimal speed, acceleration, and tire pressure is a multivariate problem. 


  Problem classification also varies according to the type of decision variables. A continuous problem involves continuous-valued variables, where xj ∈ R. In contrast, if xj ∈ Z, the problem is an integer or discrete optimization problem. A mixed-integer problem has both continuous-valued and integer-valued variables. For example, optimizing elevator speed and acceleration (continuous variables) and the sequence of picking up passengers (a discrete variable) is a mixed-integer problem. Problems where the solutions are sets, combinations, or permutations of integer-valued variables are referred to as combinatorial optimization problems.


  
    Combination vs. permutation


    Combinatorics is the branch of mathematics studying both the combination and permutation of a set of elements. The main difference between combination and permutation is the order. If the order of the elements doesn’t matter, it is a combination, and if the order does matter, it is a permutation. Thus, permutations are ordered combinations. Depending on whether repetition of the elements is allowed or not, we can have different forms of combinations and permutations.
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    Combinations and permutations—permutations respect order and are thus ordered combinations. Both combinations and permutations have variants with and without repetition.


    For example, assume we are designing a fitness plan that includes multiple fitness activities. Five types of exercises can be included in the fitness plan: jogging, swimming, biking, yoga, and aerobics. In a weekly plan, if we choose only three of these five exercises, and repetition is allowed, the number of possible combinations will be (n + r – 1)! / r!(n – 1)! = (5 + 3 – 1)! / 3!(5 – 1)! = 7! / (3! × 4!) = 35. This means we can generate 35 different fitness plans by selecting three of the available five exercises and by allowing repetition.


    However, if repetition is not allowed, the number of possible combinations will be C(n,r) = n! / r!(n – r)! = 5! / (3! × 2!) = 10. This formula is often called “n choose r” (such as “5 choose 3”), and it’s also known as the binomial coefficient. This means that we can generate only 10 plans if we don’t want to repeat any of the exercises.


    In both combination with and without repetition, the fitness plan doesn’t include the order of performing the included exercises. If we respect specific order, the plan will take the form of a permutation. If repeating exercises is allowed, the number of possible permutations when selecting three of the five available exercises will be nr = 53 = 125. However, if repetition is not allowed, the number of possible permutations will be P(n,r) = n! / (n – r)! = 5! / (5 – 3)! = 60.


    Combinatorics can be implemented fairly easily in Python when coding from scratch, but there are excellent libraries available, such as SymPy, an open source Python library for symbolic mathematics. Its capabilities include, but are not limited to, statistics, physics, geometry, calculus, equation solving, combinatorics, discrete math, cryptography, and parsing. For example, the binomial coefficient can be calculated in SymPy using the following simple code:

    from sympy import binomial
print(binomial(5,3))


    See appendix A and the documentation for SymPy for more on implementing combinatorics in Python.

  


  The traveling salesman problem (TSP) is a common example of a combinational problem whose solution is a permutation—a sequence of cities to be visited. In TSP, given n cities, a traveling salesman must visit all the cities and then return home, making a loop (a round trip). The salesman would like to travel in the most efficient way (such as the fastest, cheapest, or shortest route). 


  TSP can be subdivided into symmetric TSP (STSP) and asymmetric TSP (ATSP). In STSP, the distance between two cities is the same in both directions, forming an undirected graph. This symmetry halves the number of possible solutions. ATSP is a strict generalization of the symmetric version. In ATSP, paths may not exist in both directions, or the distances might be different, forming a directed graph. Traffic collisions, one-way streets, bridges, and airfares for cities with different departure and arrival fees are examples of how this symmetry could break down.


  The search space in TSP is very large. For example, let’s assume the salesman is to visit the 13 major cities in the Greater Toronto Area (GTA), as illustrated in figure 2.2. The naive solution’s complexity is O(n!). This means that there are (n-1)! = 12! = 479,001,600 possible tours in the case of ATSP. This is a huge search space in both STSP and ATSP. However, dynamic programming (DP) algorithms enable reduced complexity. 


