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Mathematics is not only a beautiful and exciting subject in its own right but also one that underpins many 



other branches of learning. It is consequently fundamental to our national wellbeing. 



This book covers the compulsory core content of Year 1/AS Further Mathematics and so provides a 



course for the first of the two years of Advanced Level Further Mathematics study. The requirements of 



the compulsory core content for the second year are met in a second book, while the year one and year 



two optional applied content is covered in the Mechanics and Statistics books. 



Between 2014 and 2016 A Level Mathematics and Further Mathematics were very substantially revised, 



for first teaching in 2017. Major changes included increased emphasis on 



■ 



Problem solving 



■ 



Mathematical proof 



■ 



Use of ICT 



■ 



Modelling 



■ 



Working with large data sets in statistics. 



This book embraces these ideas.A large number of exercise questions involve elements of problem solving. 



The ideas of mathematical proof, rigorous logical argument and mathematical modelling are also 



included in suitable exercise questions throughout the book. 



The use of technology, including graphing software, spreadsheets and high specification calculators, 



is encouraged wherever possible, for example in the Activities used to introduce some of the topics. In 



particular, readers are expected to have access to a calculator which handles matrices up to order 3 x 3. 



Places where ICT can be used are highlighted by a   T icon. Margin boxes highlight situations where the 



use of technology – such as graphical calculators or graphing software – can be used to further explore a 



particular topic. 



Throughout the book the emphasis is on understanding and interpretation rather than mere routine 



calculations, but the various exercises do nonetheless provide plenty of scope for practising basic techniques. 



The exercise questions are split into three bands. Band 1 questions are designed to reinforce basic 



understanding; Band 2 questions are broadly typical of what might be expected in an examination; Band 



3 questions explore around the topic and some of them are rather more demanding. In addition, extensive 



online support tailored to the OCR specification, including further questions, is available by subscription to 



MEI’s Integral website, integralmaths.org. 



In addition to the exercise questions, there are two sets of Practice questions, covering groups of chapters. 



These include identified questions requiring problem solving PS , mathematical proof MP , use of 



ICT   T and modelling M . 



This book is written on the assumption that readers are studying or have studied AS Mathematics. It can be 



studied alongside the year 1/AS Mathematics book, or after studying AS or A Level Mathematics.There are 



places where the work depends on knowledge from earlier in the book or in the year 1/AS Mathematics 



book and this is flagged up in the Prior knowledge boxes.This should be seen as an invitation to those who 



have problems with the particular topic to revisit it.At the end of each chapter there is a list of key points 



covered as well as a summary of the new knowledge (learning outcomes) that readers should have gained. 



Although, in general, knowledge of A Level Mathematics beyond AS Level is not required, there are two 



small topics from year 2 of A Level Mathematics that are needed in the study of the material in this book. 



These are radians (needed in the work on the argument of a complex number) and the compound angle 



formulae, which are helpful in understanding the multiplication and division of complex numbers in 



modulus-argument form.These two topics are introduced briefly at the back of the book, for the benefit of 



readers who have not yet studied year 2 of A Level Mathematics. 



Getting the most from this book 
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Two common features of the book are Activities and Discussion points.These serve rather different purposes.The 



Activities are designed to help readers get into the thought processes of the new work that they are about to meet; 



having done an Activity, what follows will seem much easier.The Discussion points invite readers to talk about 



particular points with their fellow students and their teacher and so enhance their understanding.Another feature is a 



Caution icon  , highlighting points where it is easy to go wrong. 



Answers to all exercise questions and practice questions are provided at the back of the book, and also online 



at www.hoddereducation.co.uk/OCRFurtherMathsYear1 



Catherine Berry 



Roger Porkess 
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This book is designed so that it can be studied alongside OCR A Level Mathematics Year 1 (AS). There 



are some links with work in OCR A Level Mathematics Year 2, but it is not necessary to have covered 



this work before studying this book. Some essential background work on radians and compound angle 



formulae is covered in An introduction to radians and The identities sin(θ ± ϕ) and cos(θ ± ϕ) as well as in 



OCR A Level Mathematics Year 2. 



◼ 



Chapter 1: Complex numbers uses work on solving quadratic equations, covered in chapter 3 of 



OCR A Level Mathematics Year 1 (AS). 



◼ 



Chapter 2: Matrices and transformations builds on GCSE work on transformations. 



◼ 



Chapter 3: Roots of polynomials uses work on solving polynomial equations using the factor 



theorem, covered in chapter 7 of OCR A Level Mathematics Year 1 (AS). 



◼ 



Chapter 4: Induction builds on AS work on proof, covered in chapter 1 of OCR A level 



Mathematics Year 1 (AS). 



◼ 



Chapter 5: Complex numbers and geometry develops the work in chapter 1. Knowledge of 



radians is assumed: this is covered in chapter 2 of OCR A Level Mathematics Year 2, but the required 



knowledge is also covered in An introduction to radians. It is also helpful to know the compound 



angle formulae which are introduced in chapter 8 of OCR A Level Mathematics Year 2; there is also 



a brief introduction in The identities sin(θ ± ϕ) and cos(θ ± ϕ). 



◼ 



Chapter 6: Matrices and their inverses follows on from the work in chapter 2. 



◼ 



Chapter 7:Vectors and 3D space builds on the vectors work covered in chapter 12 of OCR 



A Level Mathematics Year 1 (AS). Knowledge of 3D vectors is assumed, which are introduced 



in chapter 12 of OCR A Level Mathematics Year 2, but it is not necessary to have covered the 



Mathematics Year 2 chapter prior to this chapter.The work on the intersection of planes in 3D space, 



introduced in chapter 6, is also developed further in this chapter. 



Prior knowledge 
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1 



1 



Complex numbers 



Real numbers 



Rational numbers 



Integers 



Natural numbers 



Figure 1.1 



Discussion point 



➜ What is the meaning of each of the terms shown in Figure 1.1? 



➜ Suggest two numbers that could be placed in each part of the diagram. 



... that wonder of 



analysis, that portent 



of the ideal world, that 



amphibian between 



being and not-being, 



which we call the 



imaginary root of 



negative unity. 



Leibniz, 1702 
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1 Extending the number system 



The number system we use today has taken thousands of years to develop.To 



classify the different types of numbers used in mathematics the following letter 



symbols are used: 



N 



Natural numbers 



Z 



Integers 



Q 



Rational numbers 



Q 



Irrational numbers 



R 



Real numbers 



You may have noticed that some of these sets of numbers fit within the other 



sets.This can be seen in Figure 1.1. 



What are complex numbers? 



ACTIVITY 1.1 



On a copy of Figure 1.1 write the following numbers in the correct positions. 



7 



5 −13 



227 



109 



5 



− 



3.1415 π 0.33 0.3
 



ACTIVITY 1.2 



Solve each of these equations and decide which set of numbers the roots belong 



to in each case. 



