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Preface

The first and second chapters of this book are Functions and Graphs and Equations. The continuous and discontinuous functions are discussed in terms of range, domain and the defined and undefined regions.  

The third and fourth chapters are the trigonometry and the applications of trigonometry chapters. The latter deals with solving triangles and quadrilateral problems based on trigonometry.

The concept of Surds and the derivative of a function are clearly defined and explained in the fifth and the sixth chapter of this book. 

The last chapter is the logarithm chapter.
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​1. Functions and Graphs

[image: ]


​1.1 Introduction  

The function of a graph or curve is defined by any one of the following equations as stated in the table below.  

The substitution of an x1 value into a given equation is equal to a corresponding y1 value only.  This is referred to as one to one function.  

The substitution of the values, x1 and x2, into an equation will give only one value y1 as illustrated mathematically below. This is known as a two to one function.

Given the straight line y=4x + 4,  f(-3) = 4(-3) + 4= -8  f(0) = 4(0) + 4= 4  f(+3) = 4(+3) + 4 = 16  For a two to one function, consider the quadratic equation, y = x2f(-3) = (-3)2 = 9  f(+3) = (+3)2 = 9  f(-6) = (-6)2 = 36  f(+6) = (+6)2= 36

––––––––
[image: ]


TABLE 1.1

	
	Equation

	

	1.

	y = mx + c

	Straight line


	2.

	y= ax2+bx + c

	Quadratic


	3.

	y= ax

	Exponential


	4

	x= loga y 

	Logarithmic


	5.

	x2 + y2 =  r2

	Circle


	6.

	(x2/a2 )+ (y2/b2) = 1

	Ellipse


	7.

	(x2/a2 ) - (y2/b2) = 1

	Hyperbola


	8.

	xy=k

	Rectangular Hyperbola



Fig. 1.1 and Fig 1.2 illustrate one to one and two to one functions.

[image: ]

Fig. 1.1 Straight Line: One to One Function

[image: ]

––––––––
[image: ]


FIG. 1.2 QUADRATIC Equation: Two to One Function

The domain of a function specifies all the possible x values of that equation. Likewise, the range of a function states all the possible y values of the curve or function.    

​1.2 Constant Term of a Function.  

THE CONSTANT TERM OF a function is the corresponding y value of a function when the x value is zero.

Given the functions: y=x, y=x+1, y=x+2 and y=x+3, the constant terms are 0,1,2 and 3 respectively.  

Alternatively, when the straight line y=x is transformed vertically upward with 1 unit, the straight line y=x+1 is derived or developed.

Likewise, the derivation of the straight lines y=x+2 and y=x+3 is based on the transformation of the straight line y=x vertically upwards with 2 and 3 units respectively.  

Refer to Tables 1.2 and Fig. 1.3, 1.4 and 1.5.  

	
	Table 1.2 Constant Term

	

	
	Equation of Function

	

	1.

	y= x

	Straight line


	2.

	y= x +1

	Straight line


	3.

	y= x +2

	Straight line


	4.

	y= x +3

	Straight line


	5.

	y= x2 +5x + 6

	Quadratic 


	6.

	y= x2 +5x + 5

	Quadratic


	7.

	y= x2 +5x + 7

	Quadratic


	8.

	y= x2 +5x + 8

	Quadratic


	9.

	y= x3– x2

	Cubic


	10.

	y= x3 – x2+ 1

	Cubic


	11.

	y= x3 – x2+ 2

	Cubic


	12.

	y= x3 – x2 + 3

	Cubic



––––––––
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FIG. 1.3 CONSTANT TERM of Straight Line.
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Fig. 1.4 Constant term of a quadratic equation, y=x2 +5x+6, c=6.

––––––––
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FIG. 1.5 CONSTANT TERM of a cubic equation, y=x(x2-1), d=0.

––––––––
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​1.3 The Straight Line

A STRAIGHT LINE IS the shortest distance between two points as shown in fig. 1.6 below.  The following standard equations are used to define straight-line graphs.

	Gradient form y = mx + c  m = tanƟ and m = gradient or slope  c = y intercept

	General form ax + by + c = 0  c = y intercept

	Intercept form [image: ] + [image: ] = 1  a = x intercept and  b = y intercept.

	Point gradient form  y – y1 = m(x – x1)  m = slope

	Two Point form  (y2 – y1)÷( x2– x1) =  m


1.3.1  Domain and Range  The domain and range of a straight line is stated mathematically as follows.  Domain:  - ∞ ≤ x ≤ + ∞  Range: - ∞ ≤ y ≤ + ∞    1.3.2 The slope of a straight line    The slope of a straight line is defined mathematically thus.    