  
    [image: ]


    Figure 2.2 TSP in the Greater Toronto Area (GTA). The traveling salesman must visit all 13 cities and wishes to select the “best” path, whether that be based on distance, time, or some other criterion.

  


  Dynamic programming is a method of solving optimization problems by breaking them down into smaller subproblems and solving each subproblem independently. For example, the complexity of the Bellman-Held-Karp algorithm [1] is O(2n × n2). There are other solvers and algorithms with different levels of computational complexity and approximation ratios such as the Concorde TSP solver, the 2-opt and 3-opt algorithms, branch and bound algorithms, the Christofides algorithm (or Christofides–Serdyukov algorithm), the Lin-Kernighan algorithm, metaheuristics-based algorithms, graph neural networks, and deep reinforcement learning methods. For example, the Christofides algorithm [2] is a polynomial-time approximation algorithm that produces a solution to TSP that is guaranteed to be no more than 50% longer than the optimal solution with a time complexity of O(n3). See appendix A for the solution of TSP using the Christofides algorithm implemented with the NetworkX package. We will discuss how to solve TSP using a number of these algorithms throughout this book.


  A wide range of discrete optimization problems can be modeled as TSP. These problems include, but are not limited to, microchip manufacturing, permutation flow shop scheduling, arranging school bus routes for children in a school district, assigning routes for airplanes, transporting farming equipment, scheduling of service calls, meal delivery, and routing trucks for parcel delivery and pickup. For example, the capacitated vehicle routing problem (CVRP) is a generalization of TSP where one has to serve a set of customers using a fleet of vehicles based at a common depot. Each customer has a certain demand for goods that are initially located at the depot. The task is to design vehicle routes starting and ending at the depot such that all customer demands are fulfilled. Later in this book, we’ll look at several examples of solving TSP and its variants using stochastic approaches.


  
    Problem types


    Decision problems are foundational in the study of algorithmic complexity. Generally speaking, a decision problem is a type of problem that requires determining whether a given input satisfies a certain property or condition. This problem can be answered with a simple “yes” or “no.”


    Decision problems are commonly classified based on their levels of complexity. These classes can also be applied to optimization problems, given that optimization problems can be converted into decision-making problems. For example, an optimization problem whose objective is to find an optimal or near-optimal solution within a feasible search space can be paraphrased as a decision-making problem that answers the question “Is there an optimal or a near-optimal solution within the feasible search space?” The answer will be “yes” or “no,” or “true” or “false”.


    A generally accepted notion of an algorithm’s efficiency is that its running time is polynomial. This means that the time or the computational cost to solve the problem can be described by a polynomial function of the size of the input for the algorithm. For example, in the context of TSP, the size of the input would typically be the number of cities that the salesperson needs to visit. Problems that can be solved in polynomial time are known as tractable. The following figure shows different types of problems and gives examples of commonly used benchmarks (toy problems) and real-life applications of each type.


    [image: ]


    Problem classes based on hardness and completeness. Problems can be categorized into NP-hard, NP-complete, NP, or P.


    For example, a complexity class P represents all decision problems that can be solved in polynomial time by deterministic algorithms (i.e., algorithms that do not guess at a solution). The NP or nondeterministic polynomial problems are those whose solutions are hard to find but easy to verify and are solved by a nondeterministic algorithm in polynomial time. NP-complete problems are those that are both NP-hard and verifiable in polynomial time. Finally, a problem is NP-hard if it is at least as hard as the hardest problem in NP-complete. NP-hard problems are usually solved by approximation or heuristic solvers, as it is hard to find efficient exact algorithms to solve such problems.

  


  Clustering is a type of combinatorial problem whose solution takes the form of a combination where the order doesn’t matter. In clustering, given n objects, we need to group them in k groups (clusters) such that all objects in a single group or cluster have a “natural” relation to one another, and objects not in the same group are somehow different. This means that the objects will be grouped based on some similarity or dissimilarity metric.