(i) x 7 9 



+ = 



(ii) x 



7 9 



= 



(iii) x 



9 



2 



= 



(iv) x 10 9 



+ 



= 



(v) x 



x 



7 0 



2 



+ = 



(vi) x 



2 



= 5 



Now think about the equation x 



9 = 0. 



2 



+ 



You could rewrite it as x 



9 



2 



= − . However, 



since the square of every real number is 



positive or zero, there is no real number 



with a square of –9.This is an example of a quadratic equation which, up to 



now, you would have classified as having ‘no real roots’. 



The existence of such equations was recognised for hundreds of years, in 



the same way that Greek mathematicians had accepted that x + 10 = 9 had 



no solution; the concept of a negative number had yet to be developed. 



The number system has expanded as mathematicians increased the range of 



mathematical problems they wanted to tackle. 



Writing this quadratic equation 



as 



+ + = 



x x 



2 



0 9 0 and calculating 



the discriminant for this quadratic 



gives b 



2 



− 4ac = −36 which is less 



than zero. 



Prior knowledge 



You should know how 



to solve quadratic 



equations using the 



quadratic formula. 



Discussion point 



➜ Why is there 



no set shown 



on the diagram 



for irrational 



numbers? 



Extending the number system 
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3 



You can solve the equation x 9 0 2 
+ = by extending the number system to 



include a new number, i (sometimes written as j).This has the property that 



ii = −1 and it follows the usual laws of algebra. i is called an imaginary number. 



The square root of any negative number can be expressed in terms of i. For 



example, the solution of the equation x 
9 
2 
= − is x = 
9 
± − . This can be 



written as 9 
1 
± 
× − which simplifies to ±3i. 



Example 1.1 



Use the quadratic formula to solve the quadratic equation z z 



6 58 0 



2 



− + = , 



simplifying your answer as far as possible. 



Solution 



z 



z 



6 



58 0 



2 



− 



+ 



= 



z 



6 



( 6) 4 1 58 



2 1 



6 



196 



2 



6 14i 



2 



3 7i 



2 



= 



± − − × × 



× 



= ± − 



= ± 



= ± 



Using the quadratic formula with a = 1, b = –6 and c = 58. 



-196 = 196 -1 = 14i. 



× 



You will have noticed that the roots 3 + 7i and 3 – 7i 



of the quadratic equation z 
z 
6 58 0 
2 
− + = have both 



a real part and an imaginary part. 



Notation 



Any number z of the form x yi 
+ , where x and y are real, is called a complex 



number. 



The letter z is commonly used for complex numbers, and w is also used. In this 



chapter a complex number z is often denoted by x yi 
+ , but other letters are 



sometimes used, such as a + bi. 



x is called the real part of the complex number, denoted by Re(z), and y is called 



the imaginary part, denoted by Im(z). 



Working with complex numbers 



The general methods for addition, subtraction and multiplication of complex 



numbers are straightforward. 



Addition: add the real parts and add the imaginary parts. 



For example, 3 4i 



2 8i 



3 2 4 8 i 



5 4i 



( 



) ( 



) ( 



) ( ) 



+ 



+ − = + + − 



= − 



Subtraction: subtract the real parts and subtract the imaginary parts. 



For example, 6 9i 



1 6i 



5 15i 



( 



) ( 



) 



− 



− + = − 



3 is called the real part 



of the complex number 



3 + 7i and is denoted 



Re(z). 



7 is called the 



imaginary part of the 



complex number and 



is denoted Im(z). 



Discussion point 



➜ What are the values 



of i 



3 



, i 



4 



, i 



5 



, i 



6 



and i 



7 



? 



➜ Explain how you 



could quickly work 



out the value of i 



n 



for 



any positive integer 



value of n. 



TECHNOLOGY 



If your calculator has 



an equation solver, find 



out if it will give you the 



complex roots of this 



quadratic equation. 



Chapter 



1 



Complex 



numbers 
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Multiplication: multiply out the brackets in the usual way and simplify. 



For example, 7 2i 3 4i 21 28i 6i 8i 



21 22i 8 1 



29 22i 



2 



( 



)( 



) 



( ) 



+ 



− = − + − 



= − − − 



= − 



Division of complex numbers follows later in this chapter. 



When simplifying 



it is important to 



remember that 



i 



2 



= −1. 



Equality of complex numbers 



Two complex numbers z x yi 
= + and w u vi 
= + are equal if both x = u and 



y = v. If x ≠ u or y ≠ v, or both, then z and w are not equal. 



A complex number z = x + yi is zero only if x = 0 and y = 0. 



You may feel that this is obvious, but it is interesting to compare this situation 



with the equality of rational numbers. 



Example 1.2 



The complex numbers z 1 and z 2 are given by 



z 



a 



b 



3 



2 4 i 



1 



( 



) 



( 



) 



= − + 



− 



and 



( 



) ( 



) 



= 



− + 



− 



z 



b 



a 



7 



4 



3 2 i. 



2 



(i) Given than z 1 and z 2 are equal, find the values of a and b. 



(ii) Check your answer by substituting your values for a and b into the 



expressions above. 



Discussion point 



➜ What answer do 



you think Gerolamo 



Cardano might 



have obtained to 



the calculation 



5 + 15 5 



15 



( 



)( 



) 



− 



− − 



? 



Gerolamo Cardano (1501–1576) was an Italian mathematician and physicist 



who was the first known writer to explore calculations involving the square 



roots of negative quantities, in his 1545 publication Ars magna (‘The Great Art’). 



He wanted to calculate: 



5 + 15 5 



15 



( 



)( 



) 



− 



− − 



Some years later, an Italian engineer named Rafael Bombelli introduced the 



words ‘plus of minus’ to indicate 1 
− and ‘minus of minus’ to indicate 



1 



− − . 



However, the general mathematical community was slow to accept these 



‘fictional’ numbers, with the French mathematician and philosopher René 



Descartes rather dismissively describing them as ‘imaginary’. Similarly, 



Isaac Newton described the numbers as ‘impossible’ and the mystification of 



Gottfried Leibniz is evident in the quote at the beginning of the chapter! In the 



end it was Leonhard Euler who eventually began to use the symbol i, the first 



letter of ‘imaginarius’ (imaginary) instead of writing 1 



− . 



Historical note 



For two complex numbers to be equal the real parts must be equal and the 



imaginary parts must be equal. Using this result is described as equating 



real and imaginary parts, as shown in the following example. 



Discussion point 



➜ Are the rational numbers 
x  and 
v equal if x = u and y = v? 



➜ Is it possible for the rational numbers 
y and 
v to be equal if x ≠ u and y ≠ v? 



Extending the number system 



TECHNOLOGY 



Some calculators will 



allow you to calculate 



with complex numbers. 



Find out whether your 



calculator has this 



facility. 
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Solution 



(i) 



− + 



− 



= 



− + − 



a 



b 



b 



a 



(3 



) (2 4)i (7 4) (3 2)i 



Equating real parts: 



a b 



3 



7 4 



− = − 



Equating imaginary parts: b 



a 



2 4 3 2 



− = − 



b a 



b 



a 



7 



7 



2 



3 



2 



+ = 



− 



= 



Solving simultaneously gives b = 1 and a = 0. 



