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vi

Introduction

This book has been written for all students of the Cambridge IGCSE™ InternationalMathematics syllabus (0607)and supports the full syllabus. It provides the detail and guidance that are needed to support you throughoutyourcourse and help you to preparefor your examinations.

Howtousethisbook

To make your study of mathematics as rewarding and successful as possible, this Cambridge endorsed textbook offers the following important features:

Learning objectives

Each topic starts with an outline of the subject material and syllabus topics to be covered. To differentiate between the Core and Extended curriculum, please use the colour coding system used in the chapters. Black refers to Core material, purple – to Extended material. Further notes and examples are given for some topics within the syllabus document availableat www.cambridgeinternational.org. Youshould always check the appropriate syllabus document for the year of examination to confirm details and for more information.

Organisation

Topics follow the order of the syllabus and are divided into chapters. Within each chapter there is a blend of teaching, worked examples and exercises to help you build confidence and develop the skills and knowledge you need. At the end of each topic there are comprehensive Student assessments. You will also find sets of questions linked to the Boost eBook (boost-learning.com), which offer practice in topic areas that students often find difficult.

Investigations, modelling and ICT

The syllabus specifically refers to ‘Applying mathematical techniques to solve problems’, and this is fully integrated into the exercises and assessments in the book. There are also sections called ‘Investigations, modelling and ICT’, which include problem-solving questions and ICT activities. It is not possible to provide answers to many of these problems, where students are invited to provide their own proof or complete their own investigation, because there are multiple possibilities. In these cases, students are advised to check with their teacher. In the Boost eBook there is a selection of videos which offer support in problem-solving strategies and encourage reflective practice.

Key terms and glossary

It is important to understand and use mathematical terms; therefore, all key terms are highlighted in bold and explained in the glossary.
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Investigations, modelling and ICT

13

The syllabus covered by this book examines investigations and 

modelling in Papers 5 and 6.

It can seem difficult to know how to begin an investigation. The 

suggestions below may help.

1 Read the question carefully and start with simple cases.2 Draw simple diagrams to help.3 Put the results from simple cases in a table. 



Worked example

The worked examples cover important techniques and question styles. They are designed to reinforce the explanations, and give you step-by-step help for solving problems. 

Calculator and non-calculator questions

All exercise questions that should be attempted without a calculator are indicated by . Youshould do as many calculations as possible without using a calculator. This will help to build understanding and confidence. Some areas of mathematics, such as those using powers and roots, π, trigonometry and calculations with decimals, are more likely to require a calculator.

Tables

Tables show you how to solve problems using your Casio or Texas calculator.

Callouts

These commentaries provide additional explanations and encourage full understanding of mathematical principles.



Student assessment

End-of-topic questions are included to test your understanding of the keyconcepts and help prepare you for your exam.

Investigations, modelling and ICT

More real-world problem-solving activities are provided at the end of each section to put what you’ve learned into practice.



Worked examplesa Find 25% of 300 m.

 25% can be written as 0.25. 0.25 ×300 m =75 mb Find 35% of 280 m.

 

35% can be written as 0.35.0.35 ×280 m =98 m

 








 

These appear throughout the text, and allow you to apply what you have learned. There are plenty of routine questions covering important examination techniques. 




1 Evaluatethe following:a 25% of 80d 30% of 120b 80% of 125e 90% of 5c 62.5% of 80f 25% of 30Exercise 1.27

2 Evaluate the following:a 17% of 50d 80% of 65b 50% of 17e 7% of 250c 65% of 80f 250% of 73 In a class of 30 students, 20% have black hair, 10% have blonde hair and 70% have brown hair. Calculate the number of students with:brc brownhair.


4 A survey conducted among 120 children looked at what typthey preferred. 55% said they preferred beef, 20% said they prefechicken, 15% preferred lamb and 10% liked none of thesthe number of children in each category.







e of meat rred e. Calculate 

a black hair blonde hai



Casio

Texas

 

The modes are selected by using the arrows key 

 and then pressing , or by typing 

the number/letter that appears in the bottom 

right-hand corner of each square representing a mode.

Brief descriptions of the seven most relevant modes are given below.

  

The main features are accessed by pressing thappropriate key. Some are explained below.

e 










€605 000

×1.10

€550 000

End of Year 1

110%

100%

At end of Year 2



Once again an increase of 10% is the same as 

multiplying by 1.10

For the third year, the amount he owes increases again by 10%. This is calculated by adding 10% to the amount he owed at the end of the d year, i.e. 10% of €605 000 as shown

s

e

con










 

 

 




 




 

 

 









 




 


Student assessment 1

1 Expandthe following and simplify where possible:ax-y+zbpm-

 3(2  3  5) 4(2 7)c-mmn-n2dp2pq-

 4(2  ) 4(5  2q2 - 2pex-x+fxx-+x2-

)

 4 2(3 1) 4(3 2) 2(5  3xg 15(15x -10) -13(9x -12)h x2(4x - 6) + x4(2x +8)

)

2 Factorise the following:ap-q

 16  8b p2 - 6pqcp2q-pq2dpq-

 5 10 9  6p2q +12q2p3 If a = 4, b = 3 and c = -2, work out the following:a 3a - 2b + 3cb 5a - 3b2c a2 + b2 + cda+ba-bea2-b2fb3-c3