  Stirling numbers can be used for counting partitions and permutations in combinatorial problems. Stirling numbers of the first kind count permutations according to their number of cycles, while Stirling numbers of the second kind represent the number of ways we can partition a set of objects into non-empty subsets. The following formula is for a Stirling number of the second kind (a Stirling partition number), and it gives the number of ways you can partition a set of n objects into k non-empty subsets in the context of our clustering problem:
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  Let’s consider smart cart clustering as an example. Shopping and luggage carts are commonly found in shopping malls and large airports. Shoppers or travelers pick up these carts at designated points and leave them in arbitrary places. It is a considerable task to re-collect them, and it is therefore beneficial if a “smarter” version of these carts could draw themselves together automatically to the nearest assembly points, as illustrated in figure 2.3.


  
    

    
  


  

  
  from sympy.functions.combinatorial.numbers import stirling
print(stirling(50,4))
print(stirling(100,4))


  

  2.1.2 Landscape and number of objective functions


  

  
  import numpy as np
import math
import matplotlib.pyplot as plt
  
def objective_unimodal(x, y):           ①
    return x**2.0 + y**2.0
  
def objective_multimodal(x, y):         ②
    return np.sin(x) * np.cos(y)
  
def objective_deceptive(x, y):          ③
    return (1-(abs((np.sin(math.pi*(x-2))*np.sin(math.pi*(y-2)))/
➥  (math.pi*math.pi*(x-2)*(y-2))))**5)*(2+(x-7)**2+2*(y-7)**2)
  
fig = plt.figure(figsize = (25,25))
ax = fig.add_subplot(1,3,1, projection='3d')
  
x = np.arange(-3, 3, 0.01)
y = np.arange(-3, 3, 0.01)
  
X, Y = np.meshgrid(x, y)
Z = objective_unimodal(X, Y)
surf = ax.plot_surface(X, Y, Z, cmap=plt.cm.cividis)
ax.set_xlabel('x', fontsize=15)
ax.set_ylabel('y', fontsize=15)
ax.set_zlabel('Z', fontsize=15)
ax.set_title("Unimodal/Convex function", fontsize=18)
  
ax = fig.add_subplot(1,3,2, projection='3d')
Z = objective_multimodal(X, Y)
surf = ax.plot_surface(X, Y, Z, cmap=plt.cm.cividis)
ax.set_xlabel('x', fontsize=15)
ax.set_ylabel('y', fontsize=15)
ax.set_zlabel('Z', fontsize=15)
ax.set_title("Multimodal function", fontsize=18)
  
X, Y = np.meshgrid(x, y)
Z = objective_unimodal(X, Y)
ax = fig.add_subplot(1,3,3, projection='3d')
Z = objective_deceptive(X, Y)
surf = ax.plot_surface(X, Y, Z, cmap=plt.cm.cividis, antialiased=False)
ax.set_xlabel('x', fontsize=15)
ax.set_ylabel('y', fontsize=15)
ax.set_zlabel('Z', fontsize=15)
ax.set_title("Deceptive function", fontsize=18)
  
plt.show()


  

  

  

  
    

    
  


  

  

  
    

    
  


  

  
  from copy import deepcopy
import math
import matplotlib.pyplot as plt
import numpy as np
  
board_size = 4
board = np.full((board_size, board_size), False)         ①
  
def can_attack(board, row, col):
    if any(board[row]):                                  ②
        return True                                      ②
  
    offset = col - row                                   ③
    if any(np.diagonal(board, offset)):                  ③
        return True                                      ③
    offset = (len(board) - 1 - col) - row                ③
    if any(np.diagonal(np.fliplr(board), offset)):       ③
        return True                                      ③
 
    return False
  
board[0][0] = True
col = 1 
states = [deepcopy(board)]
while col < board_size:
    row = 0
    while row < board_size:
        if not can_attack(board, row, col):              ④
            board[row][col] = True
            col += 1
            states.append(deepcopy(board))
            break
        row += 1
        if row == board_size:                            ⑤
            board = np.delete(board, 0, 1)
            new_col = [[False]] * board_size
            board = np.append(board, new_col, 1)
            states.append(deepcopy(board))
            col -= 1
            continue