(ii) Substituting a = 0 and b = 1 gives z 



3 2i 



1 = − 



and z 



3 2i 



2 = − 



so z 1 and z 2 are indeed equal. 



Equating real and imaginary 



parts leads to two equations. 



Simplifying the equations. 



Example 1.3 



Find the square roots of 21 – 20i. 



Discussion point 



➜ What would have 



happened if a 



2 



had 



been taken to be −4? 



Solution 



Let a square root be a + bi, where a and b are real. 



Then (a + bi) 



2 



= 21 – 20i 



a 



2 



+ 2iab – b 



2 



= 21 – 20i 



Equate real and imaginary parts: 



a 



2 



– b 



2 



= 21 



① 



2ab = –20 



② 



b 



a 



a 



20 



2 



10 



= − 



= − 



Substitute into equation ①: a 



a 



10 



21 



2 



2 



( ) 



− − 



= 



a 



4 



– 100 = 21a 



2 



a 



4 



– 21a 



2 



– 100 = 0 



(a 



2 



– 25)(a 



2 



+ 4) = 0 



Therefore a 



2 



= 25 or –4. 



But a must be real, so a 



2 



= 25 only. 



Therefore a = 5 or –5. 



If a = 5, b = –2 



If a = –5, b = 2. 



Therefore the two possible square roots of 21 + 20i are 5 – 2i and –5 + 2i. 



Note that, just as with 



the square roots of real 



numbers, one answer 



is the negative of the 



other. 



Chapter 



1 



Complex 



numbers 



Make b the subject of equation ②. 



Multiply out and simplify. 



Substituting back 



into equation ②. 



Rearrange. 



Factorise. 



This is a quadratic equation in a 



2 



. 
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Do not use a calculator in this exercise 


① Write down the values of 



(i) i 



9 



(ii) i 



14 



(iii) i 



31 



(iv) i 



100 


② Find the following: 



(i) 



6 4i 



3 5i 



( 



) ( 



) 



+ 



+ − 



(ii) 



6 4i 3 5i 



( 



) ( 



) 



− + + − + 



(iii) 6 4i 



3 5i 



( 



) ( 



) 



+ 



− − 



(iv) 



6 4i 3 5i 



( 



) ( 



) 



− + − − + 


③ Find the following: 



(i) 3 6 4i 2 3 5i 



( 



) 



( 



) 



+ 



+ 



− 



(ii) 3i 6 4i 2i 3 5i 



( 



) ( ) 



+ + − 



(iii) 6 4i 



2 



( 



) 



+ 



(iv) ( 



)( ) 



+ 



− i 



6 4i 3 5 


④ (i) Find the following: 



(a) 6 4i 6 4i 



( 



)( 



) 



+ 



− 



(b) 3 5i 3 5i 



( 



)( 



) 



− 



+ 



(c) 6 4i 6 4i 3 5i 3 5i 



( 



)( 



)( 



)( 



) 



+ 



− 



− 



+ 



(ii) What do you notice about the answers in part (i)? 


⑤ Find the following: 



(i) 



3 7i 2 2i 5 i 



( 



)( 



)( 



) 



− 



+ 



− 



(ii) 



3 7i 



3 



( 



) 



− 


⑥ Solve each of the following equations. 



In each case, check your solutions are correct by substituting the values back 



into the equation. 



(i) z 



z 



2 



2 0 



2 



+ 



+ = 



(ii) z z 



2 5 0 



2 



− + = 



(iii) z 



z 



4 



13 0 



2 



− 



+ = 



(iv) z z 



6 34 0 



2 



+ + = 



(v) 



z 



z 



4 



4 



17 0 



2 



− 



+ = 



(vi) z z 



4 6 0 



2 



+ + = 


⑦ Given that the complex numbers 



z 



a 



b 



z 



a 



b 



3 2 i 



5 



4 



i 



1 



2 



2 



2 



( 



) 



( 



) 



= + + 



= 



− + 



are equal, find the possible values of a and b. 



Hence list the possible pairs of complex numbers z 1 and z 2. 


⑧ A complex number z = a + bi, where a and b are real, is squared to give an 



answer of –16 + 30i. Find the possible values of a and b. 


⑨ Find the square roots of the following complex numbers. 



(i) 3 + 4i 



(ii) 40 – 42i 


⑩ Figure 1.2 shows the graph of y = x 



2 



– 4x + 3. 



x 



y 



y = x2 − 4x + 3 



Figure 1.2 



Exercise 1.1 



Extending the number system 
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Solution 



(i) 



+ 



= + + − 



= 



∗ 



z z 



(3 5i) (3 5i) 



6 



(ii) 



= + 



− 



= + 



− 



− 



= + 



= 



∗ 



zz 



(3 5i)(3 5i) 



9 15i 15i 25i 



9 25 



34 



2 



(i) Draw sketches of the curves y x x 
4 3 
2 
= − + , y x x 
4 6 



2 



= − + and 



y x 



x 



4 



8 



2 



= 



− 



+ on the same axes. 



(ii) Solve the equations 



(a) x 



x 



4 



3 0 



2 



− 



+ = 



(b) x 



x 



4 



6 0 



2 



− 



+ = 



(c) x 



x 



4 



8 0 



2 



− 



+ = 



(iii) Describe the relationship between the two roots for each of the three 



equations and how they relate to the graphs you sketched in part (i). 


⑪ Given that z = 2 + 3i is a root of the equation 



z 



a 



z 



b 



i 



16 i 0 



2 



( 



) 



+ − 



+ + = 



where a and b are real, find a and b. 



Explain why you cannot assume that the other root is z 2 3i 



= − . 



Given that the second root has the form 
5+  ci 
, find the other root of the 



equation. 



2 Division of complex numbers 



Complex conjugates 



You have seen that the roots of a quadratic equation with real coefficients 



are almost the same, but have the opposite sign (+ and −) between the real 



and imaginary terms. For example, the roots of x 
2 
– 4x + 13 = 0 are x = 2 + 3i 



and x = 2 – 3i. The pair of complex numbers 2 + 3i and 2 – 3i is called a 



conjugate pair. Each is the conjugate of the other. 



In general the complex number x – yi is called the complex conjugate, 



or just the conjugate, of x + yi. The conjugate of a complex number z is 



denoted by z 



∗ 



. 



ACTIVITY 1.3 



Prove that z + z 



∗ 



and 



zz 



∗ 



are both real for all 



complex numbers z. 



Example 1.4 



Given that z 3 5i 
= + , find 



(i) z + z 



∗ 



(ii) zz 



∗ 



You can see from the example above that z + z 



∗ 



and zz 



∗ 



are both real.This is an 



example of an important general result: that the sum of two complex conjugates 



is real and that their product is also real. 



