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How to Use This Book

Painless geometry? Impossible, you think. Not really. I have been teaching math or teaching teachers how to teach math for more than twenty years. Math is easy ... or at least it can be with the help of this book!

Whether you are learning geometry for the first time, or you are trying to remember what you’ve learned but have forgotten, this book is for you. It provides a clear introduction to geometry that is both fun and instructive. Don’t be afraid. Dive in—it’s painless!

Painless Icons and Features

This book is designed with several unique features to help make learning geometry easy.

[image: images] PAINLESS TIP

You will see Painless Tips throughout the book. These include helpful tips on the topics in that section.

[image: images] CAUTION—Major Mistake Territory!

Caution boxes will help you avoid common pitfalls or mistakes. Be sure to read them carefully.

[image: images] BRAIN TICKLERS

There are Brain Ticklers throughout each chapter in the book. These quizzes are designed to make sure you understand what you’ve just learned and to test your progress as you move forward in the chapter. Complete all the Brain Ticklers and check your answers. If you get any wrong, make sure to go back and review the topics associated with the questions you missed.

[image: images] SUPER BRAIN TICKLERS

Super Brain Ticklers appear at the end of each chapter. These are comprehensive quizzes on all of the topics covered in the chapter. Solve these questions to make sure that you understand all of the chapter topics before moving forward.

PAINLESS STEPS

Complex procedures are divided into a series of painless steps. These steps help you solve problems in a systematic way. Follow the steps carefully, and you’ll be able to solve most geometry problems.

EXAMPLES

Most problems are illustrated with examples. Study each of the examples. If you are having trouble, research shows that writing / copying the problem and the solution may help you understand it.

ILLUSTRATIONS

Painless Geometry is full of illustrations to help you better understand geometry topics. Geometry is a visual subject. If you can visualize a problem, it will be easier to understand it.

MINI-PROOFS

Numerous mini-proofs appear throughout the book. Written informally, these mini-proofs are the first step toward understanding formal geometry proofs.

EXPERIMENTS

The book contains a series of experiments designed to help deepen your understanding of geometry. Why not try some of the experiments? They are fun and informative.

Geometry is a linear subject, and what you don’t know in one chapter will haunt you in the next. Don’t move forward if any topic confuses you. Go back and practice those topics until they are clear.

Chapter Breakdown

Chapter One is titled “A Painless Beginning,” and it really is. It is an introduction to the basic terms and symbols of geometry.

Chapter Two, “Angles,” will teach you everything about angles. It will show you how to measure and classify different types of angles as well as explain the relationship between different angle pairs.

Chapter Three, “Parallel and Perpendicular Lines,” will show you how to identify parallel and perpendicular lines. You will learn what types of angles are formed when parallel and perpendicular lines are formed.

Chapter Four, “Triangles,” shows you that there is more to learn about triangles than you ever dreamed possible. You will learn the types of triangles, as well as how to find the perimeter and area of a triangle.

Chapter Five, “Similar and Congruent Triangles,” explains what similar and congruent triangles are. By the time you finish reading this chapter, you will know what SSS, SAS, ASA, and AAS mean and how to use each of them to prove that two triangles are congruent.

Chapter Six is titled “Quadrilaterals,” which is a fancy word for four-sided figures. Trapezoids, parallelograms, rhombuses, rectangles, and squares are all quadrilaterals. You will learn all about these interesting polygons here.

Chapter Seven is titled “Polygons,” and you will learn that polygons are everywhere. The frame of your television is a polygon, and so is the STOP sign down the street. You will be able to impress your friends when you know the names of your polygons, and you’ll learn the fascinating things all regular polygons have in common.

Chapter Eight could have been titled “Circles, Circles, and More Circles.” You may know what a circle is, but you will find out how a pie is not only something you eat but an essential term in geometry.

Chapter Nine, “Perimeter, Area, and Volume,” will show you how to find the perimeter, area, and volume of some common and not so common shapes. It’s painless, just watch.

