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Interlude 1: Spaces, Trigonometry, and Vectors

“Where are we, George?”

George pulled out his map and spread it out in front of Lenny. “We’re right here Lenny, coordinates 36.60709N, –121.618652W.”

“Huh? What’s a coordinate George?”

Coordinates

To describe points quantitatively, we need to have a coordinate system. Constructing a coordinate system begins with choosing a point of space to be the origin. Sometimes the origin is chosen to make the equations especially simple. For example, the theory of the solar system would look more complicated if we put the origin anywhere but at the Sun. Strictly speaking, the location of the origin is arbitrary—put it anywhere—but once it is chosen, stick with the choice.

The next step is to choose three perpendicular axes. Again, their location is somewhat arbitrary as long as they are perpendicular. The axes are usually called x, y, and z but we can also call them x1, x2, and x3. Such a system of axes is called a Cartesian coordinate system, as in Figure 1.

[image: Figure 1. A three-dimensional Cartesian coordinate system.]

Figure 1. A three-dimensional Cartesian coordinate system.

We want to describe a certain point in space; call it P. It can be located by giving the x, y, z coordinates of the point. In other words, we identify the point P with the ordered triple of numbers (x, y, z) (see Figure 2).

[image: Figure 2. A point in Cartesian space.]

Figure 2. A point in Cartesian space.

The x coordinate represents the perpendicular distance of P from the plane defined by setting x = 0 (see Figure 3). The same is true for the y and z coordinates. Because the coordinates represent distances they are measured in units of length, such as meters.

[image: Figure 3: A plane defined by setting x = 0, and the distance to P along the x axis.]

Figure 3: A plane defined by setting x = 0, and the distance to P along the x axis.

When we study motion, we also need to keep track of time. Again we start with an origin—that is, the zero of time. We could pick the origin to be the Big Bang, or the Birth of Jesus, or just the start of an experiment. But once we pick it, we don’t change it.

Next we need to fix a direction of time. The usual convention is that positive times are to the future of the origin and negative times are to the past. We could do it the other way, but we won’t.

Finally, we need units for time. Seconds are the physicist’s customary units, but hours, nanoseconds, or years are also possible. Once having picked the units and the origin, we can label any time by a number t.

There are two implicit assumptions about time in classical mechanics. The first is that time runs uniformly—an interval of 1 second has exactly the same meaning at one time as at another. For example, it took the same number of seconds for a weight to fall from the Tower of Pisa in Galileo’s time as it takes in our time. One second meant the same thing then as it does now.

The other assumption is that times can be compared at different locations
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Appendix 1: Central Forces and Planetary Orbits

Lenny stooped and peered through the eyepiece of the telescope. It was the first time he had ever done that. He saw the rings of Saturn and whistled at their beauty. “George, have you seen the rings?”

George nodded and said, “Yup, I seen ’em.”

Lenny looked up and pressed his friend. “Where do they come from?”

George said, “It’s like the Earth goin’ round the Sun.”

Lenny nodded. “How does it go around?”

The Central Force of Gravity

A central force field is a force that points toward a center—in other words, toward a point of space (see Figure 1). In addition, for a force to be a central force, the magnitude of the force must be the same in every direction.

[image: Figure 1: A central force.]

Figure 1: A central force.

Other than the obvious symmetry—rotational symmetry—there is nothing very special about central forces from a mathematical viewpoint. But their role in physics and in the history of physics is very special. The first problems solved by Newton—the problems of planetary orbits—were central force problems. The motion of an electron orbiting a hydrogen nucleus is a central force problem. Two atoms orbiting one another to form a simple molecule can be reduced to a central force problem in which the center is the center of mass. Since there was not enough time to cover this subject in the lectures, we’ll add it here as a supplement.

Let’s focus on the motion of the Earth as it orbits the much heavier Sun. According to Newton’s laws, the force exerted by the Sun on the Earth is equal and opposite to that exerted by the Earth on the Sun. Moreover, the direction of those forces is along the line connecting the two bodies. Because the Sun is so much heavier than the Earth, the motion of the Sun is negligible, and it can be considered to be at a fixed location. We can choose our coordinates so that the Sun is at the origin, x = y = z = 0. The Earth, by contrast, moves in an orbit about the origin. Let’s denote the location of the Earth by the vector [image: image] with components x, y, z. Since the Sun is located at the origin, the force on the Earth points toward the origin, as shown in Figure 1. Moreover, the magnitude of the force depends only on the distance r from the origin. A force with these properties—pointing toward the origin and depending only on the distance—is called a central force.