Chapter 



1 



Complex 



numbers 



886478_01_OCR_A_Level_FM_Year_1_001-014.indd 7 



8/18/17 8:54 AM 





[image: background image]

8 



Solution 



z 



(2 3i) 



9 4i 



+ 



= − 



⇒ = 



− 



+ 



= 



− 



− 



+ 



− 



z 



9 4i 



2 3i 



(9 4i)(2 3i) 



(2 3i)(2 3i) 



18 27i 8i 12i 



4 6i 6i 9i 



6 35i 



13 



6 



13 



35 



13 



i 



2 



2 



= 



− 



− + 



− + − 



= − 



= 



− 



Example 1.6 



Solve the equation 



z 



2 3i 



9 4i 



( 



) 



+ 



= − . 



Find the real and imaginary parts of 1 



5 2i 



+ 



. 



Multiply top and 



bottom by 2 − 3i. 



Notice how the –6i and 



+ 6i terms will cancel 



to produce a real 



denominator. 



Discussion point 



➜ What are the values of 



1 



i , 



1 



i 



2 , 



1 



i 



3 and 



1 



i 



4 ? 



➜ Explain how you 



would work out the 



value of 
i 
n for any 



positive integer 



value n. 



Solution 



Multiply the numerator and denominator by 5 − 2i. 



1 



5 2i 



5 2i 



(5 2i)(5 2i) 



5 2i 



25 4 



5 2i 



29 



+ 



= 



− 



+ 



− 



= 



− 



+ 



= 



− 



The real part is 



5 



29 



and the imaginary part is − 



2 



29 . 



Example 1.5 



Dividing complex numbers 



You probably already know that you can write an expression like 



2 



3 2 



− 



as a fraction with a rational denominator by multiplying the numerator and 



denominator by 3 



2 



+ 



. 



2 



3 



2 



2 



3 



2 



3 2 



3 2 



6 2 2 



9 2 



6 2 2 



7 



− 



= − 



× + 



+ 



= + 



− 



= + 



Because zz 



∗ 



is always real, you can use a similar method to write an expression 



like 2 



3 5i 



− 



as a fraction with a real denominator, by multiplying the numerator 



and denominator by 3 + 5i. 



This is the basis for dividing one complex number by another. 



3 + 5i is the complex conjugate of 3 – 5i. 



5 – 2i is the complex 



conjugate of the 



denominator 5 + 2i. 



Using 12i 



2 



= −12. 



Division of complex numbers 
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① Express these complex numbers in the form x + yi. 



(i) 



3 



7 i 



− 



(ii) 



3 



7 i 



+ 



(iii) 



3i 



7 i 



− 



(iv) 



3i 



7 i 



+ 


② Express these complex numbers in the form x + yi. 



(i) 



3 5i 



2 3i 



+ 



− 



(ii) 



2 3i 



3 5i 



− 



+ 



(iii) 



3 5i 



2 3i 



− 



+ 



(iv) 



2 3i 



3 5i 



+ 



− 


③ Simplify the following, giving your answers in the form x + yi. 



(i) 



12 5i 2 2i 



4 3i 



( 



)( 



) 



− 



+ 



− 



(ii) 



12 5i 



(4 3i) 



2 



− 



− 


④ z 3 6i 



= − , w 



2 9i 



= − + and q 6 3i 



= + . 



Write down the values of the following: 



(i) 



z + z 



∗ 



(ii) ww 



∗ 



(iii) q 



∗ 



+ q 



(iv) z 



∗ 



z 



(v) w + w 



∗ 



(vi) qq 



∗ 


⑤ Given that z 2 3i 
= + and w 6 4i 
= − 
, find the following: 



(i) 



Re(z) 



(ii) Im(z) 



(iii) z 



∗ 



(iv) w 



∗ 



(v) z 



∗ 



+ w 



∗ 



(vi) z 



∗ 



− w 



∗ 


⑥ Given that z = 2 + 3i and w = 6– 4i, find the following: 



(i) 



Im(z + z 



∗ 



) 



(ii) Re(w – w 



∗ 



) 



(iii) zz 



∗ 



− ww 



∗ 



(iv) (z 



3 



) 



∗ 



(v) (z 



∗ 



) 



3 



(vi) zw 



∗ 



− z 



∗ 



w 


⑦ Given that z 
2 5i 
1 = − , z 
4 10i 
2 = + 



and z 
6 5i 
3 = − , find the following in 



the form a + bi, where a and b are rational numbers. 



(i) 



z z 



z 



1 2 



3 



(ii) 



z 



z 



3 



2 



1 



( ) 



(iii) 



z z z 



z 



1 2 3 



3 



2 



( ) 



+ − 


⑧ Solve these equations. 



(i) 



z 



1 i 



3 i 



( 



) 



+ 



= + 



(ii) 



z 



2 i 



2 6i 4 7i 



( 



) 



( 



) 



− 



+ − 



= − 



(iii) 



z 



3 4i 



1 10 5i 



( 



)( 



) 



− 



− = − 



(iv) 



z 



3 5i 



2 5i 6 3i 



( 



)( 



) 



+ 



+ − = + 


⑨ Find the values of a and b such that 



a b 



2 5i 



3 2i 



i 



1 i 



− 



+ 



= + 



− 



. 


⑩ The complex number w = a + bi, where a and b are real, satisfies the 



equation 



w 



5 2i 



67 37i 



( 



) 



− 



= + 



. 



(i) 



Using the method of equating coefficients, find the values of a and b. 



(ii) Using division of complex numbers, find the values of a and b. 


⑪ (i) For z 5 8i 
= − find z z 
+ ∗ in its simplest form. 



(ii) Write down the value of z z 



1 1 



+ ∗ for z 5 8i 



= + . 


⑫ For z x yi 
= , find z z 
1 1 
∗ in terms of x and y. 


⑬ Let z 



x y i 



1 



1 



1 



= + 



and z x y i 



2 



2 2 



= + . 



Show that 



+ 



= + 



∗ 



∗ ∗ 



z z 



z z 



( 



) 



1 



2 



1 2 . 



Exercise 1.2 



Chapter 



1 



Complex 



numbers 



TECHNOLOGY 



If your calculator 



handles complex 



numbers, you can use it 



to check your answers. 
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⑭ Find real numbers a and b such that 



a 



b 



3 i 1 2i 



1 i 



+ 



+ 



+ 



= − . 


⑮ Find all the numbers z, real or complex, for which 



= 



∗ 



z z 



2 



2 



. 


⑯ The complex numbers z and w satisfy the following simultaneous equations. 



z w 



z 



w 



i 13 



3 



4 



2i 



+ 



= 



− 



= 



Find z and w, giving your answers in the form a bi 



+ . 



3 Representing complex numbers 



geometrically 



A complex number x yi 
+ can be represented by the point with cartesian 



coordinates (x, y). 



For example, in Figure 1.3, 



2 + 3i is represented by (2, 3) 



–5 – 4i is represented by (–5, –4) 



2i is represented by (0, 2) 



7 is represented by (7, 0). 



All real numbers are represented 



by points on the x-axis, which is 



therefore called the real axis. Purely 



imaginary numbers which have no 



real part (so they are of the form 



0 + yi) give points on the y-axis, 



which is called the imaginary axis. 



