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Preface

This book is an expansion of the first edition of our Coin Toss book (The Coin Toss: Probabilities and Patterns), which was published only as an ebook, and released in September 2012, almost 7 years ago. Actually, the initial title was The Coin Toss: The Hydrogen Atom of Probability, which we soon thereafter changed because we thought the allusion to physics would be too esoteric for most readers. But we have since come around to the idea that the initial title was the better choice.

The big difference between this and the first edition is chapter 8 on run distributions. The chapter now has an extensive discussion of statistics on the number of runs in a binary sequence generated by fair coins, biased coins and binary Markov processes. It also looks at statistics for the number of runs of a given length. We also show how to find probability generating functions and expectations for the length of the longest run in a binary sequence. Another feature of this new edition is a chapter containing 26 problems and solutions.

The book contains material for both the beginning student and the advanced researcher. We suspect that the beginner will find some of the material quite difficult and not accessible on a first reading. This is a book that needs to be read more than once. There is more material here than anyone could absorb on a first reading. We hope that researchers on the other hand find the book to be a valuable reference and a stimulus for new research.


Introduction

Most physicists would probably agree that quantum mechanics could never have been discovered without the hydrogen atom. The hydrogen atom is the simplest of all the elements with just one electron surrounding a nucleus composed of just one proton (there are two other forms of hydrogen that have neutrons in the nucleus). This simple arrangement gives hydrogen a clean emissions spectrum which allowed physicists to find formulas for the emission lines. Eventually Niels Bohr (1885-1962) came up with a model explaining the emission lines and the formulas. The model was developed further by other physicists and eventually evolved into what we now call quantum mechanics. Being able to start with the simple structure of the hydrogen atom is what made this all possible.

The coin toss is to probability theory what the hydrogen atom is to quantum mechanics. It is the simplest random event that you can imagine. There are only two possible outcomes: heads or tails. This simplicity means that many questions about coin tossing can be asked and answered in great depth. The simplicity also opens the road to more advanced probability theories dealing with events with an infinite number of possible outcomes. Without the example of simple random events like tossing coins or rolling dice it is very likely that probability theory would have taken much longer to develop. Indeed the beginnings of mathematical probability theory are usually traced to the analysis of a dice game by Blaise Pascal (1623-1662) and Pierre de Fermat (1607-1665) in the mid-seventeenth century. The roll of a die is very similar to the toss of a coin except that there are 6 possible outcomes instead of only 2. Most of the things that we will talk about concerning coins can be easily extended to dice.

Keep in mind as you read what follows, that the coin toss is really just a metaphor for a random event that has only two possible outcomes. The actual tossing of a real coin is just one way to realize such an event. There are many examples of things that are equivalent to a coin toss:


	Will the stock market close up or down tomorrow?


	Will a dice roll come up with an even or odd number?


	Will we make contact with extraterrestrials within the next ten years?


	Will the Denver Broncos win their next game?


	Will a car drive by in the next minute?


	Will the Republican or Democratic candidate win the next election?


	Will tomorrow be sunny or cloudy?


	Will tomorrow be warmer than today?


	Will my medical test result be negative or positive?


	Will I enjoy this movie?


	Will the next joke be funny?


	Will the Earth’s average temperature go up next year?




You can probably think of hundreds of other examples.

In the rest of this introduction we will take a detailed look at what happens when you toss a coin multiple times. This will lead in the next chapter to the subject of probability distributions that are associated with tossing a coin. We will show how many of the questions that can be asked about coin tossing are answered by specific distributions. The following chapter discusses some strategies for betting on coin toss games. The next chapter introduces the random walk interpretation of a series of coin tosses, and how the gambler’s ruin problem can be viewed as a random walk with absorbing boundaries. This is followed by a chapter on runs and patterns in a sequence of coin tosses. The statistics of runs and patterns is useful for playing games where at least some aspect of the game can be modeled as a coin toss. Some forms of investing and trading fall in this category. Runs and patterns also come up in areas like reliability analysis and testing for defects in a manufacturing process. The next chapter shows how runs and patterns can be analyzed as Markov chains which is a very powerful technique that can be used to look at patterns of arbitrary complexity. We end with a chapter on the probability distribution for the longest run, followed by an appendix that reviews discrete probability.