[image: ]

[image: ]Fig. 1.6  The shortest distance between two points is a straight line: y=-(x2-36) and two straight lines (first quadrant and second quadrant).

m=tanƟ  (1)  tanƟ = [image: ](2)

The slope mAB  and mBC of the straight lines AB and BC respectively will be calculated in the next example.

Another perspective of a straight line is based on the following:  y=mx+c  (1)  m=tan Ɵ  (2)  tan-1  m = .........degrees  (3)  m=slope of the straight line

Example 1.1 Calculate the slopes, mAB  and mBC, of the lines AB and AC. Hence, determine the angles of inclination of these lines.  (Refer to Fig. 1.6)  Considering the right angled triangles ABD and CBD and taking the point B as reference point.

m=tanƟ  (1)  tanƟ = [image: ](2)

Therefore, mAB =  ( yB – yD)÷(xB – xA)mAB=[image: ]= +6

mBC =  ( yB – yD)÷(xB – xC)  mBC=  [image: ]  = -6  From Equation (1), Ɵ = tan-1mAB

Ɵ = tan-1 (+6)  Ɵ = 80.540Ɵ = tan-1 (-6)  Ɵ = 180 – (tan-1 (6))  Ɵ = 99.460

1.3.3 Classification of Straight Lines  Straight lines may be classified as follows.  a) Vertical Lines  Vertical lines as shown in the Fig. 1.1 are lines that are perpendicular to the negative or positive x axis.  The slope o f these lines are tan 90.Examples of Straight lines are x= -5, x = -4, x = -3, x = -2, x = -1, x = 0, x = +1, x = +2, x = +3, x = +4, x = +5  b) Horizontal lines  These lines are lines that make an angle of 00 with respect to the positive x axis. The lines y= -5, y = -4, y = -3, y = -2, y = -1, y = 0, y = +1, y = +2, y = +3, y = +4, y = +5  c) Inclined lines  There are two categories of inclined lines. The first category makes an acute angle with respect to the positive x axis.  The second type of inclined line makes an obtuse angle with respect to the positive x axis. (Refer to Fig 1.6)

1.3.4 The intercept of a Straight Line  The intercept of a straight line is the y value of the line when x is equal to zero. The intercept of the straight lines AB and BC is 36. (See Fig. 1.6)

1.3.5 Parallel Lines  Two straight lines, y1 = m1x + c1 and y2 = m2x + c2 , have the same slope. However, they do not have the same y intercept. (See Fig 1.3)

1.3.6 Perpendicular Lines  The equation m1 Xm2 = -1 defines the relationship between the two straight lines y1 = m1x + c1 and  y2 = m2x + c2 given that they intersect each other at an angle of 900.    

1.3.7 Distance between Two Points  As illustrated in Fig. 1.6, the calculation of the distance between two points, A and B, is evaluated by applying Pythagoras Theorem to the corresponding right-angled triangle, ABD. All inclined lines will make a right-angled triangle when a vertical line is drawn from the higher point on the line and a horizontal line is drawn from the lower point of the inclined line.

1.3.8 The midpoint of a straight line  The Fig.  1.12, Fig. 1.7- and Fig. 1.9 illustrates the midpoint between two points.  Basically, by locating the midpoints of the lines, D and E, in Fig. 1.7 and drawing a line parallel to the base and height respectively, the midpoint of the line AB is plotted.  Similarly, the midpoints of the line WY may be located as described above.  The formula for calculating the midpoint of a line is stated thus.  x,y = [0.5(xB + xA)],[0.5(yA+yB)]  Table 1.3 shows the calculation of these midpoints by substituting into the above formula.  The upper point on the line has been
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	AB,  A  (0, 10) , B  (2,8)

	DB, B (2,8)  D (0,6)

	IJ given that I = (2.5, 7.5) and J = ( -0.5, 0)  Solution:


	mDB = [image: ]=-1  Slope, mAB = -1  tan Ɵ= -1  Therefore, Ɵ = 180 – (tan -1  +1) = 1350

	Slope, mDB = [image: ]=1  tan Ɵ = 1  Ɵ = tan -1  1 =  450

	Slope mIJ  = [image: ] = 2.5  tan Ɵ= 2.5  Ɵ = tan -1  2.5 =  68.190  



	A ((0, 10) and B  (2,8).