These axes are labelled as Re and Im. 



This geometrical illustration of complex numbers is called the complex plane 



or the Argand diagram. 



Re 



Im 



O 



2i 



−5 − 4i 



2 + 3i 



7 



Figure 1.3 



The Argand diagram is named after Jean-Robert 



Argand (1768–1822), a self-taught Swiss book- 



keeper who published an account of it in 1806. 



ACTIVITY 1.4 



(i) Copy Figure 1.3. 



For each of the four given points z, mark also the point –z. 



Describe the geometrical transformation which maps the point representing 



z to the point representing –z. 



(ii) For each of the points z, mark the point z 



∗ 



, the complex conjugate of z. 



Describe the geometrical transformation which maps the point representing 



z to the point representing z 



∗ 



. 



Discussion point 



➜ Why is it not 



possible to show a 



complex number on 



a number line? 



Representing the sum and difference of complex 



numbers 



In Figure 1.4 the complex number z x yi = + is shown as a vector on an Argand 



diagram. 



Representing complex numbers geometrically 



886478_01_OCR_A_Level_FM_Year_1_001-014.indd 10 



8/18/17 8:56 AM 





[image: background image]

1 
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Im 



Re 



O 



z = x + yi 



Figure 1.4 



The use of vectors can be helpful in illustrating addition and subtraction of 



complex numbers on an Argand diagram. Figure 1.5 shows that the position 



vectors representing z 1 and z 2 form two sides of a parallelogram, the diagonal of 



which is the vector z 1 + z 2. 



Im 



Re 



O 



z 1 + z 2 



z 2 



z 1 



Figure 1.5 



The addition can also be shown as a triangle of vectors, as in Figure 1.6. 



Im 



Re 



O 



z 1 + z 2 



z 2 



z 1 



Figure 1.6 



In Figure 1.7 you can see that z w z 



2 



1 



+ = and so w z z 



1 2 



= − . 



Im 



Re 



O 



w 



w = z 1 − z 2 



z 2 



z 1 



Figure 1.7 



Chapter 



1 



Complex 



numbers 
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Exercise 1.3 



This shows that the complex number z 2 is represented by the vector from 



the point representing z to the point representing 1, as shown in Figure 1.8. 



Im 



Re 



O 



z 1 + (−z 2) 



z 1 + (−z 2) 



−z 2 



z 2 



z 1 



Figure 1.8 



Notice the order of the points: the vector representing z 1 – z 2 starts at the point 



representing z 2 and goes to the point representing z 1. 


① Represent each of the following complex numbers on a single Argand 



diagram. 



(i) 



3 + 2i 



(ii) 



4i 



(iii) –5 + i 



(iv) –2 



(v) 



–6 – 5i 



(vi) 4 – 3i 


② Given that z 2 4i 
= − , represent the following by points on a single Argand 



diagram. 



(i) 



z 



(ii) 



–z 



(iii) z 



∗ 



(iv) –z 



∗ 



(v) iz 



(vi) –iz 



(vii) iz 



∗ 



(viii) (iz) 



∗ 



What is the geometrical relationship between a point representing z and a 



point representing z 



∗ 



on the Argand diagram? 


③ Given that z 10 5i 
and w 1 2i 
= + , represent the following complex 



numbers on an Argand diagram. 



(i) 



z 



(ii) 



w 



(iii) z + w 



(iv) z – w 



(v) 



w – z 


④ 



1 



2 



3 



2 3 4 5 6 



–1 



–2 



–3 



1 



–2 –1 



–3 



Im 



Re 



0 



C 1 



B 1 



A 1 



A 2 



B 2 



C 2 



Figure 1.9 



(i) 



Find the quadratic equation which has roots A 1 and A 2. 



(ii) Find the quadratic equation which has roots B 1 and B 2. 



(iii) Find the quadratic equation which has roots C 1 and C 2. 



(iv) What do you notice about your answers to (i), (ii) and (iii)? 


⑤ Give a geometrical proof that 



( ) 



( ) 



− = − 



∗ 



∗ 



z 



z . 



Representing complex numbers geometrically 
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Mathematics is not only a beautiful and exciting subject in its own right but also one that underpins many
other branches of learning. It is consequently fundamental to our national wellbeing.

This book covers the compulsory core content of Year 1/AS Further Mathematics and so provides a
course for the first of the two years of Advanced Level Further Mathematics study. The requirements of
the compulsory core content for the second year are met in a second book, while the year one and year
two optional applied content is covered in the Mechanics and Statistics books.

Between 2014 and 2016 A Level Mathematics and Further Mathematics were very substantially revised,
for first teaching in 2017. Major changes included increased emphasis on

m  Problem solving

m  Mathematical proof

m Use of ICT

= Modelling

m  Working with large data sets in statistics.

This book embraces these ideas. A large number of exercise questions involve elements of problem solving.
The ideas of mathematical proof, rigorous logical argument and mathematical modelling are also
included in suitable exercise questions throughout the book.

The use of technology, including graphing software, spreadsheets and high specification calculators,

is encouraged wherever possible, for example in the Activities used to introduce some of the topics. In
particular, readers are expected to have access to a calculator which handles matrices up to order 3x3.
Places where ICT can be used are highlighted by a ° icon. Margin boxes highlight situations where the
use of technology — such as graphical calculators or graphing software — can be used to further explore a
particular topic.

Throughout the book the emphasis is on understanding and interpretation rather than mere routine
calculations, but the various exercises do nonetheless provide plenty of scope for practising basic techniques.
The exercise questions are split into three bands. Band 1 questions are designed to reinforce basic
understanding; Band 2 questions are broadly typical of what might be expected in an examination; Band

3 questions explore around the topic and some of them are rather more demanding. In addition, extensive
online support tailored to the OCR specification, including further questions, is available by subscription to
MEI’s Integral website, integralmaths.org.

In addition to the exercise questions, there are two sets of Practice questions, covering groups of chapters.
These include identified questions requiring problem solving @, mathematical proof m, use of
ICT o and mode]]ingo.

This book is written on the assumption that readers are studying or have studied AS Mathematics. It can be
studied alongside the year 1/AS Mathematics book, or after studying AS or A Level Mathematics. There are
places where the work depends on knowledge from earlier in the book or in the year 1/AS Mathematics
book and this is flagged up in the Prior knowledge boxes. This should be seen as an invitation to those who
have problems with the particular topic to revisit it. At the end of each chapter there is a list of key points
covered as well as a summary of the new knowledge (learning outcomes) that readers should have gained.

Although, in general, knowledge of A Level Mathematics beyond AS Level is not required, there are two
small topics from year 2 of A Level Mathematics that are needed in the study of the material in this book.
These are radians (needed in the work on the argument of a complex number) and the compound angle
formulae, which are helpful in understanding the multiplication and division of complex numbers in
modulus-argument form. These two topics are introduced briefly at the back of the book, for the benefit of
readers who have not yet studied year 2 of A Level Mathematics.
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Complex numbers

... that wonder of
analysis, that portent
of the ideal world, that
amphibian between
being and not-being, Integers
which we call the
imaginary root of
negative unity.