  

  

  

  

  

  

  
    

    
  


  

  

  
    	
      
    


    	
      
    


    	
      
    


    	
      
    

  


  

  
  import numpy as np
import matplotlib.pyplot as plt
import math
from ortools.sat.python import cp_model                          ①
  
board_size = 4 
                                                                 ②
model = cp_model.CpModel()                                       ③
  
queens = [model.NewIntVar(0, board_size - 1, 'x%i' % i) 
➥for i in range(board_size)]                                    ④
  
model.AddAllDifferent(queens)                                    ⑤
  
model.AddAllDifferent(queens[i] + i for i in range(board_size))
model.AddAllDifferent(queens[i] - i for i in range(board_size))
  
solver = cp_model.CpSolver()                                     ⑥
solver.parameters.enumerate_all_solutions = True                 ⑥
solver.Solve(model)                                              ⑥
  
  
all_queens = range(board_size)                                   ⑦
state=[] 
for i in all_queens:
    for j in all_queens:
        if solver.Value(queens[j]) == i:
            # There is a queen in column j, row i.
            state.append(True)
        else:
            state.append(None)     
            
states=np.array(state).reshape(-1, board_size)
fig = plt.figure(figsize=(5,5))                                 ⑧
markers = [                                                     ⑧
    x.tolist().index(True) if True in x.tolist() else None      ⑧
    for x in np.transpose(states)                               ⑧
]                                                               ⑧
res = np.add.outer(range(board_size), range(board_size)) % 2    ⑧
plt.imshow(res, cmap="binary_r")                                ⑧
plt.xticks([])                                                  ⑧
plt.yticks([])                                                  ⑧
plt.plot(markers, marker="*", linestyle="None",                 ⑧
➥markersize=100/board_size, color="y")H                        ⑧


  

  

  

  

  

  

  

  

  

  
    

    
  


  2.1.3 Constraints


  

  

  
  import numpy as np
import scipy.optimize as opt
import matplotlib.pyplot as plt
  
def f(x):                                                      ①
    return -(-20*x**2+6200*x-350000)/1000 
 
res=opt.minimize_scalar(f, method='bounded', bounds=[0, 250])  ②
  
print("Optimal Ticket Price ($): %.2f" % res.x)
print("Profit f(x) in K$: %.2f" % -res.fun)


  

  

  
  Optimal Ticket Price ($): 155.00
Profit f(x) in K$: 130.50


  

  

  

  
    
      
      
    

    
      
        	
          
            
          

        

        	
          
        
      

    
  


  

  

  
    

    
  


  

  
  import sympy as sym
  
x,y=sym.var('x, y', positive=True)                     ①
  
f=155*x+(0.001*x**sym.Rational(3,2)+70)*y-1000000      ②
  
g=x+y-10000                                            ③
  
lamda=sym.symbols('lambda')                            ④
Lagr=f-lamda*g                                         ⑤
  
eqs = [sym.diff(Lagr, x), sym.diff(Lagr, y), g]        ⑥
  
sol=sym.solve(eqs,[x,y,lamda], dict=True)              ⑦
   
def getValueOf(k, L):
    for d in L:
        if k in d:
            return d[k]
  
profit=[f.subs(p) for p in sol]
  
print("optimal number of physical ticket sales: x = %.0f" % getValueOf(x, sol))
print("optimal number of online ticket sales: y = %.0f" % getValueOf(y, sol))
print("Expected profil: f(x,y) = $%.4f" % profit[0])


  

  

  

  

  

  

  

  

  2.1.4 Linearity of objective functions and constraints


  

  

  
    
      
      
      
      
      
    

    
      
        	
          
        

        	
          
        
      


      
        	
          
        

        	
          
        

        	
          
        

        	
          
        
      

    

    
      