Chapter Ten, “Graphing,” will teach you how to graph a point and a line. You can use what you learn here to draw your own geometric shapes.

Chapter Eleven, “Constructions,” will teach you how to construct or copy shapes with just a compass, straight edge, and pencil. When you’re ready for a break, use these same tools to create some interesting designs.




Chapter 1

A Painless Beginning

Geometry is a mathematical subject, but it is just like a foreign language. In geometry, you have to learn a whole new way of looking at the world. There are hundreds of terms in geometry that you’ve probably never heard before. Geometry also uses many common terms, but they have different meanings. A point is no longer the point of a pencil, and a plane is not something that flies in the sky. To master geometry, you have to master these familiar and not so familiar terms, as well as the theorems and postulates that are the building blocks of geometry. You have a big job in front of you, but if you follow the step-by-step approach in this book and do all the experiments, it can be painless.

Undefined Terms

Undefined terms are terms that are so basic they cannot be defined, but they can be described.

A point is an undefined term. A point is a specific place in space. A point has no dimension. It has no length, width, or depth. A point is represented by placing a dot on a piece of paper. A point is labeled by a single letter.

A line is a set of points that extend indefinitely in either direction. In this book, the term line will always mean a straight line.

[image: images/himg-11-1.png]

This line is called line AB, or line AC, or line BC, or AB↔
, AC↔, or BC↔. The two-ended arrow over the letters tells you that the letters are describing a line. You can name a line by any two points that lie on the line.

A plane is a third undefined term. A plane is a flat surface that extends infinitely in all directions. If you were to imagine a tabletop that went in every direction forever, you would have a plane.


[image: images] CAUTION—Major Mistake Territory!

The term line always refers to a straight line. This is not a line because it is not straight.

[image: images/himg-12-1.png]

A line also extends forever in both directions. A line has no endpoints. This is not a line because it does not extend forever in both directions.

[image: images/himg-12-2.png]



A plane is often represented by a four-sided figure. Place a capital letter in one of the corners of the figure to name the plane. This is plane P.

[image: images/himg-12-3.png]

Some Defined Terms

A line segment is part of a line with two endpoints. A line segment is labeled by its endpoints. We use two letters with a bar over them to indicate a line segment. This line segment is segment XY or XY¯.

[image: images/himg-13-1.png]

A ray is a part of a line that has one endpoint and extends infinitely in the other direction. The endpoint and one other point on the ray label a ray. This ray could be labeled ray AB or ray AC. When you label a ray, put a small arrow on the top of the two letters to indicate that it is a ray. The arrow on top of the two letters should show the direction of the ray. This ray could also be labeled as AB→ or AC→. This is not BC→ since B is not an endpoint.

[image: images/himg-13-2.png]

Opposite rays are two rays that have the same endpoint and form a straight line. Ray BA and ray BC are opposite rays. We can also say that BA→ and BC→ are opposite rays.

[image: images/himg-13-3.png]

Parallel lines are two lines in the same plane that do not intersect.

[image: images/himg-13-4.png]
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No matter how far you extend two parallel lines, they will not intersect. These two lines do not intersect here, but they are not parallel. If you continue to extend them, they will intersect.

[image: images/himg-14-1.png]



Collinear points lie on the same line. A, B, and C are collinear points. D is not collinear with A, B, and C.

[image: images/himg-14-2.png]

Noncollinear points do not lie on the same line. X, Y, and Z are noncollinear points. All three of them cannot lie on the same line.

[image: images/himg-14-3.png]
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Decide whether each of the following statements is true or false.

1.A ray has one endpoint.

2.Points that lie on the same line are called linear.

3.A line is always straight.

4.A line segment can be ten miles long.

(Answers are on page 14.)



More Defined Terms

An angle is a pair of rays that have the same endpoint.

[image: images/himg-15-1.png]

The rays are the sides of the angles. The endpoint where the two rays meet is called the vertex of the angle.

A polygon is a closed figure with three or more sides that intersect only at their endpoints. The sides of the polygons are line segments. The points where the sides of a polygon intersect are called the vertices of the polygons.