2

 (

 

 

)(

 

 

)

 

 

 

 

 

 

4 Rearrange the following formulas to make the red letter the  subject: ap=m+nbx-y=zc=yx23

 

 

 4

 

 

 4

 

 3

 

 5

 

p5

d m(x + y) = 3we 4rpqmnt=f +=−qprmn

Exercise
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Assessment

The information in this section is taken from the Cambridge International syllabus. You should always refer to the appropriate syllabus document for the year of examination to confirm the details and for more information. The syllabus document is available on the Cambridge International website at www.cambridgeinternational.org. For Cambridge IGCSE International Mathematics you will take three papers. Students studying the Core syllabus will take Paper 1, Paper 3 and Paper 5. Students studying the Extended syllabus will take Paper 2, Paper 4 and Paper 6.

Length

Type of question

Calculator?

Paper 1 (Core)1 hour 15 minutesStructured and unstructured questionsNo

Paper 2 (Extended) 1 hour 30 minutesStructured and unstructured questionsNo

Paper 3 (Core) 1 hour 15 minutesStructured and unstructured questionsYes

Paper 4 (Extended)1 hour 30 minutesStructured and unstructured questionsYes

Paper 5 (Core)1 hour 15 minutesOne investigation

Yes

Paper 6 (Extended)1 hour 30 minutesOne investigation section and one modelling section

Yes

Command words

The command words that may appear in your question papers are listed below. The command word used will relate to the context of the question.

Command wordWhat it means

Calculatework out from given facts, figures or informationCommentgive an informed opinionCompareidentify/comment on similarities and/or differencesDetermineestablish with certaintyDescribestate the points of a topic / give characteristics and main featuresExplainset out purposes or reasons / make the relationships between things clear / say why and/or how and support with relevant evidence

Give

produce an answer from a given source or recall/memory

Plot

mark point(s) on a graph

Revisechange to reflect further given information

Show (that)provide structured evidence that leads to a given result

Sketchmake a simple freehand drawing showing the key features

State

express in clear terms

Work outcalculate from given facts, figures or information with or without the use of a calculator

Writegive an answer in a specific form

Write downgive an answer without significant working
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From the authors

Examination techniques

Make sure you check the instructions on the question paper, the length of the paper and the number of questions you have to answer. In the case of Cambridge IGCSE Mathematics examinations you will have to answer every question as there will be no choice.

Allocate your time sensibly between each question. Students may let themselves down by spending too long on some questions and too little time (or no time at all) on others. 

Make sure you show your working to show how you’ve reached your answer.

Fromtheauthors

Mathematics comes from the Greek word meaning knowledgeor learning. Galileo Galilei (1564–1642) wrote ‘the universe cannot be read until we learn the language in which it is written. It is written in mathematical language’. Mathematics is used in science, engineering, medicine, art, finance etc., but mathematicians have always studied the subject for pleasure. They look for patterns in nature, for fun, as a game or a puzzle.A mathematician may find that his or her puzzle solving helps to solve ‘real life’ problems. But trigonometry was developed without a ‘real life’ application in mind; it happened to be applied to navigation and many other things afterwards. Similarly,the algebra of curves wasnot ‘invented’ to send a rocket to the moon. The study of mathematics exists in all lands and cultures. A mathematician in Kenya may be working with another in Japan to extend work done by a Brazilian in the USA. People in all cultures have tried to understand the world around them, and mathematics has been a common way of furthering that understanding. Each Topic in this textbook has an introduction which tries to show how, over thousands of years, mathematical ideas have been passed from one culture to another. So when you are studying from this textbook, remember that you are following in the footsteps of earlier mathematicians who were excited by the discoveries they had made. These discoveries have shaped our current world.You may find some of the questions in this book difficult. Rather than immediately asking your teacher for help, remember that mathematics is intended to stretch the mind. If you are trying to get physically fit you do not stop as soon as things get hard. It is the same with mental fitness. Think logically. Try harder. In the end you are responsible for your own learning. Teachers and textbooks can only guide you. Be confident that you can solve that difficult problem.

Ric PimentelTerry Wall

Frankie Pimentel
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INTRODUCTION TO THE GRAPHIC DISPLAY CALCULATOR

4

SECTION 1 The history of the calculator

There are many different types of calculators available today. These include basic calculators, scientific calculators and the latest graphic display calculators. The history of the calculator is a long one.

The abacus was invented between 2300and 500. It was used mainly for addition and subtraction and is still widely used in parts of Southeast Asia.

The slide rule was invented in 1621. It was able to do more complex operations than the abacus and continued to be widely used into the early 1970s.

The first mechanical calculator was invented by Blaise Pascal in 1642. It used a system of gears. 

The first handheld calculator appeared in 1967 as a result of the development of the integrated circuit. 

SECTION 2 The graphic display calculator

Graphic display calculators are powerful tools used for the study of mathematics in the modern classroom. However, as with all tools, their effectiveness is only apparent when used properly. This section will look at some of the key features of the graphic display calculator, so that you start to understand some of its potential. More detailed 
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5

exploration of its capabilities is integrated into the relevant sections throughout this book. The two models used are the Casio fx-CG50 and the Texas TI-84 Plus CE-T. Many graphic display calculators have similar capabilities to the calculators shown. However, if your calculator is different, it is important that you take the time to familiarise yourself with it. 

