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Getting 

the 

most from this book 






Mathematics 

is not only a 

beautiful 

and 

exciting 

subject in its own right but also one that 

underpins 

many other 

branches 

of 




learning. It is 

consequently fundamental 

to our national 

wellbeing. 




This 

textbook 

covers the 

content 

of Y435 Extra Pure Maths, one of the minor 

options 

in the MEI A Level 

Further 




Mathematics specification. 

Some 

students 

will begin this course in year 12 

alongside 

the A level course, 

whereas 

others only 




begin 

Further Mathematics 

when they have 

completed 

the full A Level 

Mathematics 

and so have already met some of the 




topics, or 

background 

to topics, 

covered 

in 

MEI A Level 

Mathematics 

(Year 2). 

This book has been 

written 

with all these users 




in mind. 




The book begins by 

introducing sequences generated 

by 

recurrence relations. Recurrence relations 

are the 

discrete 




analogues 

of 

differential equations 

and there are many 

similarities 

in their methods of solution. 

Recurrence 

relations have 




applications 

in 

Economics, Biology 

and 

Computer Science 

as well as being of 

interest 

in their own right. 

Chapter 

2 

provides 




an 

introduction 

to an 

important 

area of pure 

mathematics 

called 

abstract algebra. 

In 

abstract 

algebra you move away from 




studying 

particular structures 

such as number systems and instead study sets with one or more 

operations 

defined on them. 




The subject is 

abstract because 

you do not specify what the objects in the sets 

actually 

are but rather the 

properties 

such as 




closure and 

associativity 

that they are 

required 

to satisfy.Abstract algebra allows you to see how 

seemingly different 

areas of 




mathematics 

are in fact closely related.There are many 

abstract structures 

but in this unit you will study one of the most 




fundamental, namely 

that of a group. 

Chapter 

3 is on 

matrices 

and builds on the 

content covered 

in the 

Further 

Core.The 




main topic is that of the 

eigenvalues 

and 

eigenvectors 

of a square matrix.These have many 

practical applications 

such as 




in the 

Google PageRank 

algorithm.The final 

chapter 

is on 

multivariable calculus. 

Here you will extend the 

concepts 

of 




differentiation 

you have applied to a function of one variable to 

functions 

of two (or more) 

variables. 

For a function of two 




variables, 

instead of a graph 

consisting 

of a 

one-dimensional 

curve you 

typically 

obtain a 

two-dimensional surface. Natural 




questions 

arise such as the 

definition, identification 

and 

classification 

of 

stationary 

points of such functions.A 

generalisation 




of 

differentiation, 

called partial 

differentiation, 

will allow you to answer these 

questions. 




Between 

2014 and 2016 A Level 

Mathematics 

and 

Further Mathematics 

were very 

substantially revised, 

for first 

teaching 

in 




2017. Changes include 

increased 

emphasis on 





●  





Problem solving 





●  





Mathematical 

rigour 





●  





Use of 

technology 





●  





Modelling. 




This book 

embraces 

these ideas.A large 

number 

of 

exercise questions 

involve 

elements 

of 

problem 

solving and require 




rigorous 

logical argument.The use of 

technology, including graphing software 

and 

spreadsheets, 

is 

encouraged wherever 




possible. 




Throughout 

the book the 

emphasis 

is on 

understanding 

and 

interpretation 

rather than mere 

routine calculations, 

but the 




various exercises 

do 

nonetheless provide 

plenty of scope for 

practising techniques. 

In 

addition, extensive 

online 

support, 




including 

further 

questions, 

is 

available 

by 

subscription 

to MEI’s 

Integral website, http://integralmaths.org. 




The four chapters do not depend on each other and may be studied in any order. 

However, 

for the matrices chapter you 




need to be 

familiar 

with the 

methods 

for 

finding 

the 

determinant 

of, and 

inverting, 

2 

× 

2 and 3 

× 

3 

matrices; 

how to find 




the 

equation 

of a plane and the vector 

equations 

of lines.This 

material 

is 

covered 

in the 

Further 

Pure core. In 

addition, 

for 




the final chapter on 

multivariable 

calculus you need to be familiar with the methods of 

differentiation 

covered in A Level 




Mathematics 

such as chain, 

product 

and 

quotient 

rules. 




At the end of each 

chapter 

there is a list of key points 

covered 

as well as a 

summary 

of the new 

knowledge (learning 




outcomes) 

that readers should have 

gained. 




Two 

common features 

of the book are 

Activities 

and 

Discussion 

points.These serve rather 

different 

purposes.The 

Activities 




are 

designed 

to help readers get into the 

thought processes 

of the new work that they are about to meet. The 

Discussion 




points invite readers to talk about 

particular 

points with their fellow students and their teacher and so enhance their 




understanding. 