These are all polygons.

[image: images/himg-15-2.png]

Two shapes are congruent if they have exactly the same size and shape.

Each of these pairs of figures is congruent.

[image: images/himg-15-3.png]
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These two shapes are not congruent. They have the same shape, but they are not the same size.

[image: images/himg-16-1.png]



The perimeter of a polygon is the sum of the lengths of all the sides of the polygon. The perimeter of a polygon is expressed in linear units such as inches, feet, meters, miles, and centimeters.

The area of a geometric figure is the number of square units the figure contains. The area of a figure is written in square units such as square inches, square feet, square miles, square centimeters, square meters, and square kilometers.

The ratio of two numbers a and b is a divided by b, written ab as long as b is not equal to zero.

A proportion is an equation that sets two ratios equal. ab=cd is an example of a proportion.


[image: images] BRAIN TICKLERSSet # 2

Determine whether each of the following statements is true or false.

1.A polygon can be composed of three segments.

2.The perimeter of a figure can be measured in square inches.

3.5/0 is a ratio.

(Answers are on page 14.)



Postulates

Postulates are generalizations in geometry that cannot be proven true. They are just accepted as true. Do the following experiment to discover one of the most basic postulates of geometry.


EXPERIMENT


Find out how two points determine a line.

Materials

Pencil

Paper

Ruler

Procedure

1.Draw two points on a piece of paper. To draw a point make a dot on the paper as if you were dotting the letter i.

2.Draw a line through these two points. Now draw another line through these same two points. Draw a third line through these two points. Are the three lines the same or different?

3.Draw two other points. How many different lines can you draw through these two points?

Something to think about . . .

How many lines can you draw through a single point?





POSTULATE Two points determine a single line.

What does this postulate mean?


	You can draw many lines through a single point.

	You can only draw one line through any two different points.



POSTULATE At least three points not on the same line are needed to determine a single plane.

What does this postulate mean?


	Through a single point there are an infinite number of planes.

	Through two points you can also find an infinite number of planes.

	Through three points that lie in a straight line there are an infinite number of planes.

	Through three points that do not lie in a straight line there is only one plane.



POSTULATE If two different planes intersect, they intersect on exactly one line.

What does this postulate mean?


	Not all planes intersect.

	Two different planes cannot intersect on more than one line.



Theorems

Theorems are generalizations in geometry that can be proven true.

THEOREM If two lines intersect, they intersect at exactly one point.

What does this theorem mean?


	Not all lines intersect.

	Two different lines cannot intersect at more than one point.



This statement is a theorem and not a postulate because mathematicians can prove this statement. They do not have to accept it as true.

THEOREM Through a line and a point not on that line, there is only one plane.

Three noncollinear points determine a single plane. A line provides two points and the point not on that line is the third noncollinear point.

Conditional Statements

Conditional statements are statements that have the form “If p, then q.”

An example of a conditional statement is “If a figure is a square, then it has four sides.”

The first part of the conditional statement is called the hypothesis. In the above example, “If a figure is a square” is the hypothesis. The second part of the conditional statement is called the conclusion. In the above example, “then it has four sides” is the conclusion. Many theorems are conditional statements. If the first part of the statement is true, then the second part of the statement has to be true.

The converse of a conditional statement is formed by reversing the hypothesis and the conclusion. The converse of the conditional statement “If a figure is a square, then it has four sides” is “If a figure has four sides, then it is a square.” The original statement is true, but the converse is not true. A rectangle has four sides, but it is not a square.


[image: images] PAINLESS TIP

Write each postulate or theorem on a separate index card. On the back of the index card, draw a diagram to illustrate the postulate or theorem. Memorize all of them!



Geometric Proofs

In geometry, there are two types of proofs—indirect proofs and deductive proofs.

Indirect proofs

In an indirect proof, you assume the opposite of what you want to prove true. This assumption leads to an impossible conclusion, so your original assumption must be wrong.


Example:

You want to prove three is an odd number.