        	
          
        

        	
          
        

        	
          
        

        	
          
        

        	
          
        
      


      
        	
          
        

        	
          
        

        	
          
        

        	
          
        

        	
          
        
      


      
        	
          
        

        	
          
        

        	
          
        

        	
          
        

        	
          
        
      

    
  


  

  
    	
      
    


    	
      
    


    	
      
    

  


  

  

  
    	
      
    


    	
      
    


    	
      
    


    	
      
    


    	
      
    

  


  

  

  
  from pulp import *
  
model = LpProblem("Animal_Feed_Mix_Problem", LpMinimize)                    ①
  
x1 = LpVariable('Corn', lowBound = 0, upBound = 1, cat='Continous')         ②  
x2 = LpVariable('Limestone', lowBound = 0, upBound = 1, cat='Continous')    ②
x3 = LpVariable('Soybean meal', lowBound = 0, upBound = 1, cat='Continous') ②
  
  
model += 30.5*x1 + 10.0*x2 + 90*x3, 'Cost'                                  ③
  
model +=0.008 <= 0.001*x1 + 0.38*x2 + 0.002*x3 <= 0.012, 'Calcium limits'   ④
model += 0.09*x1 + 0.5*x3 >=0.22, 'Minimum protein'                         ④
model += 0.02*x1 + 0.08*x3 <=0.05, 'Maximum fiber'                          ④
model += x1+x2+x3 == 1, 'Conservation'                                      ④
  
model.solve()                                                               ⑤
  
for v in model.variables():                                                 ⑥
    print(v.name, '=', round(v.varValue,2)*100, '%')                        ⑥
                                                                            ⑥
print('Total cost of the mixture per kg = ',                                ⑥
    ➥round(value(model.objective)/100, 2), '$')                            ⑥


  

  

  

  

  

  

  
  Corn = 65.0%
Limestone = 3.0%
Soybean_meal = 32.0%
Total cost of the mixture per kg = 0.4916$


  

  
    

    
  


  

  
    
      
      
    

    
      
        	
          
        

        	
          
        
      

    
  


  

  

  

  

  

  
    	
      
    


    	
      
    


    	
      
    


    	
      
    


    	
      
    

  


  

  

  
    	
      
    


    	
      
    


    	
      
    

  


  

  
    
      
      
    

    
      
        	
          
            
          

        

        	
          
        
      

    
  


  

  
    

    
  


  

  
    

    
  


  

  
    
      
      
    

    
      
        	
          
            
          

        

        	
          
        
      

    
  


  

  
    
      
      
    

    
      
        	
          
            
          

        

        	
          
        
      

    
  


  

  2.1.5 Expected quality and permissible time for the solution


  

  
    

    
  


  

  

  
    	
      
    


    	
      
    


    	
      
    


    	
      
    


    	
      
    

  


  

  

  
    

    
  


  

  

  
    	
      
    


    	
      
    


    	
      
    


    	
      
    

  


  

  
    
      
      
    

    
      
        	
          
        

        	
          
        
      

    
  


  

  

  

  
    	
      
    


    	
      
    


    	
      
    


    	
      
    


    	
      
    


    	
      
    


    	
      
    


    	
      
    

  


  
    

    
  


  

  

  

  

  
    

    
  


  

  
    	
      
    


    	
      
    


    	
      
    


    	
      
    


    	
      
    


    	
      
    

  


  

  

  2.2 Classifying search and optimization algorithms


  

  
    	
      
    


    	
      
    

  


  

  

  
    	
      
    


    	
      
    

  


  
    

    
  


  
    

    

    

    

    
  


  2.3 Heuristics and metaheuristics


  

  
    

    
  


  

  

  
    

    
  


  

  

  
    

    
  