Here is the home screen (menu/applications) for both calculators. 

Casio

Texas

 

The modes are selected by using the arrows key 

 and then pressing , or by typing 

the number/letter that appears in the top

right-hand corner of each square representing a mode.

Brief descriptions of the six most relevant modes are given below.

  The main features are accessed by pressing the appropriate key. Some are explained below.

1 Run-Matrix is used for arithmetic calculations.Arithmetic calculations can be typed directly from the home screen.

2 Statistics is used for statistical calculations and for drawing graphs.

  is used to access numerical operations.

SECTION 2 The graphic display calculator
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4 Spreadsheet is a spreadsheet and can be used for calculations and graphs.

 is used for statistical calculations and for 

drawing graphs of the data entered.

5 Graph is used for entering the equations of graphs and plotting them.

 is used for entering the equations of 

graphs.

7 Table is used to generate a table  of results from an equation.

 is used for graphing functions.

A Equation is used to solve different types of equations.

Basic calculations

The aim of the following exercise is to familiarise you with some of the buttons dealing with basic mathematical operations on your calculator. It is assumed that you will already be familiar with the mathematicalcontent.

Exercises may be done as a class 

activity.

Using your graphic display calculator, find the value of the following: 

CasioTexas

1 a 625

b 324

c 282×

5

CasioTexas

2 a 17283

b 12964

c 3125

5

CasioTexas

3 a 132

b ÷8422

c +5122

2

Exercise 1
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CasioTexas

4 a 63

b 92742÷

c42384×

 

8

2

CasioTexas

5 a(2.3 ×103) +(12.1×102)b(4.03 ×103) +(15.6 ×104) -(1.05 ×104)

c 139510155103×..

6× -(9 ×102)

Graphic display calculators also have a large number of memory channels. Use these to store answers which are needed for subsequent calculations. This will minimise rounding errors.

CasioTexas

followed by a letter of the

alphabet and 

followed by a letter of the 

alphabet and

1 In the following expressions, a =5, b = 4 and c =2.Enter each of these values in memory channels A, B and C, respectively, of your calculator and work out the following:a  a + b + cb  a - (b + c)c 

 (a + b)2 - c

d 

 

+bcac

-

2()()

3

e  ab224-

c2 Circles A, B, C and D have radii10 cm, 6 cm, 4 cm and 1 cm respectively.

f 

 

acbaabc()22+

++

D

D

C

C

B

A

Exercise 2

Exercise 1 (cont)

SECTION 2 The graphic display calculator
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a Calculate the area of circle A and store your answer in memory channel A.

b Calculate the area of circle B and store your answer in memory channel B.

c Calculate the area of each of the circles C and D, storing the answers in memory channels C and D respectively. 

d Using your calculator, find the value of A + B + 2C +2D.e What does the answer to Q.2d represent?

3 The diagram shows a child’s shape-sorting toy. The top consists of a rectangular piece of wood of dimension 30 cm ×12 cm. Four shapes W, X, Y and Z are cut out of it.

12 cm

30 cm

6 cm

  36 cm

 cm

5 cm

Y

X

W

Z

6 cm

a Calculate the area of the triangle X. Store the answer in your calculator’smemory.

b Calculate the area of the trapezium Z. Store the answer in your calculator’smemory. 

c Calculate the total area of the shapes W, X, Y and Z.d Calculate the area of the rectangular piece of wood left once the shapes have been cut out.

4 Three balls just fit inside a cylindrical tube as shown. The radius (r) of each ball is 5 cm.


a Use the formula for the volume of a sphere, V = 43 πr3, to calculate the volume of one of the balls. Store the answer in the memory of your calculator.

b Calculate the volume of the cylinder.c Calculate the volume of the cylinder not occupied by the three balls.
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SECTION 3 Plotting graphs

One of a graphic display calculator’s principal features is to plot graphs of functions. This helps to visualise what the function looks like and, later on, will help solve a number of different types of problems. This section aims to show how to graph a variety of different functions.

For example, to plot a graph of the function y = 2 x + 3, use the following buttons on your calculator:

Casio

Texas

It may be necessary to change the scale on the axes in order to change how much of the graph, or what part of the graph, can be seen. This can be done in several ways, two of which are described here:

» by using the zoom facility

Casio

to zoom out, or

to zoom in.

It is possible to reposition the graph by using the key

Texas

to zoom in, or

to zoom out.

It is possible to reposition the centre of enlargement by using the keys before

pressing

SECTION 3 Plotting graphs
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» by changing the scale manually. 

Casio

after 

each value is        typed

Xmin: minimum value on the x-axis, Xmax: maximum value on the x-axis, Xscale:distance between the tick marks on the x-axis, Xdot: value that relates toone x-axis dot (this is set automatically).

Texas

each value is typed.