	D (0,6) and B(2,8)

	I (2.5, 7.5) and J  ( -0.5, 0)  Solution:


	[(xB – xA)2 + (yB – yA)2]0.5=  [(2 – 0)2 + (8 -10)2]0.5 = 2.828





	[(xD – xB)2 + (yD – yB)2]0.5=  [(0 –2)2 + (6 -8)2]0.5 = 2.828





	[(xJ – xI)2 + (yJ – yI)2]0.5= [(2.5 – - 0.5)2 + (7.5 -0)2]0.5 = 8.078
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	 (y – yJ)÷( x – xJ)= (y – yI)÷( x – xI)  Substituting values of point J  2.5 = (y -0) ÷(x - -0.5)




















​1.4 The Quadratic Function
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​1.5 The Cubic Function
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	The zero value of at least one or two of d, c or b in the cubic function y=ax3+ bx2+cx + d.  The values of b, c and d in the cubic functions, y=x3 –x, are b=0, c=-1 and d=0.  






	y=x3-x

	y= x3- x2

	y=x3+6x2+11x+6

	y=x3+7x2+16x+12

	y=x3- x2-21x+45


	The positive or negative value a in the cubic function y=ax3+ bx2+cx + d.  The x value of the maximum point of a cubic function is a lesser value than the minimum value when the value of x is a positive. The reverse is the case when the value of a is negative.  





	The value of the x intercepts.  The value of the x intercepts may be real values. This is not the case for a cubic function,  y=2x(x2 -7). The x intercepts are x=0, x=+2.6457 and x=-2.6457.  e) The x intercepts may either be a maximum or minimum point based on cubic functions, repeated roots or factors. An example is as illustrated in the Fig. 1.28. 
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​1.6 Continuous and Discontinuous Functions
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​1.7  The Circle
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	The domain and range of the graph.

	Is it a continuous or discontinuous function?

	Write the equations of four lines of symmetry.

	State whether it is a function or a relation.  Solution


	X2 + y2 = 1 ÷ 0.0625  x2 + y2 = 16  x2 + y2 = 42domain = -4 ≤ x ≤ + 4; range= -4 ≤ y ≤ + 4.

	Continuous function

	X = 0; y = 0  x = y; x = -y.

	A relation







​1.8  Ellipse




	Write the equation in the standard form [image: ] + [image: ] = 1.

	State the value of a and b.

	State the domain and the range.


[image: ]





	State the equations of lines of symmetry.

	State whether it is continuous or discontinuous.

	Sketch and label the ellipse.








	[image: ] + [image: ] = [image: ]





	a= 48 ; b = 36

	Domain = -48 ≤ x ≤ + 48  Range = -36 ≤ y ≤ + 36.

	X = 0 and y = 0.

	Continuous

	Refer to Fig. 1.34.












​1.9 Hyperbolas
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	y = [image: ] x  compare with the straight line equation y = mx + c where c = 0.

	y= - [image: ] x  [image: ] are slopes of the asymptotes.
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​1.10 Exponential Functions.






	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	



	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	



	y = 3x  : domain  -∞ ≤ x ≤ + ∞  range 0 ˂ y ≤ + ∞  y≠0





	y = 0 or the x axes

	continuous

	There are no two y values for each specific x value.  
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​1.11 Logarithmic Functions.


	y = log3 81

	y = log10 10000

	y = log8 64









	State the domain and range for each graph.

	What line defines the asymptote of the graph?
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​1.12 Trigonometric Functions.
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​Exercise 1.1 Deriving a Function (Group Work)

	Derive three straight lines each of the following standard forms or standard formulas.








	Derive one quadratic function of the following standard forms or standard formulas.





	Derive one cubic function of the following standard forms or standard formulas. 














​Exercise 1.2 Factorization and Expansion (Group Work)

	Expand the straight lines, parabola and cubic functions as derived in Exercise 1.1. (Factorized formula).






​Exercise 1.3 Graphs Sketching GW

	Draw and label the functions as derived in Exercise 1.1 Question 1-12 in terms of x and y intercepts and asymptotes as the case may be.    


​Exercise 1.4 Factor and Remainder Theorems GW

	Apply the factor theorem by substituting the values of x intercepts into the expanded formula for the quadratic functions. Refer to Exercise 1.1 Q2. (b-j)

	State your answers based on question 1 above.

	Apply the factor theorem by substituting the values of the x intercepts into the expanded formula for the cubic functions. Refer to Exercise 1.1 Q3.





	State your answers based on question 3 above.

	With reference to questions 2 and 4 above, state an appropriate x value for a remainder theorem.
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