Leibniz, 1702

Rational numbers

Natural numbers

Figure 1.1

Discussion point

=» What is the meaning of each of the terms shown in Figure 1.1?

=» Suggest two numbers that could be placed in each part of the diagram.
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1 Extending the number system

The number system we use today has taken thousands of years to develop. To
classify the different types of numbers used in mathematics the following letter
symbols are used:

Discussion point

N Natural numbers
=» Why is there 7
no set shown Integers
on the diagram Q Rational numbers
for irrational _
numbers? Q Irrational numbers
R Real numbers

You may have noticed that some of these sets of numbers fit within the other
sets. This can be seen in Figure 1.1.

ACTIVITY 1.1
On a copy of Figure 1.1 write the following numbers in the correct positions.

227 .
7 5 13 Tgg —6 31415 m 033 03

What are complex numbers?

ACTIVITY 1.2

Solve each of these equations and decide which set of numbers the roots belong
toin each case.

(i) x+7=9 [(ii)7x=9 i) #* =9

(iV)lx +10=9 x> +7x=0 [vilx?=5

Writing this quadratic equation

as % +0x+9=0and calculating
the discriminant for this quadratic
gives b? — hac = —36 which is less
than zero.

Now think about the equation x*+9 =04

ol 2
You could rewrite it as x” = =9. However,
since the square of every real number is
positive or zero, there is no real number

with a square of =9. This is an example of a quadratic equation which, up to
N now, you would have classified as having ‘no real roots’.
Prior knowledge

The existence of such equations was recognised for hundreds of years, in
You should know how h h N h icians h h h
(e GERTEE the same way that Greek mathematicians had accepted that x +10 = 9 had
equations using the no solution; the concept of a negative number had yet to be developed.
quadratic formula. The number system has expanded as mathematicians increased the range of
mathematical problems they wanted to tackle.
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Two common features of the book are Activities and Discussion points. These serve rather different purposes. The
Activities are designed to help readers get into the thought processes of the new work that they are about to meet;
having done an Activity, what follows will seem much easier. The Discussion points invite readers to talk about
particular points with their fellow students and their teacher and so enhance their understanding. Another feature is a
Caution icon 0, highlighting points where it is easy to go wrong.
Answers to all exercise questions and practice questions are provided at the back of the book, and also online
at www.hoddereducation.co.uk/OCRFurtherMathsYear1

Catherine Berry

Roger Porkess
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vi

This book is designed so that it can be studied alongside OCR A Level Mathematics Year 1 (AS). There
are some links with work in OCR A Tevel Mathematics Year 2, but it is not necessary to have covered

this work before studying this book. Some essential background work on radians and compound angle
formulae is covered in An introduction to radians and The identities sin(6 £ @) and cos(0 + @) as well as in
OCR A Level Mathematics Year 2.

Chapter 1: Complex numbers uses work on solving quadratic equations, covered in chapter 3 of
OCR A Level Mathematics Year 1 (AS).

Chapter 2: Matrices and transformations builds on GCSE work on transformations.

Chapter 3: Roots of polynomials uses work on solving polynomial equations using the factor
theorem, covered in chapter 7 of OCR A Level Mathematics Year 1 (AS).

Chapter 4: Induction builds on AS work on proof, covered in chapter 1 of OCR A level
Mathematics Year 1 (AS).

Chapter 5: Complex numbers and geometry develops the work in chapter 1. Knowledge of
radians is assumed: this is covered in chapter 2 of OCR A Tevel Mathematics Year 2, but the required
knowledge is also covered in An introduction to radians. It is also helpful to know the compound
angle formulae which are introduced in chapter 8 of OCR A Level Mathematics Year 2; there is also
a brief introduction in The identities sin(0 + @) and cos(0 * ¢).

Chapter 6: Matrices and their inverses follows on from the work in chapter 2.

Chapter 7:Vectors and 3D space builds on the vectors work covered in chapter 12 of OCR.

A Level Mathematics Year 1 (AS). Knowledge of 3D vectors is assumed, which are introduced

in chapter 12 of OCR A Level Mathematics Year 2, but it is not necessary to have covered the
Mathematics Year 2 chapter prior to this chapter. The work on the intersection of planes in 3D space,
introduced in chapter 6, is also developed further in this chapter.
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You can solve the equation x* + 9 = ( by extending the number system to
include a new number, i (sometimes written as j). This has the property that

7 = —1 and it follows the usual laws of algebra. 1 is called an imaginary number.
The square root of any negative number can be expressed in terms of 1. For
example, the solution of the equation x* = =9 is x = v=9. This can be
written as £v/9 X v/=1 which simplifies to +3i.

Example 1.1

LTECHNOLOGY

If your calculator has
an equation solver, find
out if it will give you the
complex roots of this
quadratic equation.

Use the quadratic formula to solve the quadratic equation 2° — 62 + 58 = 0,
simplifying your answer as far as possible.

Solution
2 —62+58=0 Q—‘ Using the quadratic formula with a=1,b=-6 and ¢=58.

. 6+ (-6} —4x1x58

Al

_ 67196

7
= % 4—{ V=196 = /196 x /-1 = 14i.
3470

3 is called the real part
of the complex number
3+ 7i and is denoted
Re(z).

Discussion point

=» What are the values
of i%,i4, i% i¢and i"?

=» Explain how you
could quickly work
out the value of i” for
any positive integer
value of n.

7 is called the
imaginary part of the
complex number and
is denoted Im(2).

+ ¥
You will have noticed that the roots 3 + 7i and 3 — 71
of the quadratic equation 2° — 6z + 58 = 0 have both
a real part and an imaginary part.

Notation

Any number z of the form x + yi, where x and y are real, is called a complex
number.

The letter z 1s commonly used for complex numbers, and w is also used. In this
chapter a complex number z is often denoted by x + yi, but other letters are
sometimes used, such as a + bi.

x 1s called the real part of the complex number, denoted by Re(z), and y is called
the imaginary part, denoted by Im(z).

Working with complex numbers

The general methods for addition, subtraction and multiplication of complex
numbers are straightforward.

Addition: add the real parts and add the imaginary parts.
For example, (3 +4i) + (2 - 8i) = (3+2) + (4 - 8)i
=5—4i
Subtraction: subtract the real parts and subtract the imaginary parts.

For example, (6 — 91) — (14 6i) =5 =151
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Extending the number system

L1 TECHNOLOGY

Some calculators will
allow you to calculate
with complex numbers.
Find out whether your
calculator has this
facility.

Discussion point

=» What answer do
you think Gerolamo
Cardano might
have obtained to
the calculation

(5+77%) (5-T5)

Multiplication: multiply out the brackets in the usual way and simplify.

For example, (7 + 2i)(3 - 4i) = 21 = 28i+ 6i — 81 ¢
= 21— 22i - 8(~1)
=29 - 22i

When simplifying
it is important to
remember that
i2=-1.