Let’s rewrite the unit vector from Interlude 1:

[image: ]

In equation form, the definition of a central force is

[image: ]

where [image: image] determines two things. First, the magnitude of [image: image] is the magnitude of the force when the Earth is at distance r. Second, the sign of [image: image] determines whether the force is toward or away from the Sun—in other words, whether the force is attractive or repulsive. In particular, if [image: image] is positive the force is away from the Sun (repulsive), and if it is negative the force is toward the Sun (attractive).

The force between the Sun and the Earth is of course gravitational. According to Newton’s law of gravitation, the gravitational force between two objects of mass m1 and m2 has the following properties.

N1: The force is attractive and proportional to the product of the objects’ masses and a constant called G. Today we refer to G as Newton’s constant. Its value is G ≈ 6.673 m3 kg-1 s-2.

N2: The force is inversely proportional to the square of the distance between the masses.

To summarize, the force is attractive and has magnitude [image: image]

In other words, the function [image: image] is given by

[image: ]

and



[image: ]

For the case of the Earth-Sun system let’s denote the Sun’s mass by M and the Earth’s mass by m. The force on the Earth is

[image: ]

The equation of motion for the Earth’s orbit is the usual F = m a, or, using the gravitational force,

[image: ]

Notice an interesting fact: The mass of the Earth cancels from both sides of the equation, so the equation of motion does not depend on the mass of the Earth:


	 
	[image: ]

	(1)





An object of very different mass, such as a satellite, could orbit the Sun in the same orbit as the Earth. One caveat about this fact: It is true only if the Sun is so massive, compared with the Earth or satellite, that its motion can be ignored.

Gravitational Potential Energy

The gravitational force can be derived from a potential energy function. Recall that the force associated with a potential energy is minus the gradient of the potential:



[image: ]

It’s not too hard to guess the form of V for the gravitational case. First of all, since the force is proportional to the constant G M m, one expects the potential energy also to have this factor.

Next, because the magnitude of the force only depends on the distance r, one may expect the potential energy V(r) also to depend only on r. Finally, since we have to differentiate V(r) to get the force, and since the force is proportional to 1 / r2, the potential energy must be proportional to −1 / r Thus it is natural to try

[image: ]

In fact, this is exactly right.

The Earth Moves in a Plane

Earlier, we mentioned that the central force problem has a symmetry. You probably recognize it as rotational symmetry about the origin. The implication of the symmetry, explained in Lecture 7, is the conservation of angular momentum. Suppose that at some instant the earth has location [image: image] and velocity [image: image]. We can place these two vectors and the position of the Sun in a plane—the momentary plane of the Earth’s orbit.

The angular momentum vector [image: image] is proportional to the cross product [image: image], so it is perpendicular to both [image: image] and [image: image] (see Figure 2). In other words, the angular momentum is perpendicular to the plane of the orbit. This is a powerful fact when combined with the conservation of angular momentum.



The conservation tells us that the vector [image: image] never changes. From that we conclude that the orbital plane never changes. To put it simply, the Earth’s orbit and the Sun permanently lie in a fixed plane that does not vary. Knowing this, we may rotate our coordinates so that the orbit is in the x, y plane. The entire problem is then two-dimensional, the third coordinate z playing no role.

[image: Figure 2: The relationship among the angular momentum]

Figure 2: The relationship among the angular momentum
[image: image], the position vector [image: image], and the velocity [image: image].

Polar Coordinates

We could work with the Cartesian coordinates x, y, but central force problems are much easier to solve in polar coordinates r, θ:

[image: ]

In polar coordinates the kinetic energy of the earth is simple enough:


	 
	[image: ]


	(2)



The potential energy is even simpler—it does not involve θ at all:


	 
	[image: ]


	(3)



Equations of Motion

As is usually the case, the easiest route to the equations of motion is through the Lagrangian method. Recall that the Lagrangian is the difference of the kinetic and potential energies, L = T – V. Using Eq. (2) and Eq. (3), the Lagrangian in polar coordinates is
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	(4)



The equations of motion,

[image: ]

take the explicit form


	 
	[image: ]


	(5)



and
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	(6)



This last equation has the form of a conservation law. Not surprisingly, it is conservation of angular momentum. (To be precise, it is the conservation of the z component of angular momentum.) It is traditional to denote the angular momentum by the symbol L, but we are using that as the Lagrangian, so we will use pθ instead. If we know pθ at any particular instant, then we know it for all time. We may write


	 
	[image: ]


	(7)



and just treat pθ as a known constant.