Xmin: minimum value on the x-axis, Xmax: maximum value on the x-axis, Xscl:distance between the tick marks on the x-axis.

after

In Q.1-4 the axes have been set to their default settings, i.e.  Xmin = -10, Xmax = 10, Xscale = 1, Ymin = -10, Ymax = 10, Yscale =1.

i) ii)

iii)iv)

v)vi)

Exercise 3
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vii)viii)

ix)x)

1 Use your graphic display calculator to graph the following functions and match each of them to the correct graph.

a y = 2x + 6

b y = 12x - 2

 

c y = -x + 5 

d 

5

=-y

xf y = (x -4)2

e y = x2 - 6

g y = -(x +4)2 + 4

h  y = 12(x +3)3

i y = - 1x3 + 2 x - 1

32 In each of the following, a function and its graph is given. Using your graphic display calculator, enter a function that produces a reflection of the original function in the x-axis.a y = x + 5 b y = -2 x + 4

j  y = -6

c y = (x 

+5)2 

d y = (x -5)

2 + 3

3 Using your graphic display calculator, enter a function that produces a reflection in the y-axis of each of the original functions in Q.2.

Exercise 3 (cont)

SECTION 3 Plotting graphs
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4 By entering appropriate functions into your graphic display calculator:i make your calculator screen look like the screens shown (note: don’t worry about the colours)

ii write down the functions you used.

a

 

b

 

c 

d

 

Intersections

When graphing a function it is often necessary to find where it intersects one or both of the axes. If more than one function is graphed on the same axes, it may also be necessary to find where the graphs intersect each other. Graphic display calculators can be used to find the coordinates of any points of intersection.

Worked example

Find where the graph of y = 15(x +3)3 + 2 intersects both the x- and y-axes.

The graph shows that y = 15(x +3)3 + 2 intersects each of the axes once.To find the coordinates of the points of intersection:
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Casio

 

Type the equation of the line, using

 

to enter the fraction. 

Then .

to find the -intercept 

y

to find the root (the -intercept)

x

Note: The root of an equation refers to the point at which the graph crosses the x-axis. The point at which thegraph crosses the -axis is called the -intercept.

y

y

Texas 

 

Type the equation of the line 

using           

then       

fractional part. 

toselect ‘FRAC’, 

to select ‘n/d’ for the 

SECTION 3 Plotting graphs
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enter  = 0 to 

x

find the -intercept. 

y

Use         

Use            

 and           

Note: The TI-84 Plus CE-T prompts the user to identify a point to the left of the intersection with the x-axis (leftbound) and then a point to the right of the intersection (right bound). 

to a point to the left of the intersection with the

to move the cursor on the graph

again. 

to move the cursor on the graph 

x

-axis, then 

x

-axis, then

to a point to the right of the intersection with the 

1 Find an approximate solution to where the following graphs intersect both the x- and y-axes using your graphic display calculator.a y = x2 - 3b y = (x +3)2 + 2

c y = 12x3 - 2x2 + x + 1

d y = x52-+ + 6

2 Find the coordinates of the point(s) of intersection of each of the following pairs of equations using your graphic display calculator.a y = x + 3 and y = -2x - 2 

b y = -x + 1 and y = 12(x2 -3)

c y = -x2 + 1 and y = 12(x2 -3)

d y = - 14x3 + 2x2 - 3 and y = 12x2 - 2

Exercise 4
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SECTION 4 Tables of values

A function such as y = 3x+ 2 implies that there is a relationship between yand x.

To plot the graph manually, the coordinates of several points on the graph need to be calculated and then plotted. Graphic display calculators have the facility to produce a table of values giving the coordinates of some of the points on the graph.

Worked example 

For the function y = 

xtable facility of your graphic display calculator:

3 + 2, complete the following table of values using the 

x-3-2-10123

y

Casio

 

Enter the function y = 3 + 2 

x

to enter the values of  that appear in the table.

x

 to display the table. 

Once the table isdisplayed, the remaining results can be viewed by using               . 

The screen 

 shows that the 

x

-values range from –3 to 3 in increments of 1. 

SECTION 4 Tables of values
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Texas 

 Enter the function 

y = 3+ 2 

x

to display a table of results. 

 to scroll up and down through the table 

The default increment of a table is ΔTbl = 1. If the increment required is another value, pressand enter thenew value. 

1 Copy and complete the tables of values for the following functions using the table facility of your graphic display calculator:a y = x2 + x - 4

x-3-2-10123

y

b y = x3 + x2 - 10

x-3-2-10123

y

c yx4=

x00.511.522.53

y

Exercise 5
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SECTION 5 Lists

Data is often collected and then analysed so that observations and conclusions can be made. Graphic display calculators have the facility to store data as lists. Once stored as a list, many different types of calculations can be carried out. This section will explain how to enter data as a list and then how to carry out some simple  calculations.

Worked examples

a An athlete records her time (seconds) in ten races for running 100 m. These times are shown below:

12.4 12.7  12.6 12.9  12.4 12.3  12.7  12.412.5  13.1

Calculate the mean, median and mode for this set of data using the list facility of your graphic display calculator.

d (1)yx=+

x-1-0.500.511.522.53

y

2 A car accelerates from rest. Its speed, ym/s, x seconds after starting, is given by the equation y = 1.8 x.a Using the table facility of your graphic display calculator, calculate the speed of the car every 2 seconds for the first 20 seconds.

b How fast is the car travelling after 10 seconds?3 A ball is thrown vertically upwards. Its height, ymetres, x seconds after launch, is given by the equation y =15x - 5x2.a Using the table facility of your graphic display calculator, calculate the height of the ball each 12second during the first 4 seconds. 

 b What is the greatest height reached by the ball?c How many seconds after its launch did the ball reach its highest point?

d After how many seconds did the ball hit the ground?e In the context of this question, why can the values for x = 3.5 and 

4 be ignored?