Division of complex numbers follows later in this chapter.

~

Historical note

Gerolamo Cardano (1501-1576) was an Italian mathematician and physicist
who was the first known writer to explore calculations involving the square
roots of negative quantities, in his 1545 publication Ars magna (‘The Great Art’).
He wanted to calculate:

(54578) (5-4-T5)

Some years later, an Italian engineer named Rafael Bombelli introduced the
words ‘plus of minus’ to indicate J——1 and ‘minus of minus’ to indicate —J—_1.

However, the general mathematical community was slow to accept these
‘fictional’ numbers, with the French mathematician and philosopher René
Descartes rather dismissively describing them as ‘imaginary’. Similarly,
Isaac Newton described the numbers as ‘impossible’ and the mystification of
Gottfried Leibniz is evident in the quote at the beginning of the chapter! In the
end it was Leonhard Euler who eventually began to use the symbol i, the first

%tler of ‘imaginarius’ (imaginary) instead of writing v—1.

Equality of complex numbers

Two complex numbers 2 = x + yi and w = u + i are equal if both x = » and
y=v.Ifx #u or y#v,orboth, then z and w are not equal.

A complex number 2 = x + yiis zero only if x = O and y = 0.

You may feel that this is obvious, but it is interesting to compare this situation
with the equality of rational numbers.

Discussion point

=» Are the rational numbers % and  equalif x=wand y = »?

=>» Is it possible for the rational numbers % and % tobe equalif x#uand y#v?

For two complex numbers to be equal the real parts must be equal and the
imaginary parts must be equal. Using this result is described as equating
real and imaginary parts, as shown in the following example.

The complex numbers z, and z, are given by
z=0B-a)+(2b-4)i

and
2, =(7b—4)+ (3a - 2)i.

(1) Given than 2, and z, are equal, find the values of a and b.

(i1) Check your answer by substituting your values for a and b into the
expressions above.
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Solution

@ G—a)+(2b—4)i=(7b—4)+ (3a—2)i Equating real and imaginary
/ parts leads to two equations.

Equating real parts:3 —a = 7b — 4

Equating imaginary parts: 20 — 4 = 3a — 2

T ara =7 Simplifying the equations.

A= Sl =7

Solving simultaneously gives b = 1 and a = 0.

(i1) Substituting a = 0 and b= 1 gives 2, =3 —2i and z, = 3 - 2i
50 2, and z, are indeed equal.

Discussion point

=» What would have
happened if a* had
been taken to be —4?

Find the square roots of 21 — 20i.

ssaquinu xajdwoy | ta1deys

Solution

Let a square root be a + bi, where a and b are real.
Then (a + bi)2 = 21 — 201
a* + 2iab — b* = 21 — 201

Equate real and imaginary parts:

a?-pr=21 @

2ab = 20 @

b= —3—2 = —% ‘__‘I Make b the subject of equation (2). |
2

Substitute into equation (D): a® — (_T) =2l

a*—100 = 214 Multiply out and simplify.

at—21a2-100= 0 Rearrange.

(@=25)(@+4) =0

Therefore a> = 25 or'—4.\

This is a quadratic equation in ¢

| Factorise. |
But a must be real, so a* = 25 only. Note that, just as with
Therefore a = 5 or —5. the square roots of real
= numbers, one answer
Ifa=5b=-2 | Substituting back is the negative of the
into equation (2). other.
Ifa=-5b=2. L)

Therefore the two possible square roots of 21 + 20i are 5 — 2i and -5 + 2i.
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- Division of complex numbers

Dividing complex numbers
You probably already know that you can write an expression hke J—

as a fraction with a rational denominator by multiplying the numerator and
denominator by 3 + /2.

2 __ 2 342 _6+22 _6+22
3o 3.2 a4z 9-2 7

Because 22" is always real, you can use a similar method to write an expression

. 2 . . o
like —=— asa fraction with a real denominator, by multiplying the numerator

1
and denominator by 3 + 5i. 4—{ 3+ 5i is the complex conjugate of 3 - 5i.

This is the basis for dividing one complex number by another.

. T ) 1
Find the real and imaginary parts of e

Solution
5 - 2i is the complex

Multiply the numerator and denominator by 5 — 2i. 4~ conjugate of the

1 5—2i denominator 5 + 2i.
5+21  (5+21)( — 21)
_5-2i
25 + 4
_5-2i
29

o 5 s @ ; )
The real part is 55 and the imaginary part is —55.

Exampeyy Solve the equation (2 + 3i)z = 9 — 41

Solution
(2+3i)z =9 —4i

- P ” _9-4i Multiply top and
Discussion point =2 s opmy / bottom by 2 - 3i.
=» What are the values of Ol (25181
111 1 T 2+3D)2-3)
9T IT and iT?
35 Expllain how you _18-27i—8i+12 Notice how the -6i and

would work out the Al = 61 = | & 6i terms will cancel

to produce a real

1
vawe Ofi7 for any ST denominator.
positive integer '\‘;‘
value n. -6 _35, Using 12i% = -12.
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®

LZITECHNOLOGY

If your calculator
handles complex
numbers, you can use it
to check your answers.

®®

Express these complex numbers in the form x + yi.

. 3 3 g 3 3l

i) T (ii) = (iii) T (iv) =T
Express these complex numbers in the form x + yi.

g 3+51 w 2= Bl 4 3-51 Db 5i
(i) T (i) 3551 (iii) T (iv) 35

Simplify the following, giving your answers in the form x + yi.

g (2-50)(2+20)

4 =31
i L2=51
li) ——=
4 =31

z=3-6i,w=-2+9%andq=6+3i
Write down the values of the following:

il z+z (i) ww* li) ¢"+q
i 2"z v w+w Wil qq*
Given that = 2+ 3iand w = 6 — 41, find the following:
il Re(z) (i) Im(z) i) ="

vl w" v 2+ Wil 2" —w"

Given that z = 2 + 3i and w = 6 — 41, find the following:
il Im(z + 2% (i) Re(w—w") i) 22" — ww"
livl (2% W (2 Wil 2w — 2w
Given that 7, = 2 - 51,2, =4 + 101 and 7, = 6 — 51, find the following in
the form a + bi, where a and b are rational numbers.

2
0o A% i &)

1

2l + 2, TR
2
A z

)

(iii)
Solve these equations.
i (I+i)z=3+1
il (2-i)z+(2-6)=4-7i
li) (3—-4i)(z-1)=10-51
) (3+5i)(x+2—5i) = 6+3i
Find the values of a and b such that 2231 — a+ i,
3+21 1-1
The complex number w = a + bi, where a and b are real, satisfies the
equation (5 = 2i)w = 67 + 37i.
[l Using the method of equating coefficients, find the values of a and b.
lil Using division of complex numbers, find the values of a and b.

lil  Forz =5~ 8ifind % + % in its simplest form.
lil  Write down the value of% + % forz =5+ 8i.
For z = x+yi,ﬁnd%+$interm50fxandy.

