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Preface

IS IT possible for a rational human being to be in a position in which he cannot believe that he is consistent without losing his consistency in the process? That is one of the main themes of this book. It is modelled on the famous discovery of Kurt Gödel (the so-called Second Incompleteness Theorem) that any consistent mathematical system with enough power to do what is known as elementary arithmetic must suffer from the surprising limitation that it can never prove its own consistency!

There are several reasons why I have transferred Gödel’s argument from the formal domain of mathematical systems and the propositions provable in them to the realm of human beings and the propositions believed by them. For one thing, human beings and their beliefs are far more familiar to the nonspecialist than abstract mathematical systems, and so I can thus explain the essentials of Gödel’s ideas in a language that everybody can understand. Also, putting these matters in human terms has an enormous psychological appeal and turns out to be highly relevant to the ever-growing field of artificial intelligence.

As with my earlier puzzle books, I start off with a host of puzzles about liars and truth tellers (knaves and knights). Aside from the novelty of these problems (almost all of them are published here for the first time), there is an important added feature—namely, that interspersed with these puzzles is an introductory account of symbolic logic (a subject that is fortunately being taught today in many of our high schools) and an explanation of how this valuable technique can systematically solve whole tracts of puzzles of the knight–knave variety. (This should be of particular interest to teachers of logic—at either the high school or college level—who wish to enliven their logic courses with creative and challenging puzzles.) Therefore, the knowledge that the reader will gain will pay off handsomely in clarifying the later and more profound chapters on Gödel’s work.

Another theme of the later chapters—and of equal interest to artificial intelligence—is that of self-fulfilling beliefs. Under what circumstances can the mere belief in a proposition cause the belief to be true? (Could this have anything to do with religion?) There is an important theorem of the logician M. H. Löb that is highly relevant here. This theorem is closely related to Gödel’s theorem, and when stated first in terms of reasoners and their beliefs, it is within easy grasp of the general reader.

Although my primary emphasis is on belief systems, by no means do I stop there. As the book advances, the reader is led to a deeper and deeper understanding of how these belief systems are related to important systems of mathematics. This in turn leads us to the philosophically fascinating subject of possible world semantics—a field conceived by Leibniz and brought to perfection in this century by the logician Saul Kripke. This subject also is playing a major role today in computer science and artificial intelligence.

I have lectured a good deal on all this material to such diverse groups as bright high school students and Ph.D.’s in mathematics, philosophy, and computer science. The responses of both groups were equally gratifying—they were intrigued. Indeed, any neophyte who is good at math or science can thoroughly master this entire book (though some application will be needed), yet many an expert will find here a wealth of completely new and fresh material.

It is remarkable how logic, philosophy, psychology, artificial intelligence, computer science, and mathematics are drawing closer and closer together these days. We are living in an exciting era!

RAYMOND SMULLYAN
Elka Park, N.Y.
July 1986


• Part I •

YOU MIGHT BE SURPRISED!


• 1 •

A Diabolical Puzzle

I BELIEVE that the following puzzle may well be the most diabolical puzzle ever invented (and if it is, I proudly take credit for the invention).

Two people—A and B—each make an offer, which is given below. The problem is to determine which of the offers is better.

A’s Offer: You are to make a statement. If the statement is true, you get exactly ten dollars. If the statement is false, then you get either less than ten or more than ten dollars, but not exactly ten dollars.

B’s Offer: You are to make a statement. Regardless of whether the statement is true or false, you get more than ten dollars.

Which of the two offers would you prefer? Most people decide that B’s offer is better, since it guarantees more than ten dollars, whereas with A’s offer, there is no certainty of winning more than ten. And it does seem that B’s offer is better, but seeming is sometimes deceptive. In fact, I will make an offer of my own: If any of you are willing to make me A’s offer, I’ll pay you twenty dollars in advance. Anyone game? (Before taking me up on it, you had better read the rest of this chapter!)

    •   •   •

I will not give the solution to the above problem until after first considering some simpler, related puzzles.