Exercise 5 (cont)

SECTION5 Lists








[image: background image]

INTRODUCTION TO THE GRAPHIC DISPLAY CALCULATOR

18

Casio 

  Enter the data in List 1. 

   to specify which list the data is in 

and its frequency. 

  to scroll through the full list.   

The screen displays various statistical measures.  

x is the mean, n is the number of data items, Med is the median, Mod is the modal value,Mod: n is the number of modal values and Mod: F is the frequency of the modal values. 

Texas 

  Enter the data in List 1. 

to select ‘CALC’  

 to select ‘1-Var Stats’ 
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If a lot of data is collected, it is often presented in a frequency table.

b The numbers of students in 30 Maths classes are shown in the frequency table below:

Number ofstudentsFrequency

27

4

28

6

29

9

30

7

31

3

32

1

Calculate the mean, median and mode for this set of data using the list facility of your graphic display calculator.

   to apply calculations to 

the data in List 1. 

 to scroll through the full list.  

The screen displays various statistical measures.  

x is the mean, n is the number of data items, Med is the median.  The T1-84 Plus CE-T does not display the modal value.  

SECTION5 Lists
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  Enter the number of students in List 1 

and the frequency in List 2. 

 to select ‘CALC’ 

     to specify which 

lists the data and the frequency are in. 

 to select ‘1 VAR’  

 to scroll through the full list.  

  Enter the number of students in List 1 

and the frequency in List 2. 

  to select ‘CALC’ 

 to select ‘1-Var Stats’ 

   to specify that the data is 

 in L

1 and the frequency in L2.

Casio

 

Texas 
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1 Find the mean, the median and, if possible, the mode of these sets of numbers using the list facility of your graphic display calculator.a 3, 6, 10, 8, 9, 10, 12, 4, 6, 10, 9, 4b 12.5, 13.6, 12.2, 14.4, 17.1, 14.8, 20.9, 12.22 During a board game a player makes a note of the numbers he rolls on the dice. These are shown in the frequency table below:

Number on dice123456

Frequency385257

 Find the mean, the median and, if possible, the modal dice roll using 

the list facility of your graphic display calculator.

3 A class of 30 students sat two Maths tests. Their scores out of 10 are recorded in the frequency tables below:

Test A

Score12345678910

Frequency3243183132

Test B

Score12345678910

Frequency41000240001

a Find the mean, the median and, if possible, the mode for each test using the list facility of your graphic display calculator.

b Comment on any similarities or differences in your answers to Q.3a.c Which test did the class find easiest? Give reasons for your answer.

Exercise 6

  to apply the calculations to the 

data in List 1 

 to scroll through the full set of results. 

SECTION5 Lists
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TOPIC 1


Number

Contents

Chapter 1 Vocabulary for sets of numbers (C1.1, C1.3, E1.1, E1.3)Chapter 2 Calculations and order of operations (C1.6, E1.6)

Chapter 3 Fractions, decimals and percentages (C1.4, C1.6, E1.4, E1.6)Chapter 4 Further percentages (C1.12, C1.15, E1.12, E1.15)

Chapter 5 Ratio and proportion (C1.10, E1.10)

Chapter 6 Approximation and rounding (C1.9, E1.9)

Chapter 7 Laws of indices (C1.7, E1.7)

Chapter 8 Standard form (C1.8, E1.8)

Chapter 9 Surds (E1.17)

Chapter 10 Speed, distance and time (C1.11, C1.13, C1.14, E1.11, E1.13, E1.14)Chapter 11 Money and finance (C1.11, C1.12, C1.15, E1.11, E1.12, E1.15)Chapter 12 Set notation and Venn diagrams (C1.2, E1.2)

Learning objectives

C1.1                   E1.1

C1.2                     E1.2

Identify and use:l natural numbers (0, 1, 2, …)l integers (positive, zero and negative)l prime numbers lsquarenumberslcube numbersl triangle numbersl common factors lcommonmultiplesl rational and irrational numberslreciprocals

Understand and use set language, notation and Venn diagrams to describe sets and represent relationships between sets

Definition of sets:

e.g.

A = {x | x is a natural number} 

B= {(x, y) | y = mx + c}

 

C = {x | a ≤ x ≤ b} D = {a, b, c…}
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C1.3                      E1.3

Calculate with the following:lsquareslsquarerootslcubesl cube roots of numbersl other powers and rootsC1.4                       E1.41 Use the language and notation of the following in appropriate contextsl proper and improper fractionsl mixed numbersldecimalslpercentages2 Recognise equivalence and convert between these forms

C1.6                          E1.6

Use the four operations for calculations with integers, fractions and decimals, including correct ordering of operations and use of brackets

C1.7                          E1.71 Understand and use indices (positive, zero, negative, fractional)

2 Use the rules of indices

C1.8                          E1.81 Use the standard form A× 10n where n is a positive or negative integer, and 1  A< 102 Convert numbers into and out of standard form3 Calculate with values in standard form