This enables us to express the angular velocity in terms of the distance of the Earth from the Sun. We just solve the equation for [image: image]:


	 
	[image: ]


	(8)



We will come back to this relation between angular velocity and radial distance, but first let’s return to the equation for r, namely


	 
	[image: ]


	(9)



In Eq. (9) the angular velocity appears, but we can use Eq. (8) to replace it:


	 
	[image: ]


	(10)



The equation for r has an interesting interpretation. It looks like the equation for a single coordinate r under the influence of a combined “effective” force:


	 
	[image: ]


	(11)



The term [image: image] is just the gravitational force, but at first sight the second term may be a surprise. It is, in fact, nothing but the fictitious centrifugal force experienced by any particle that has an angular motion about the origin.

It’s useful to pretend that Eq. (11) really does describe a particle moving under a total force that includes both the real gravitational force and the centrifugal force. Of course, for each value of the angular momentum, we must readjust pθ but since pθ is conserved, we may regard it as a fixed number.

Given the effective force, one can also construct an effective potential energy function that includes the effect of gravity and the effect of centrifugal force:


	 
	[image: ]


	(12)



You can easily check that

[image: ]

For all practical purposes, we can pretend the r motion is just that of a particle whose kinetic energy has the usual form, [image: image], whose potential energy is Veffective, and whose Lagrangian is


	 
	[image: ]


	(13)





Effective Potential Energy Diagrams

In getting a feel for a problem, it is often a good idea to make a graph of the potential energy. For example, the equilibrium points (where the system may be at rest) can be identified as the stationary points (minima, maxima) of the potential. In understanding central force motion, we do exactly the same, except that we apply it to the effective potential. Let’s first plot the two terms in Veffective separately, as shown in Figure 3. Note that the two terms are of opposite sign; the centrifugal term is positive and the gravitational term negative. The reason is that the gravitational force is attractive, whereas the centrifugal force pushes the particle away from the origin.

[image: Figure 3: The potential energy diagram for the centrifugal and gravitational terms.]

Figure 3: The potential energy diagram for the centrifugal and gravitational terms.

Near the origin the centrifugal term is the most important, but at large values of r the gravitational term has the larger magnitude. When we combine them, we get a graph of Veffective that looks like Figure 4.

[image: Figure 4: The potential energy diagram for the combination of centrifugal and gravitational terms.]

Figure 4: The potential energy diagram for the combination of centrifugal and gravitational terms.

Note that when the two terms are combined, the graph has a minimum. That may seem odd; we don’t expect an equilibrium point where the Earth can stand still. But we have to remember that we are discussing only the behavior of r and ignoring the angular coordinate θ. The point is that for each angular momentum, there are orbits that maintain a constant radial distance while moving around the Sun. Such orbits are circular. On the graph of Veffective a circular orbit is represented by a fictitious particle sitting at rest at the minimum.

Let’s compute the value of r at the minimum. All we have to do is differentiate Veffective and set the derivative equal to zero. It’s an easy calculation that I will leave to you. The result is that the minimum occurs at
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	(14)



Equation (14) yields the radius of the Earth’s orbit (assuming it is circular, which is not quite right) given its angular momentum.

Kepler’s Laws

Tycho Brahe was a sixteenth-century Danish astronomer before the age of telescopes. With the help of a long rod and some instruments to measure angles, he made the best tables and records of the motion of the Solar System before telescopes were invented. As a theoretician, he was somewhat confused. His legacy was his tables.

It was Tycho’s assistant Johannes Kepler who put the tables to good use. Johannes Kepler took those records and fit the observed data to simple geometric and mathematical facts. He had no idea why the planets moved according to his laws—by modern standards, his theories of why were at best, odd—but he got the facts right.

Newton’s great achievement—in a sense the start of modern physics—was to explain Kepler’s laws of planetary motion through his own laws of motion, including the inverse-square law of gravity. Let’s recall Kepler’s three laws.