Answers 

to 

exercise questions 

are 

provided 

at the back of the book, and also online at 

www.hoddereducation.co.uk/ 




MEIFurtherMathsExtraPureMaths 




This is a 4th edition MEI 

textbook 

so some of the 

material 

is well tried and tested. 

However, 

as a 

consequence 

of the 




changes 

to A Level 

requirements 

in 

Further Mathematics, 

some parts of the book are either new 

material 

or have been very 




substantially rewritten. 




Catherine 

Berry 




Roger 

Porkess 












1 




Recurrence relations 




1 




Sequences 

are 

often generated 

by 

specifying 

one or 

more starting values 

and 

then 




applying 

a 

rule that tells 

you 

how 

to 

find 

the 

next term 

of a 

sequence 

as a 

function 




of one or 

more 

of its 

previous terms. Such rules 

are 

called 

recurrence relations. 




For 

example, 

an 

arithmetic sequence with 

first 

term 

a 

and 

common difference 

d 

is 




defined 

by the 

recurrence relation 




, 




2 




1 




ജ 




= 




+ 




− 




u u 




d n 




n 




n 




with initial condition 

u a. 




1 

= 




You 

can 

always find 

the 

nth 

term 

of a 

sequence generated 

by a 

recurrence relation 




by 

finding 

all of its 

preceding terms. 

In 

practice 

a 

formula 

for 

finding 

the 

value 




of the 

nth 

term directly 

is 

more useful. Such 

a 

formula 

is 

called 

a 

solution 

of the 




recurrence 

relation.The 

solution 

of the 

arithmetic sequence 

is the 

familiar formula 




for the 

nth 

term 

of an 

arithmetic sequence, 

u a n d 




n 




( 1) . 




= + − 




Similarly, 

the 

geometric sequence with 

first 

term 

a 

and 

common ratio 

r 

is 

defined 




by the 

recurrence relation 




, 




2 




1 




ജ 




= 

− 




u ru 




n 




n 




n 




with initial condition 

u a 




1 

= 

. 




The solution 

of this 

recurrence relation 

is 

u ar 




n 




n 

. 




1 




= 

− 




1 

Homogeneous recurrence 




relations 




Notation 




A 

linear recurrence relation 

of 

order 

k 

with constant coefficients 

is a 




recurrence relation 

of the 

form 




f( ), 0 




1 1 




2 2 




 




u a u 




a u 




au 




n a 




n 




n 




n 




kn k 




k 




= 




+ 




+ + 




+ 




≠ 




− 




− 




− 




where 

a a 




a 

k 




, , , 




1 2 

… 

are 

constants. 




Great 

fleas 

have little 




fleas upon their 

backs 

to 




bite ‘em, 




And little 

fleas 

have 




lesser 

fleas and so on ad 




infinitum. 




Augustus de Morgan 




(1806–1871) 




Discussion point 




➜
 The 

Fibonacci sequence 

is 1, 1, 2, 3, 5, 8, 13, 21, … where each 

subsequent 

term 




is the sum of the 

previous 

two. Is there a 

formula 

that will 

generate 

the 

nth 

term 




of the 

sequence without 

having to work out any of the 

previous terms? 











2 





Homogeneous recurrence relations 






In a 

linear recurrence relation, 

the 

function 

f( ) 




n 

need 

not be 

linear. 




Linear 

refers 

to the fact 

that 




, 




, , 




1 2 

… 




− − 




− 




u u 




u 




n n 




n k 

appear 

in 

separate terms 

and to the 




first 

power. 




Constant coefficients 

refers 

to the fact 

that 

the 

numbers 

, , , 




1 2 

… 




a a 




a 

k 

do not 




depend 

on 

n. 




Order 

k 

refers 

to the fact 

that 

the 

formula 

for 

u 

n 

contains 

the 

term 

u 

n k 




− 

(with 

a 




non-zero coefficient) 

and no 

previous terms. 




When 

n 




f( ) 0 




= 

for all 

n, 

the 

recurrence relation 

is 

called 

homogeneous; 

otherwise 




it is 

called 

non-homogeneous. 




Recurrence relations 

are 

discrete analogues 

of 

differential equations. (They 




are 

sometimes called 

difference equations.) 

The methods 

for 

solving linear 




recurrence relations with constant coefficients are similar 

to 

the methods 

for 

solving 




the 

corresponding types 

of 

differential equations. 




ACTIVITY 1.1 




Complete 

the 

following 

table. 




Recurrence 




relation 




Linear? Constant 




coefficients? 