C1.9                          E1.91 Round values to a specified degree of accuracy2 Make estimates for calculations involving numbers, quantities and lengths3 Round answers to a reasonable degree of accuracy in the context of a given problem

C1.10                      E1.10

Understand and use ratio and proportion, to:l give ratios in simplest form l divide a quantity in a given ratiol use proportional reasoning and ratios in context C1.11                       E1.111 Use common measures of rate2 Solve problems involving average speed

C1.12                       E1.121 Calculate a given percentage of a quantity2 Express one quantity as a percentage of another3 Calculate percentage increase or decrease4 Calculate with simple and compound interest5 Calculations using reverse percentages

C1.13                       E1.131 Use a calculator efficiently2 Enter values appropriately on a calculator3 Interpret the calculator display appropriately

C1.14                      E1.141 Calculations involving time: seconds (s), minutes 

(min), hours (h), days, weeks, months, years, including the relationship between units2 Calculate times in terms of the 24-hour and 12-hour clock3 Read clocks and timetables

C1.15                      E1.151 Calculate with money2 Convert from one currency to another

E1.171 Understand and use surds (radicals), including simplifyingexpressions2 Rationalise the denominator

Elementsin purple refer to the Extended curriculum only.

Hindu mathematicians

In 1300bc a Hindu teacher named Laghada used geometry and trigonometry for his astronomical calculations. At around this time, other Indian mathematicians solved quadratic and simultaneous equations.

Much later, in about ad500, another Indian teacher, Aryabatta, worked on approximations for piand on the trigonometry of the sphere.He realised that not onlydid the planets go round the Sun, but that their paths were elliptic. 

Brahmagupta, a Hindu, was the first to treat zero as a number in its own right. This helped to develop the decimal system of numbers.

One of the greatest mathematicians of all time was Bhascara, who, in the twelfthcentury, worked in algebra and trigonometry. He discovered that: 

 

sin(A + B) =sinAcosB +cosAsinB 

His work was taken to Arabia and later to Europe.

Still alive today is the Indian mathematician Raman Parimala (born in 1948). Her work is famous in thefields of algebra and its connections with algebraic geometry and number theory.

 

Aryabatta (476–550)
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Vocabularyforsetsofnumbers

1


Natural numbers

A child learns to count ‘one, two, three, four, …’. These are sometimes called the counting numbers or natural numbers.

The child will say ‘I am three’, or ‘I live at number 73’.

If you include the number 0, then you have the set of numbers called the natural numbers. 

The set of natural numbers = {0, 1, 2, 3, 4, …}.

Integers

On a cold day, the temperature may be 4° C at 10 p.m. If the temperature drops by a further 6 °C, then the temperature is ‘below zero’; it is –2 °C.

If you are overdrawn at the bank by $200, this might be shown as –$200.

The set of integers = {…, –3, –2, –1, 0, 1, 2, 3, …}.

{1, 2, 3, 4, ...} are the positive integers. {..., –4, –3, –2, –1} are the negativeintegers.

The integers are therefore an extension of the natural numbers. Every natural number is an integer.

Rational numbers

A child may say ‘I am three’; she may also say ‘I am three and a half’, 

or even ‘three and a quarter’. 3

1

2and 314arerationalnumbers. All 

rational numbers can be written as a fraction whose denominator is not zero. All terminating and recurring decimals are rational numbers as they can also be written as fractions, e.g.

0.20.371.530.2137153⋅====

5

10

1

100

29

=

The set of rational numbers is an extension of the set of integers.

Irrational numbers

Numbers which cannot be written as a fraction are not rational numbers; they are irrational numbers.

Another way of describing an integer is a whole 

number.

The dot above the 2 implies that the 2 is repeated. It is known as a 

recurring decimal.
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Using Pythagoras’ theorem in the diagram to the left, the length of the hypotenuse AC is found as:

(AC)2 = 12 + 12

(AC)2 = 2AC = 2 

2 = 1.414 213 56… . The digits in this number do not recur or repeat. This is a property of all irrational numbers. Another example of an irrational number you will come across is π (pi). It is the ratio of the circumference of a circle to the length of its diameter. Although it is often rounded to 3.142, the digits continue indefinitely, never repeating themselves.

Prime numbers

A prime number is one whose only factors are 1 and itself. (Note that 1 is not a prime number.)

1 In a 10 by 10 square, write the numbers 1 to 100. Cross out number 1. Cross out all the even numbers after 2 (these have 2 as a factor). Cross out every third number after 3 (these have 3 as a factor).

a Continue with 5, 7, 11 and 13 and list all the numbers that are left.b What do you notice about the numbers that are left?

Exercise 1.1

Square numbers

1 In a 10 by 10 square write the numbers 1 to 100.  Shade in 1 and then 2 × 2, 3 × 3, 4 × 4, 5 ×5 etc. These are the square numbers.3 × 3 can be written 32(pronounced three squared)7 × 7 can be written 72 (the 2 is called an index; plural indices)

Exercise 1.2

Cube numbers

3 × 3 × 3 can be written 33(pronounced three cubed)5 × 5 × 5 can be written 532 × 2 × 2 × 5 × 5 can be written 23 × 52

1 Write the following using indices:a9 × 9 b

12 ×12

c8 × 8 

d7 × 7 × 7

e4 × 4 × 4 

f3 × 3 × 2 × 2 × 2

g5 × 5 × 5 × 2 × 2 h4 × 4 × 3 × 3 × 2 × 2

Exercise 1.3

A

BC

1

1
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Triangle numbers  

Consider the pattern of dots below:

1361015

The number of dots in each triangular pattern is a triangle number. The next two triangle numbers in this sequence are therefore 21 and 28.