Let 2, = x, + yjiand 2, = X, + y,1.

Show that (2, + z,)" = 2} + 5.
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Exercise 1.1 i . :
Do not use a calculator in this exercise

i.

O]
@

Write down the values of
i (i) " i) 1 (iv) i'%

Find the following:

il (6+ 4i)+ (3 - 51) i) (=6 + 4i) + (=3 + 5i)
lii) (6+ 41) — (3 = 51) V) (=6 + 4i) — (=3 + 51)
Find the following:

i 3(6+ 4i)+2(3 - 5i) i) 31(6 + 41) + 2i(3 - 51)
lii) (6 + 41)° vl (6 +41)(3 - 5i)

[l Find the following:

lal (6 +41)(6 — 41)

b) (3 —51)(3 + 51)

le) (6 +41)(6 —41)(3 = 51)(3 + 51)
lil  What do you notice about the answers in part (i)?
Find the following:
i (3=7i)(2+2i)(5 - i) i (3-71)°
Solve each of the following equations.

In each case, check your solutions are correct by substituting the values back
into the equation.

Il 22 +22+2=0 li) 2> =22+45=0
i) 2% —4z+13=0 M 2> +6z+34=0
v 42" —42+17=0 Vi) 2 +424+6=0

Given that the complex numbers

7 =d +(3+2b)i

2, = (5a —4)+ b’

are equal, find the possible values of a and b.

Hence list the possible pairs of complex numbers 2, and z,.

A complex number z = a + bi, where a and b are real, is squared to give an
answer of =16 + 30i. Find the possible values of a and b.

Find the square roots of the following complex numbers.
il 3+4

lil 40— 421

Figure 1.2 shows the graph of y = x* — 4x + 3.

Yy

y=x>—4x+3

L e

Figure 1.2
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[l Draw sketches of the curves y = x* —4x + 3,y = x> —4x + 6 and
y=x" —4x+8 on the same axes.
il Solve the equations
lal x> —4x+3=0
bl x* —4x+6=0
) x> —4x+8=0
i) Describe the relationship between the two roots for each of the three
equations and how they relate to the graphs you sketched in part (i).
Given that 2 = 2 + 3i is a root of the equation
F+a-1)z+16+bi=0
where a and b are real, find a and b.
Explain why you cannot assume that the other root is 2 = 2 — 31.
Given that the second root has the form 5 + d, find the other root of the
equation.

2 Division of complex numbers

Complex conjugates

You have seen that the roots of a quadratic equation with real coefficients
are almost the same, but have the opposite sign (+ and —) between the real
and imaginary terms. For example, the roots of x> —4x + 13 = 0 are x = 2 + 3i
and x = 2 - 31. The pair of complex numbers 2 + 31 and 2 — 3i is called a
conjugate pair. Each is the conjugate of the other.

In general the complex number x — yi is called the complex conjugate,
or just the conjugate, of x + yi. The conjugate of a complex number z is
denoted by 2"

Example 1.4

ACTIVITY 1.3
Prove that = + 2" and

%" are both real for all
complex numbers .

Given that 2 = 3 + 51, find

@® z+=z @) =2z"
Solution
() z+z" =(@3+5)+(3-50)
=16

(i) 22" = (3+5i)3 - 5i)
=9+ 151 — 151 — 25
=9+25
=34

You can see from the example above that ¥ + z* and 22" are both real. This is an
example of an important general result: that the sum of two complex conjugates
is real and that their product is also real.
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This shows that the complex number 2, -z, is represented by the vector from
the point representing 2, to the point representing 2, as shown in Figure 1.8.

Im

z,+(z,)
Figure 1.8

Notice the order of the points: the vector representing 2, -, starts at the point
representing 2, and goes to the point representing z,.

(@ Represent each of the following complex numbers on a single Argand

diagram.
il 3+2 lil 4 (il =5 +1
v =2 v —6-5i1 il 4-3i
@ Given that 2 = 2 — 4i, represent the following by points on a single Argand
diagram.
i =z li) -z i) 2 v —="
v 1z i) —iz (vi) 12" Wviii) - (12)*

What is the geometrical relationship between a point representing z and a
point representing 2 on the Argand diagram?

® Given that 2 = 10+ 5iand w = 1+ 2i, represent the following complex
numbers on an Argand diagram.

il =z (i) w (i) z+w
ivl z—-w v w-z
@ Tm,
3 Cl
Py
1 Bl
1 a7 [
T e Re
1
-2 Bz
3
CZ
Figure 1.9

lil Find the quadratic equation which has roots A and A,
i) Find the quadratic equation which has roots B, and B,.
i) Find the quadratic equation which has roots C, and C,.
livl What do you notice about your answers to (i), (i) and (iii)?

(® Give a geometrical proof that (—)" = —(z').
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- Representing complex numbers geometrically

Discussion point

=» Whyis it not
possible to show a
complex number on
anumber line?

Find real numbers a and b such that % + % =1-1i

Find all the numbers z, real or complex, for which 22 =22"

@6 ®

The complex numbers z and w satisfy the following simultaneous equations.
z+wi=13

3z —4w =21

Find 2 and w, giving your answers in the form a + bi.

3 Representing complex numbers
geometrically

A complex number x + yican be represented by the point with cartesian
coordinates (x, y). Im
For example, in Figure 1.3,

2 + 3iis represented by (2, 3)

—5 — 4 15 represented by (=5, —4) L %23
2i is represented by (0, 2) 2ix
7 1s represented by (7, 0).

All real numbers are represented o 7 Re
by points on the x-axis, which is
therefore called the real axis. Purely
imaginary numbers which have no
real part (so they are of the form

0 + yi) give points on the y-axis, Figure 1.3
which is called the imaginary axis.

X -5-4i -

These axes are labelled as Re and Im.

This geometrical illustration of complex numbers is called the complex plane
or the Argand diagram. ¢——

The Argand diagram is named after Jean-Robert
Argand (1768-1822), a self-taught Swiss book-
keeper who published an account of it in 1806.

ACTIVITY 1.4

(i) Copy Figure 1.3.
For each of the four given points z, mark also the point —.
Describe the geometrical transformation which maps the point representing
=z to the point representing —z.

(i) For each of the points =, mark the point =", the complex conjugate of =.
Describe the geometrical transformation which maps the point representing
=z to the point representing ="

Representing the sum and difference of complex
numbers

In Figure 1.4 the complex number 2 = x + yi is shown as a vector on an Argand
diagram.





OEBPS/images/9781510434509_017.jpeg
z=x+yi

o Re

Figure 1.4

The use of vectors can be helpful in illustrating addition and subtraction of
complex numbers on an Argand diagram. Figure 1.5 shows that the position
vectors representing 2, and z, form two sides of a parallelogram, the diagonal of
which is the vector 2, + z,.
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Figure 1.5
The addition can also be shown as a triangle of vectors, as in Figure 1.6.
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Figure 1.6
In Figure 1.7 you can see that 2, + w = 2 and sow = 2, — 2,.
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