  

  
  import numpy
import matplotlib.pyplot as plt
from matplotlib import cm
from matplotlib.colors import rgb2hex
 
width = 4                                                             ①
height = 8                                                            ①
container = numpy.full((height,width), 0)                             ①
  
objects = [[3,1],[3,3],[5,1],[4,2],[3,2]]                             ②
  
def fit(container, object, obj_index, rotate=True):                   ③
    obj_w = object[0]                                                 ③
    obj_h = object[1]                                                 ③
    for i in range(height - obj_h + 1): C                             ③
        for j in range(width - obj_w + 1):                            ③
            placement = container[i : i + obj_h, j : j + obj_w]       ③
            if placement.sum() == 0:                                  ③
                container[i : i + obj_h, j : j + obj_w] = obj_index   ③
                return True                                           ③
        return fit(container, object[::-1], obj_index, rotate=False)  ③


  

  

  

  

  
  def largest_first(container, objects):
    excluded = []
    assigned = []
    objects.sort(key=lambda obj: obj[0] * obj[1], reverse=True)   ①
    for obj in objects:
        if not fit(container, obj, objects.index(obj) + 1):
            excluded.append(objects.index(obj) + 1)               ②
        else:
            assigned.append(objects.index(obj) + 1)
    if excluded: print(f"Items excluded: {len(excluded)}")
    visualize(numpy.flip(container, axis=0), assigned)            ③


  

  

  

  

  
    

    
  


  
  def smallest_width_first(container, objects):
    excluded = []
    assigned = []
    objects.sort(key=lambda obj: (obj[0], obj[0] * obj[1]))      ①
    for obj in objects:
        if not fit(container, obj, objects.index(obj) + 1):
            excluded.append(objects.index(obj) + 1)
        else:
            assigned.append(objects.index(obj) + 1)
    if excluded: print(f"Items excluded: {len(excluded)}")
    visualize(numpy.flip(container, axis=0), assigned)           ②


  

  

  

  
    

    
  


  

  

  

  
    
      
      
      
      
    

    
      
        	
          
        

        	
          
        

        	
          
        

        	
          
        
      

    

    
      
        	
          
        

        	
          
        

        	
          
        

        	
          
        
      


      
        	
          
        

        	
          
        

        	
          
        

        	
          
        
      


      
        	
          
        

        	
          
        

        	
          
        

        	
          
        
      


      
        	
          
        

        	
          
        

        	
          
        

        	
          
        
      


      
        	
          
        

        	
          
        

        	
          
        

        	
          
        
      


      
        	
          
        

        	
          
        

        	
          
        

        	
          
        
      


      
        	
          
        

        	
          
        

        	
          
        

        	
          
        
      


      
        	
          
        

        	
          
        

        	
          
        

        	
          
        
      


      
        	
          
        

        	
          
        

        	
          
        

        	
          
        
      


      
        	
          
        

        	
          
        

        	
          
        

        	
          
        
      

    
  


  

  

  
    
      
      
      
      
      
    

    
      
        	
          
        

        	
          
        

        	
          
        

        	
          
        

        	
          
        
      

    

    
      
        	
          
        

        	
          
        

        	
          
        

        	
          
        

        	
          
        
      


      
        	
          
        

        	
          
        

        	
          
        

        	
          
        

        	
          
        
      


      
        	
          
        

        	
          
        

        	
          
        

        	
          
        

        	
          
        
      


      
        	
          
        

        	
          
        

        	
          
        

        	
          
        

        	
          
        
      


      
        	
          
        

        	
          
        

        	
          
        

        	
          
        

        	
          
        
      


      
        	
          
        

        	
          
        

        	
          
        

        	
          
        

        	
          
        
      


      
        	
          
        

        	
          
        

        	
          
        

        	
          
        

        	
          
        
      


      
        	
          
        

        	
          
        

        	
          
        

        	
          
        

        	
          
        
      


      
        	
          
        

        	
          
        

        	
          
        

        	
          
        

        	
          
        
      


      
        	
          
        

        	
          
        

        	
          
        

        	
          
        

        	
          
        
      

    
  


  

  

  

  
    	
      
    


    	
      
    

  


  

  
    

    
  


  2.4 Nature-inspired algorithms
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