In my book To Mock a Mockingbird, I presented the following puzzle: Suppose I offer two prizes—Prize 1 and Prize 2. You are to make a statement. If the statement is true, then I am to give you one of the two prizes (not saying which one). If your statement is false, then you get no prize. Obviously you can be sure of winning one of the two prizes by saying: “Two plus two is four,” but suppose you have your heart set on Prize 1; what statement could you make that would guarantee that you will get Prize 1?

The solution I gave is that you say: “You will not give me Prize 2.” If the statement is false, then what it says is not the case, which means that I will give you Prize 2. But I can’t give you a prize for making a false statement, and so the statement can’t be false. Therefore, it must be true. Since it is true, then what it says is the case, which means that you will not get Prize 2. But since your statement was true, I must give you one of the two prizes, and since it is not Prize 2, it must be Prize 1.

As we will see shortly, this little puzzle is closely related to Gödel’s famous Incompleteness Theorem. To find out how, let us consider a similar puzzle (actually, the same puzzle in a different guise). First, we go to the Island of Knights and Knaves (which plays a prominent role in this book) in which every inhabitant is either a knight or a knave. On this island knights make only true statements and knaves make only false ones.

Suppose now that there are two clubs on this island—Club I and Club II. Only knights are allowed to be members of either club; knaves are rigorously excluded from both. Also, every knight is a member of one and only one of the two clubs. You visit the island one day and meet an unknown native who makes a statement from which you can deduce that he must be a member of Club I. What statement can he have made from which you can deduce this?

In analogy with the last problem, the speaker could have said: “I am not a member of Club II.” If the speaker were a knave, then he really couldn’t be a member of Club II and would have made a true statement, which a knave cannot do. Therefore he must be a knight, and his statement must have been true; he really isn’t a member of Club II. But since he is a knight, he must be a member of a club—so he belongs to Club I.

The analogy should be obvious: Club I corresponds to those who make true statements and will get Prize 1; Club II corresponds to those who make true statements and will get Prize 2.

These puzzles embody the essential idea behind Gödel’s famous sentence that asserts its nonprovability in a given mathematical system. Suppose we classify all the true sentences of the system (like the knights in the puzzle above) into two groups: Group I consists of all sentences of the system which, though true, are not provable in the system; and Group II consists of all the sentences which are not only true but are actually provable in the system. What Gödel did was to construct a sentence that asserted that it was in Group II—the sentence can be paraphrased, “I am not provable in the system.” If the sentence were false, then what it says would not be the case, which would mean that it is provable in the system, which it cannot be (since all sentences provable in the system are true). Hence the sentence must be true, and, as it says, it is not provable in the system. Thus Gödel’s sentence is true, but not provable in the system.

We will have much to say about Gödel sentences in the course of this book. For now, I wish to consider some more variants of the Prize Puzzle.

1. First Variant

Again I offer two prizes—Prize 1 and Prize 2. If you make a true statement, I will give you at least one of the two prizes and possibly both. If you make a false statement, you get no prize. Suppose you are ambitious and wish to win both prizes. What statement would you make? (Solutions appear at the ends of chapters unless otherwise specified.)

2. Second Variant

This time the rules change a bit: If you make a true statement, you get Prize 2; if you make a false statement, you don’t get Prize 2 (you might or might not get Prize 1). Now what statement will win you Prize 1?

3. A Perverse Variant

Suppose that in a perverse frame of mind, I now tell you that if you make a false statement, you will get one of the two prizes, but if you make a true statement, you get no prize. What statement will win Prize 1?

4. More on the Diabolical Puzzle

Now let us return to the puzzle that opened this chapter: What was diabolical was my offer to pay you twenty dollars for making me A’s offer, because if you took me up on it, I could win as much from you as I liked—say, a million dollars. Can you see how?

SOLUTIONS

1. A statement that works is: “I will either get both prizes or no prize.” If the statement is false, then what it says is not the case, which means that you will get exactly one prize. But you can’t get a prize for a false statement. Therefore the statement must be true, and you really will get either both prizes or no prize. Since you did not make a false statement, which would result in no prize, you must get both prizes.