K1: The orbit of every planet is an ellipse with the Sun at one of the two foci.

K2: A line joining a planet and the Sun sweeps out equal areas during equal intervals of time.

K3: The square of the orbital period of a planet is directly proportional to the cube of the radius of its orbit.

Begin with K1, the ellipse law. Earlier we explained that circular orbits correspond to being in equilibrium at the minimum of the effective potential. But there are motions of the effective one-dimensional system in which it oscillates back and forth near, but not at, the minimum. A motion of this type would have the Earth periodically getting closer to and farther from the Sun. Meanwhile, because it has angular momentum L, the Earth must also be moving around the Sun. In other words the angle θ is increasing with time. The resulting trajectory, in which the distance oscillates and the angular position changes, is elliptical. Figure 5 shows just such an elliptical orbit. If you follow the orbit and keep track only of the radial distance, the position of the Earth periodically moves in and out as if it were oscillating in the effective potential.

[image: Figure 5: The elliptical orbit of the Earth around the Sun.]

Figure 5: The elliptical orbit of the Earth around the Sun.

To prove the orbit is exactly an ellipse is a bit difficult, and we will not prove it now.

Let’s take another look at the motion of a particle in the effective potential. Imagine a particle with so much energy that it would completely escape from the dip in the potential energy. In such an orbit the particle comes in from infinity, bounces off the potential near r = 0, and goes back out, never to return. Such orbits certainly exist; they are called unbounded hyperbolic orbits.

Now let’s move on to K2. According to Kepler’s second law, as the radial vector sweeps out the ellipse, the area that it sweeps per unit time is always the same. This sounds like a conservation law, and indeed it is—the conservation of angular momentum. Go back to Eq. (7) and divide it by the mass m:


	 
	[image: ]

	(15)



Imagine the radial line as it sweeps out an area. In a small time δ t, the area changes by δ θ.

[image: Figure 6: The area swept out by the line connecting the Earth to the Sun in a short time δ t]

Figure 6: The area swept out by the line connecting the Earth to the Sun in a short time δ t.

The small triangle swept out in Figure 6 has area



[image: ]

You can check this using the fact that the area of a triangle is one-half the base (r) times the height (r δθ). If we divide by the small time interval δt, we get

[image: ]

But now we use angular momentum conservation in the form of Eq. (15), and we get the final equation


	 
	[image: ]


	(16)



Since pθ (and also m) do not vary, we see that the rate of sweptout area is constant, and, moreover, it is just proportional to the angular momentum of the orbit.

Finally, we come to K3: The square of the orbital period of a planet is directly proportional to the cube of the radius of its orbit.

Kepler’s formulation was very general, but we will work it out only for circular orbits. There are a number of ways we can do this, but the simplest is just to use Newton's law, F = m a. The force on the orbiting Earth is just the gravitational force, whose magnitude is

[image: ]

On the other hand, in Lecture 2 we calculated the acceleration of an object moving in a circular orbit,




	 
	[image: ]


	(17)



where ω is the angular velocity.

Exercise 1: Show that Eq. (17), above, is a consequence of Equations (3) from Lecture 2.

Newton's law becomes

[image: ]

We can easily solve this for ω2:

[image: ]

The last step is to note that the period of the orbit—the time to make one circuit—is simply related to the angular velocity. Denoting the period by the Greek letter tau, τ, we have

[image: ]

Traditionally we would use T for the period, but we are already using T for the kinetic energy. Putting it all together we get

[image: ]

Indeed, the square of the period is proportional to the cube of the radius.







Here’s what else you need to know to start doing physics!

Quantum Mechanics: The Theoretical Minimum by Leonard Susskind and Art Friedman. Leonard Susskind and Art Friedman present the theory and mathematics of the strange world of quantum mechanics. The authors offer crystal-clear explanations of quantum states, entanglement, uncertainty, and more. 

Special Relativity and Classical Field Theory: The Theoretical Minimum by Leonard Susskind and Art Friedman. Leonard Susskind and Art Friedman introduce readers to the physics and mathematics of light, with Einstein’s special theory of relativity and Maxwell’s classical field theory.

General Relativity: The Theoretical Minimum by Leonard Susskind and André Cabannes. Leonard Susskind and André Cabannes explore the theory and mathematics of gravity in Einstein’s crowning achievement, the general theory of relativity.
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