Factors

The factors of 12 are all the numbers which will divide exactly into 12,

i.e. 1, 2, 3, 4, 6 and 12.

The factors of a number are therefore all the numbers that go into it exactly.

1 List all the factors of the following numbers:a6f36b9g35c7h25

d15i42

e24j100

Exercise 1.4

Prime factors

The factors of 12 are 1, 2, 3, 4, 6 and 12.

Of these, 2 and 3 are prime numbers, so 2 and 3 are the prime factors 

of 12.

1 List the prime factors of the following numbers:a15f13b18g33c24h35di

1670

e20j56

An easy way to find prime factors is to divide by the prime numbers in order, starting with the smallest first.

Exercise 1.5

Worked examples

a Find the prime factors of 18 and write it as a product of prime numbers:

18

29

33

31

18 = 2 × 3 × 3 or 2 × 32
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b Find the prime factors of 24 and write it as a product of prime numbers:

24

212

26

23

31

24 = 2 × 2 × 2 × 3 or 23 × 3

c Find the prime factors of 75 and write it as a product of prime numbers:

75

325

55

51

75 = 3 × 5 × 5 or 3 × 52

1 Find the prime factors of the following numbers and write them as a product of prime numbers:a12f56b32g45c36h39d40i231e44j63

Exercise 1.6

Highest common factor

The factors of 12 are 1, 2, 3, 4, 6, 12.

The factors of 18 are 1, 2, 3, 6, 9, 18.

The common factors of 12 and 18 are 1, 2, 3 and 6.

So you can see that the highest common factor (HCF) is 6.

1 Find the HCF of the following numbers:a 8, 12d39, 52g15, 21, 27j 34, 51, 68b10, 25e60, 144h 36, 63, 108

c22, 110f 12, 18, 24i 32, 56, 72

Exercise 1.7
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Multiples

The multiples of a number are the numbers that can be divided exactly by that number.

The multiples of 5 are 5, 10, 15, 20, 25, 30 ...

The multiples of 2 are 2, 4, 6, 8, ...

The multiples of 3 are 3, 6, 9, 12, 15, ...

The multiples of 6 are 6, 12, 18, 24, 30 ...

The common multiples of 2 and 3 are 6, 12, 18, 24, ...

The lowest common multiple (LCM) of 2 and 3 is 6, since 6 is the smallest number divisible by 2 and 3.

The LCM of 3 and 5 is 15.

The LCM of 5 and 6 is 30.

1Find the LCM ofthe following:a 3, 5e 4, 8i 3, 4, 5b 4, 6f6, 14j 3, 5, 12

c 2, 7g 4, 15

d 4, 7h 3, 4, 6

2Find the LCM ofthe following:a 2, 3, 5e 6, 8, 20i 6, 10, 16b 2, 3, 4f 3, 5, 7j 25, 40, 100

c 2, 7, 10g 4, 5, 10

d 3, 9, 10h 3, 7, 11

Exercise 1.8

Square roots

The square shown contains 16 squares. It has sides of length 4 units. So the square root of 16 is 4.

This can be written as 16 = 4.

Note that 4 × 4 is 16 so 4 is the square root of 16.

However, −4 × −4 is also 16 so −4 is also the square root of 16.

By convention, 16 means ‘the positive square root of 16’ so 16 = 4 but the square root of 16 is 4±, i.e. +4 or −4.

Note: −16 has no square root since any integer squared is positive.

1Find the following:a 25b 9c 49d 100

e 121f 169g 0.01h 0.04

i 0.09j 0.25

Exercise 1.9
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2 Use the key on your calculator to check your answers to question 1.3 Calculate the following:

a

 

19

b

 

116

c

 

125

d 

149

e 

1100

f 

49

g

 

9100

h 

49

81

i 2

79

j 6

14

Using a graph

1 Copy and complete the table below for the equation yx.=

x0149162536496481100

y

 Plot the graph of 

yx.=

 Use your graph to find approximate values of the following:a 35b 45c 55d 60e 22 Check your answers to question 1 using the  key on your calculator.

Cube roots

The cube shown has sides of 2 units and occupies 8 cubic units of space.

(That is, 2 × 2 × 2.)

So, the cube root of 8 is 2.

This can be written as 

83 = 2.

3 is read as ‘the cube root of .…’ .

643 is 4, since 4 × 4 × 4 = 64.

Note that 

643 cannot also be −4 since −4 × −4 × −4 = −64, therefore 64 is −4.

3-

1Find the following cube roots: a 83b 1253 

c 273

d 0.0013

e 

0.0273 f 2163

g 10003

h 10000003

i 8-

3

j 27-

3

k 1000-

3l

 

 

1

3

-

Further powers and roots

You have seen that the square of a number is the same as raising that number to the power of 2, for example the square of 5 is written as 52 and means 5 × 5. Similarly, the cube of a number is the same as raising that number to the power of 3, for example, the cube of 5 is written as 53 and means 5 × 5 × 5.