2. Just say: “I will get no prize.” If the statement is true, then on the one hand you get no prize (as the statement says), but on the other hand, you get Prize 2 for having made a true statement. This is a clear contradiction, hence the statement must be false. Then, unlike what the statement says, you must get a prize. You can’t get Prize 2 for a false statement, so you get Prize 1.

3. This time say: “I will get Prize 2.” I leave the proof to the reader.

4. All I have to do is say: “You will neither pay me exactly ten dollars nor exactly one million dollars.” If my statement is true, then on the one hand you will not pay me either exactly ten dollars or exactly a million dollars, but on the other hand you must pay me exactly ten dollars for having made a true statement. This is a contradiction, hence the statement can’t be true and must be false. Since it is false, what it says is not the case, which means that you will pay me either exactly ten dollars or exactly a million dollars, but you can’t pay me exactly ten dollars for a false statement, hence you must pay me a million dollars.

Anyone still game?


• 2 •

Surprised?

LET US now turn to the paradox at the surprise examination—a paradox that is quite relevant to the consideration of Gödel in this book. We will look at it in the following form: On a Monday morning, a professor said to his class, “I will give you a surprise examination someday this week. It may be today, tomorrow, Wednesday, Thursday, or Friday at the latest. On the morning of the day of the examination, when you come to class, you will not know that this is the day of the examination.”

Well, a logic student reasoned as follows: “Obviously I can’t get the exam on the last day, Friday, because if I haven’t gotten the exam by the end of Thursday’s class, then on Friday morning I’ll know that this is the day, and the exam won’t be a surprise. This rules out Friday, so I now know that Thursday is the last possible day. And, if I don’t get the exam by the end of Wednesday, then I’ll know on Thursday morning that this must be the day (because I have already ruled out Friday), hence it won’t be a surprise. So Thursday is also ruled out.”

The student then ruled out Wednesday by the same argument, then Tuesday, and finally Monday, the day on which the professor was speaking. He concluded: “Therefore I can’t get the exam at all; the professor cannot possibly fulfill his statement.” Just then, the professor said: “Now I will give you your exam.” The student was most surprised!

What was wrong with the student’s reasoning?

Dozens of articles have been written about this famous problem, and uniform agreement about the correct analysis does not yet seem to have been reached. My own view is very briefly as follows:

Let me put myself in the student’s place. I claim that I could get a surprise examination on any day, even on Friday! Here is my reasoning: Suppose Friday morning comes and I haven’t gotten the exam yet. What would I then believe? Assuming I believed the professor in the first place (and this assumption is necessary for the problem), could I consistently continue to believe the professor on Friday morning if I hadn’t gotten the exam yet? I don’t see how I could. I could certainly believe that I would get the exam today (Friday), but I couldn’t believe that I’d get a surprise exam today. Therefore, how could I trust the professor’s accuracy? Having doubts about the professor, I wouldn’t know what to believe. Anything could happen as far as I’m concerned, and so it might well be that I could be surprised by getting the exam on Friday.

Actually, the professor said two things: (1) You will get an exam someday this week; (2) You won’t know on the morning of the exam that this is the day. I believe it is important that these two statements should be separated. It could be that the professor was right in the first statement and wrong in the second. On Friday morning, I couldn’t consistently believe that the professor was right about both statements, but I could consistently believe his first statement. However, if I do, then his second statement is wrong (since I will then believe that I will get the exam today). On the other hand, if I doubt the professor’s first statement, then I won’t know whether or not I’ll get the exam today, which means that the professor’s second statement is fulfilled (assuming he keeps his word and gives me the exam). So the surprising thing is that the professor’s second statement is true or false depending respectively on whether I do not or do believe his first statement. Thus the one and only way the professor can be right is if I have doubts about him; if I doubt him, that makes him right, whereas if I fully trust him, that makes him wrong! I don’t know whether this curious point has been taken into consideration before.