Order? Homogeneous? 




2 

1 




= 




− 




u 




u 




n 




n 




yes 




yes 




1 




yes 




3 




2 




3 




2 




( 




) 




= 




+ − 




− 




u 




u 




n 




n 




n 




1 




1 




1 




( 




) 




= 




− 




− 




− 




u u 




u 




n 




n 




n 




3 

2 




5 




= 




+ 




− 




− 




u 




u 




nu 




n 




n 




n 




1 




2 




1 




= 




+ 




− 




u n u 




n 




n 




1 




2 




= 




+ 




− 




− 




u u 




u 




n 




n 




n 




u n u 




n 




n 




1 




2 




2 




( 




) 




= 




+ 




− 




Table 1.1 




Given 

the 

recurrence relation 




3 




3 




, 3 




1 




2 




3 




ജ 




= 




− 




+ 




− 




− 




− 




u 




u 




u 




u n 




n 




n 




n 




n 




, 

with initial 




conditions 

u 

0 

= 

0, 

u 

1 

= 

1, 

u 

2 

= 

4: 




(i) 




Calculate 

, , 




3 4 5 




u u u 

. 




(ii) 

Conjecture 

a 

formula 

for 

u 

n 

. 




(iii) 

Verify that 

the 

sequence generated 

by 

your formula 

in (ii) 

satisfies 

the 




recurrence relation. 





Example 1.1 





A 

conjecture 

is a 




statement 

that you believe 




to be true but have not 




proved. 




Note 




Differential equations 

are 




covered 

in MEI A level 




Further Mathematics 

for 




Core Year 

2. 












1 




Chapter 




1 




Recurrence 




relations 




3 




The method 

of 

solving 

the 

recurrence relation 

in 

Example 

1.1 

relied upon 

you 




being able 

to 

spot, 

and 

then verify, 

the 

correct formula. Clearly 

this will 

only 

be 




possible 

in 

very simple 

cases.You will 

need 

to be 

able 

to use 

more general methods 




for 

solving recurrence relations. 




Solving first order, linear homogeneous  




recurrence relations with constant coefficients 




A first 

order, linear homogeneous recurrence relation (with constant coefficients) 




has the 

form 




1 




= 

− 




u au 




n 




n 




where 

a 

is a 

constant. 




Such 

a 

recurrence relation defines 

a 

geometric sequence with 

general solution 




0 




= 




u a u 




n 




n 

. 




If the 

sequence starts with 

= 

1 




n 




, the 

general solution 

will be 




1 1 




= 

− 




u a u 




n 




n 




. 




It is 

called 

a 

general solution because 

it is 

valid 

for any 

choice 

of 

value 

for 

u 

0 

. If 




the first 

term 

is 

known, then 

you 

obtain 

the 

specific solution 

(or 

simply 

the 




solution). 




A 

bank pays interest 

at 3% per 

annum 

on 

deposit accounts. Interest 

is 

added 

to 




the 

account 

at the end of 

each year. 

A 

deposit 

of 

£10 000 

is left to 

grow over 

a 




number 

of 

years. 




(i) 




Write 

an 

expression 

for the 

sum 

in the 

account 

at the end of the 

nth 

year 




(immediately after the interest 

for 

that year has been added). 





(ii) 

How long does 

it 

take 

for the 

sum 

in the 

account 

to 

double? 






Example 1.2 





Solution 




(i) 




u 




u 




u u 




3 




3 




3 4 3 1 0 9 




3 




2 




1 0 




= 




− 




+ = × − × + = 

. 

Similarly, 

u 

4 

= 

16, and 

u 

5 

= 

25. 




(ii) 

The 

first six 

terms satisfy 




, 




2 




u n 




n 

= 




so 




2 




u n 




n 

= 

is a 

reasonable conjecture 

for all 




integers 

n 

0. 




≥ 




(iii) 

With 

u 




n 




n 




, 




2 




= 




u 




u 




u 




n 




n 




n 




n 




n 




n 




n 




n n 




n u 




n 




n 




n 




n 




3 




3 




3( 1) 3( 2) ( 3) 




(3 




6 3) (3 12 12) ( 6 9) 




. 




1 




2 




3 




2 




2 




2 




2 




2 




2 




2 




− 




+ 




= 




− − − + − 




= 




− + − 




− + + − + 




= = 




− 




− 




− 




This 

argument, together 




with the fact that 




0 




0 




2 




= 




u 




, 




1 




1 




2 




= 




u 




and 

u 

2 

= 

2 




2 




, shows 




2 




u 




n 




n 

= 

for all 

n 

 

0. It 




is 

essentially 

a proof by 




induction. 
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