So let’s start by asking what happens when you toss a coin multiple times. If you toss a coin n times how many different strings of heads and tails can you get? For one toss you get H or T. Two tosses gives you TT, TH, HT, or HH. Every additional toss doubles the number of possible strings. So for n tosses there are 2n possible strings. This gets large very quickly. For 10 tosses you have 210 = 1024 possibilities. Out of all these possible strings what is the probability of getting a particular one?

To answer that you need to know the probability of getting heads or tails on a single toss. Let’s assume the probability of heads is p and tails is q = 1 − p for every toss. You can also assume that what happens on one toss cannot affect any subsequent toss. This makes the tosses independent random events and simplifies the probability calculation. The probability of a particular result for a series of independent random events is just the product of the individual probabilities. Take for example the following sequence of tosses:

H H H T T H H H H T T T H T H H H H H T H T T H T T H H T T
p p p q q p p p p q q q p q p p p p p q p q q p q q p p q q


The probability of each toss is shown on the second line. Since the tosses are independent, the probability of the sequence is just the product of the probabilities for each toss. There are a total of 30 tosses with 17 heads and 13 tails so the probability is p17q13. In general if you toss the coin n times, getting k heads and n − k tails, then the probability will be

[image: equation](1)

If the coin is fair then p = q = 1/2. In this case the probability of the above sequence or any sequence of 30 tosses is 1/230. When the probability of heads and tails is the same, the probability of any sequence of n tosses will be 1/2n. Every sequence has the same probability. Now you may be wondering, how is this possible? Isn’t it more likely to get about the same number of heads and tails with a fair coin than it is to get say all heads? But we just said that all sequences have the same probability. What gives?

The problem is that while there is only one sequence that has all heads, there are many sequences that have the same number of heads and tails. What we really need to compare is the probability of getting the single sequence of all heads and the probability of getting any one of the many sequences with equal numbers of heads and tails.

How many sequences of 2n tosses (we use 2n instead of n since the number of tosses has to be even to get the same number of heads and tails and 2n is explicitly even) have an equal number of heads and tails? This is equivalent to asking for the number of ways you can divide the set of 2n tosses into two equal subsets of size n. One subset has the heads and the other the tails. In general if you have 2n objects and you want to pick out n of them, there are 2n ways to pick the first, 2n − 1 ways to pick the second, and so on down to n + 1 ways to pick the last. The total number of ways is then 1

[image: equation](2)

But not all of these ways will end up with a unique set of objects since the same objects can simply be picked in a different order. A given set of n objects can be picked in n!=n(n − 1)(n − 2)⋯1 ways so if C(2n, n) is the number of unique ways of picking n objects out of 2n then C(2n, n)n! must equal equation (2) 
and we have:

[image: equation](3)

Using this result you can then see that the probability of getting the same number of heads and tails with a fair coin is C(2n, n)/22n while the probability of getting all heads is 1/22n. For large n, C(2n, n) will be very much larger than 1 so there is a much higher probability of an equal number of heads and tails than of all heads.

The fact is that comparing the probabilities of two particular sequences is oftentimes not very meaningful. A particular sequence with k heads and n − k tails will have the same probability as any other sequence with the same number of heads and tails. Using arguments similar to above you can show that the number of ways of getting k heads and n − k tails in a sequence of n tosses is given by 2

[image: equation](4)

The probability of getting a particular one of these sequences is given by equation (1) 
so the probability of getting any one of the sequences is:

[image: equation](5)

This is the probability of getting k heads in a series of n coin tosses where the order in which they appear makes no difference. It is a probability distribution called the binomial distribution and it is just one of the many probability distributions associated with coin tossing.


Probability Distributions

Some of the probability distributions related to coin tossing come from answering questions like: what is the probability that a coin has to be tossed n times before the first head appears. Others relate to questions about what happens when the number of tosses goes to infinity. Most of these distributions will be discussed below, starting with the simple discrete distributions and moving on to continuous probability density functions.

Before we begin let’s clear up some terminology. When we talk about a probability distribution what we mean is a way of assigning a probability to the outcome of a random event. If there are only a finite number of possible outcomes, such as in a coin toss or a dice roll, then the probability distribution is called a probability mass function (pmf). This is also true if the number of outcomes is infinite but each outcome can be assigned an integer value. An example of this is the number of tails that appear before the first head in a sequence of coin tosses. If the outcomes form a continuous range of values, such as a person’s weight, then the probability distribution is called a probability density function (pdf). In this case the probability of any one specific value is zero and you can only assign a probability to a range of values. You do this by integrating over the range. In many cases we will refer to both a pmf and a pdf as a probability distribution or
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