The One-Day Version. The complication of having more than one day is really irrelevant to the heart of the problem, hence the following “one-day” version of the paradox has been proposed: The professor says to the student: “I will give you a surprise examination today.” What is the student to make of that?

An equivalent problem is this: Suppose a student asks his theology professor, “Does God really exist?” The professor answers, “God exists, but you will never believe that God exists.” What is the student to make of that? We will see later that under certain very reasonable assumptions about the student’s reasoning ability, he cannot believe the professor without becoming inconsistent.

A problem even more pertinent to the heart of this book is this: Again, the student asks his theology professor whether God exists. This time the professor gives the following curious answer: “God exists if and only if you never believe that God exists.” Equivalently, the professor is saying: “If God exists, then you will never believe that God exists, but if God doesn’t exist, then you will believe that God does exist.” What is the poor student to make of that? Can the student believe the professor without becoming inconsistent? Yes; it turns out that he can, but (again under certain reasonable assumptions about the student’s reasoning ability, which will be explained in the course of this book) the student, who believes the professor, can remain consistent only if he does not know that he is consistent! In other words, if the student believes the professor and also believes in his own consistency, then he will become inconsistent.

This paradox is closely related to Gödel’s remarkable Second Incompleteness Theorem—the theorem on the nonprovability of consistency. Gödel considered some of the most comprehensive mathematical systems known to this day. These systems are certainly consistent (since everything provable in them is true), but the amazing thing is that these systems, despite their power (or, looked at another way, because of their power), are unable to prove their own consistency. We know the consistency of these systems only by methods that cannot be formalized in the systems themselves.

This book will investigate these paradoxes and Gödel’s work. To help us in this pursuit (and to have some fun!), let’s turn first to some logic puzzles and their relation to propositional logic.


• Part II •

THE LOGIC OF LYING AND TRUTH TELLING
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The Census Taker

MUCH OF the action in this book will take place on the Island of Knights and Knaves, where, as we have seen, knights always make true statements, knaves always make false statements, and every inhabitant is either a knight or a knave.

A fundamental fact about this island is that it is impossible for any inhabitant to claim to be a knave, because a knight would never lie and say he is a knave, and a knave would never truthfully admit to being a knave.

The following four problems will introduce the logical connectives and, or, if-then, and if-and-only-if, which will be dealt with more formally in Chapter 6.

McGREGOR’S VISIT

The census taker Mr. McGregor once did some fieldwork on the Island of Knights and Knaves. On this island, women are also called knights and knaves. McGregor decided on this visit to interview married couples only.

1. (And)

McGregor knocked on one door; the husband partly opened it and asked McGregor his business. “I am a census taker,” replied McGregor, “and I need information about you and your wife. Which, if either, is a knight, and which, if either, is a knave?”

“We are both knaves!” said the husband angrily as he slammed the door.

What type is the husband and what type is the wife? (Solution follows Problem 2.)

2. (Or)

At the next house, McGregor asked the husband: “Are both of you knaves?” The husband replied: “At least one of us is.”

What type is each?

Solution to Problem 1. If the husband were a knight, he would never have claimed that he and his wife were both knaves. Therefore he must be a knave. Since he is a knave, his statement is false; so they are not both knaves. This means his wife must be a knight. Therefore he is a knave and she is a knight.

Solution to Problem 2. If the husband were a knave, then it would be true that at least one of the two is a knave, hence a knave would have made a true statement, which cannot be. Therefore the husband must be a knight. It then follows that his statement was true, which means that either he or his wife is a knave. Since he isn’t a knave, then his wife is. And so the answer is the opposite of Problem 1—he is a knight and she is a knave.

The next problem is more startling than the preceding two (at least to those who haven’t seen it before). It contains a theme that runs through some of the advanced problems that will crop up in later chapters.

3. (If-Then)

The next home visited by McGregor proved more of a puzzler. The door was opened timidly by a rather shy man. After McGregor asked him to say something about himself and his wife, all the husband said was: “If I am a knight, then so is my wife.”