Assume the opposite. Assume three is an even number.

All even numbers are divisible by two.

Three is not divisible by two, so it can’t be an even number.

Natural numbers are either even or odd, so three must be odd.



Deductive proofs

Deductive proofs are the classic geometric proofs. Deductive reasoning uses definitions, theorems, and postulates to prove a new theorem true. A typical deductive proof uses a two-column format. The statements are on the left and the reasons are on the right.




	Statement
	Reason



	
	





In this book, deductive proofs will have a different format. Three questions will be used to construct the proof. These three questions will help you think about proofs in a painless way.

1.What do you know?

2.What can you infer based on what you know?

3.What can you conclude?

Geometric Symbols

Much of geometry is written in symbols. You have to understand these symbols if you are going to understand geometry. Here are some common geometric symbols.




	=
	equal to



	3 + 5 = 8



	Three plus five is equal to eight.



	 
	 



	≠
	not equal to



	6 ≠ 2 + 8



	Six is not equal to two plus one.



	 
	 



	>
	greater than



	7 > 5



	Seven is greater than five.



	 
	 



	≥
	greater than or equal to



	4 ≥ 4



	Four is greater than or equal to four.



	 
	 



	<
	less than



    	6 < 10



	Six is less than ten.



	 
	 



	≤
	less than or equal to



	1 ≤ 1



	One is less than or equal to one.



	 
	 



	△
	triangle



	△ ABC



	Triangle ABC



	 
	 



	≅
	congruent to



	△ ABC ≅ △ DFG



	Triangle ABC is congruent to triangle DEF.



	 
	 



	⊥
	perpendicular to



	line AB ⊥ line CD



	AB↔⊥CD↔



	Line AB is perpendicular to line CD.



	segment XY ⊥ segment YZ



	XY¯⊥YZ¯



	Segment XY is perpendicular to segment YZ.



	ray AB ⊥ ray CD



	AB→⊥CD→



	Ray AB is perpendicular to ray CD.



	 
	 



	π
	pi is a Greek symbol that represents the relationship between the ratio of the circumference of a circle to the diameter of a circle.



	The value of π is constant.



	It is estimated as 3.14.



	The circumference of a circle is pi times the diameter of that circle.



	 
	 



	∼
	similar to



	△ ABC ∼ △ DFG



	Triangle ABC is similar to triangle DEF.



	 
	 



	↔
	line



	AB↔



	Line AB



	 
	 



	→
	ray



	AB→



	Ray AB



	 
	 



    	—
	segment



	AB¯



	Segment AB



	 
	 



	⌢
	arc



	AB⌢



	Arc AB



	 
	 



	∥
	parallel to



	WX ∥ YZ



	Line WX is parallel to line YZ.



	 
	 



	∠
	angle



	∠ A



	Angle A






[image: images] BRAIN TICKLERSSet # 3

Name the following symbols.

1.≅

2.<

3.⊥

4.≥

(Answers are on page 14.)
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Write each of the basic geometry symbols on the front of an index card. Write the word or words each symbol represents on the back. Memorize each of the symbols using the cards for help.
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Match these definitions or symbols to the correct terms.

  	___ 1. ≥
	A. congruent



	___ 2. A specific place in space
	B. collinear



	___ 3. The number of square units inside a shape
	C. greater than or equal to



	___ 4. Part of a line with two endpoints
	D. point



	___ 5. ≅
	E. area



	___ 6. ≠
	F. segment



	___ 7. Three points that lie on the same line
	G. opposite rays



	___ 8. Two rays with the same endpoint that form a line
	H. not equal to
I. equal to





(Answers are on page 14.)



BRAIN TICKLERS—THE ANSWERS

Set # 1, page 4

1.True

2.False

3.True

4.True

Set # 2, page 6

1.True

2.False

3.False

Set # 3, page 13

1.Congruent to

2.Less than

3.Perpendicular to

4.Greater than or equal to

Super Brain Ticklers, page 13

1.C

2.D

3.E

4.F

5.A

6.H

7.B

8.G
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