McGregor walked away none too pleased. “How can I tell anything about either of them from such a noncommittal response?” he thought. He was about to write down “Husband and wife both unknown,” when he suddenly recalled an old logic lesson from his Oxford undergraduate days. “Of course,” he realized, “I can tell both their types!”

What type is the husband and what type is the wife?

Solution. Suppose the husband is a knight. Then it is true what he said—namely, that if he is a knight, so is his wife—and hence his wife must also be a knight. This proves that if the husband is a knight, so is his wife. Well, that’s exactly what the husband said; he said that if he is a knight, then so is his wife. Therefore he made a true statement and so he must be a knight. We now know that he is a knight, and we have already proved that if he is a knight, so is his wife. Therefore the husband and wife must both be knights.

The idea behind the last problem has more far-reaching ramifications than the reader might realize. Let us consider the following variant of the problem: Suppose you visit the island prospecting for gold. Before you start digging, you want to find out whether there really is any gold on the island. It is to be assumed that each native knows whether there is any gold on the island or not. Suppose a native says to you: “If I am a knight, then there is gold on the island.” You can then justifiably conclude that the native must be a knight and that there must be gold on the island. The reasoning is the same as that of the solution to Problem 3: Suppose the native is a knight, then it is really true that if he is a knight, there is gold on the island and hence that there is gold on the island. This proves that if he is a knight, then there is gold on the island. Since he said just that, he is a knight. Hence there is gold on the island.

The solution to Problem 3 and its variant are special cases of the following fact, which is sufficiently important to record as Theorem I.

Theorem I. Given any proposition p, suppose a native of the knight-knave island says: “If I am a knight, then p.” Then the native must be a knight and p must be true.

The solution to Problem 3 is a special case of Theorem I, taking p to be the proposition that the native’s wife is a knight. The variant of Problem 3 (the problem about the gold) is also a special case of Theorem I, taking p to be the proposition that there is gold on the island.

It also follows from Theorem I that no inhabitant of the knight-knave island can say: “If I’m a knight, then Santa Claus exists” (unless, of course, Santa Claus really does exist).

4. (If-and-Only-If)

When the census taker interviewed the fourth couple, the husband said: “My wife and I are of the same type; we are either both knights or both knaves.”

(The husband could have alternatively said: “I am a knight if and only if my wife is a knight.” It comes to the same thing.)

What can be deduced about the husband and what can be deduced about the wife?

Solution. It cannot be determined whether the husband is a knight or a knave, but the wife’s type can be determined as follows:

If the wife were a knave, the husband could never claim that he is the same type as his wife, because that would be tantamount to claiming that he is a knave, which he cannot do.

An alternative way of looking at the problem is this: The husband is either a knight or a knave. If he is a knight, his statement is true, hence he and his wife really are of the same type, which means his wife is also a knight. On the other hand, if he is a knave, then his statement is false, hence he and his wife are of different types, which means that his wife, unlike her husband, is a knight. And so regardless of whether the husband is a knight or a knave, his wife must be a knight. (The husband’s type here is “indeterminate”; he could be a knight who truthfully claimed to be like his wife, or he could be a knave who falsely claimed to be like his wife.)

This problem is a special case of the following: Given any proposition p, suppose an inhabitant of the island says, “I am a knight if and only if p is true.” What can be deduced?

Two propositions are called equivalent if they are either both true or both false—in other words, if either one of them is true, so is the other. Two propositions are called inequivalent if they are not equivalent—in other words, if one of them is true and the other is false. Now, the inhabitant has said: “I am a knight if and only if p is true.” If we let k be the proposition that the inhabitant is a knight, then the inhabitant is claiming that k is equivalent to p. If he is a knight, then his claim is true, hence k really is equivalent to p; and since k is true (he is a knight), then p is also true. On the other hand, if he is a knave, then his claim is false; k is not really equivalent to p, but since k is false (he is not a knight), then again p must be true (because any proposition inequivalent to a false proposition is obviously true). And so we see that p must be true, but k is indeterminate. Let us record this as Theorem II.

Theorem II. Given any proposition p, suppose an inhabitant says: “I am a knight if and only if p.” Then p must be true, regardless of whether the inhabitant is a knight or a knave.

Let us return to the problem of whether there is gold on the island. Suppose a native says: “I am a knight if and only if there is gold on the island.” Then according to Theorem II (taking p to be the proposition that there is gold on the island), we see that there must be gold on the island, though we cannot determine whether the native is a knight or a knave.

We see, therefore, that if a native says: “If I am a knight, then there is gold on the island,” according to Theorem I, we can infer both that he is a knight and that there is gold on the island. But if he instead says: “I am a knight if and only if there is gold on the island,” then, according to Theorem II, all we can infer is that there is gold; we cannot determine whether the speaker is a knight or a knave.

Theorem II is the basis of a famous puzzle invented by the philosopher Nelson Goodman. The puzzle can be rendered as follows: Suppose you go to the Island of Knights and Knaves and wish to find out whether or not there is gold on the island. You meet a native and you are allowed to ask him only one question, which must be answerable by yes or no. What question would you ask him?

A question that works is: “Is it the case that you are a knight if and only if there is gold on the island?” If he answers yes, then according to Theorem II there is gold on the island. If he answers no, then there is no gold on the island (because he is denying that his being a knight is equivalent to there being gold on the island), which is tantamount to claiming that his being a knight is equivalent to there not being gold on the island, so again according to Theorem II there is no gold on the island.

SOME RELATED PROBLEMS

5

What statement could a native make from which you could deduce that if he is a knight, then there is gold on the island, but if he is a knave, then there might or might not be gold on the island?

6

What statement could a native make such that you could deduce that if there is gold on the island, then he must be a knight, but if there is no gold on the island, then he could be either a knight or a knave?

7

I once visited this island and asked a native: “Is there gold on this island?” All he said in reply was: “I have never claimed that there is gold on this island.” Later, I found out that there was gold on the island. Was the native a knight or a knave?

SOLUTIONS

5. There are many statements that would work. One such statement is: “I am a knight and there is gold on the island.” Another is: “There is gold on the island and there is silver on the island.” (If the native is a knight, then of course there is gold—as well as silver—but if there is gold, the native needn’t be a knight—there might not be any silver.)

6. One statement that works is: “Either I am a knight or there is gold on the island.” The phrase “either–or” means at least one—and possibly both. And so if there is gold on the island, then it is certainly true that either the native is a knight or there is gold on the island. Therefore, if there is gold on the island, then the native’s statement was true, which in turn implies that the native must be a knight. This proves that if there is gold on the island, then the native is a knight.

On the other hand, the native could be a knight without there being any gold on the island, because if he is a knight then it is true that either he is a knight or there is gold on the island.

Another statement that works is: “Either there is gold on the island or silver on the island.”

7. Suppose the native were a knave. Then his statement is false, which means that once he did claim that there is gold on the island. His claim must have been false (since he is a knave), which means that there is no gold on the island. But I told you that there was gold on the island. Hence he can’t be a knave; he must be a knight.


• 4 •

In Search of Oona

THERE IS a whole cluster of knight-knave islands in the South Pacific on which some of the inhabitants are half human and half bird. These bird-people fly just as well as birds and speak as fluently as humans.

This is the story of a philosopher—a logician, in fact—who visited this cluster of islands and fell in love with a bird-girl named Oona. They were married. His marriage was a happy one, except that his wife was too flighty! For example, he would come home at night for dinner, but if it was a particularly lovely evening, Oona would have flown off to another island. So he would have to paddle around in his canoe from one island to another until he found Oona and brought her home. Whenever Oona landed on an island, the natives would all see her in the air and know she was landing. Once she was down, however, it would be very difficult to find her, so the first thing the husband did when he arrived on an island was to try to find out from the natives whether Oona had landed. What made it so difficult, of course, was that some of the natives were knaves and wouldn’t tell the truth. Here are some of the incidents that befell him.

1

On one occasion, the husband came to an island in search of Oona and met two natives, A and B. He asked them whether Oona had landed on the island. He got
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