Exercise 1.10

Exercise 1.11
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Numbers can be raised to other powers too. Therefore, 5 raised to the power of 6 can be written as 56 and means 5 × 5 × 5 × 5 × 5 × 5.

You will find a button on your calculator to help you to do this. On most calculators, it will look like yx.

You have also seen that the square root of a number can be written using the symbol .

Therefore the square root of 16 is written as 16 and is equal to 4.

The cube root of a number can be written using the 3symbol. Therefore, the cube root of 27 is written as 27 3and is 3 because  

3 × 3 × 3 = 27.

Numbers can be rooted by other values as well. The fourth root of a number can be written using the symbol .4Therefore the fourth root 

of 625 can be expressed as 6254

. And is 5± because both 5 × 5 × 5 × 5 

= 625 and (−5) × (−5) × (−5) × (−5) = 625.

You will find a button on your calculator to help you to calculate with roots. On most calculators, it will look like yx.

1Work out the following:a64 b35 + 24 c(34)2d0.16 ÷ 0.014

e 24014

f 2568

g 2435

3h 369

()

9

()

i 2

14

7

×

j ×16

64

27k4

 

5

4

l 5904910

2

)

(

Reciprocals

The reciprocal of a number is 1 divided by that number.

e.g.  The reciprocal of 2 is  

12

 The reciprocal of 10 is  

110

 

The reciprocal of  

13 is  

11

3

 = 3

The reciprocal of  

25  is  

12

5

52

=

Exercise 1.12

Reciprocals of fractions and their use are covered 

later in this topic.
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When doing calculations, take care that you do them in the correct order.

Worked examples

a Use a calculator to work out the answer to the following:

2 + 3 × 4  

= 14

b Use a calculator to work out the answer to the following:

(2 +3) × 4

= 20

The reason why different answers are obtained is because, by convention, the operations have different priorities. These are as follows:

1brackets

2powers3multiplication/division4addition/subtraction

Therefore inWorked example a, 3 × 4 is evaluated first, and then the 2 is added, while in Worked example b, (2 + 3) is evaluated first, followed by multiplication by 4.

c Work out the answer to the following:

−4×(8 +−3)

The (8 + −3) is evaluated first as it is in the brackets; the answer 5 is then multiplied by −4 to give an answer of −20.

d Work out the answer to the following:

−4× 8 +−3

The −4 × 8 is evaluated first as it is a multiplication; the answer −32 then has −3 added to it giving an answer of −35.

Calculationsandorderofoperations

2
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In the following questions, work out the answers:iin your head,ii using a calculator.1 a 8 × 3 + 2b4 ÷ 2 

+ 8

c12 × 4 - 6

d4 + 6 × 2

e10 - 6 ÷3

f6 - 3 × 4

2 a 7 × 2 + 3 × 2

b 12 ÷ 3 + 6 × 5

c9 + 3 ×8 - 1

d36 - 9 ÷3 - 2

e -14 × 2 - 16 ÷ 2

f4 + 3 × 7 - 6 ÷ 3

3 a(4 + 5) × 3

b8 ×(12 - 4)

c3 ×(-8 + -3) - 3

d(4 +11)÷(7 - 2)

e4 × 3 ×(7 +5)

f24 ÷ 3 ÷(10 - 5)

In each of the following questions: i Copy the calculation and put in any brackets which are needed to make it correct.

ii Check your answer using a calculator.

1 a6 × 2 + 1 =18

b1 + 3 × 5 =16

c8 + 6 ÷ 2 = 7

d9 + 2 × 4 =44

e9 ÷ 3 × 4 + 1 =13

f3 + 2 × 4 - 1 =15

2 a 12 ÷ 4 - 2 + 6 = 7

b12 ÷ 4 - 2 + 6 =12

c12 ÷ 4 - 2 + 6 =–5

d12 ÷ 4 - 2 + 6 =1.5

e4 + 5 × 6 - 1 =33

f4 + 5 × 6 - 1 =29

g4 + 5 × 6 - 1 =53

h4 + 5 × 6 - 1 =45

For calculations involving fractions, use the fraction button on the calculator. Make sure that you do the calculations in the correct order.

Worked example

Find the value of the following using a calculator:9038+

43

Casio

then enter 90 + 38 in the numerator

to move to the denominator

Alternatively the calculation can be typed in using brackets as ( 90 + 38 ) ÷ 43

 

Exercise 1.13

Exercise 1.14
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Calculations and order of operations 

Texas

to select ‘FRAC’, then 

to select ‘n/d’ for the fractional part.

90 + 38 in the numerator

to move to the denominator.

Alternatively the calculation can be typed in using brackets as ( 90 + 38 ) ÷ 43

 

 

Using a calculator, work out the following:

1 a

 

93

6+

b 

306

53

-

+

c 

409125+

-

d 2152+×

78

+

e 4310021+×+

11

f 3-+×

724

7–2

2 a

 

462

28

-

+

b3422+

 

5

c6432-

 

425

×

d 23434+×

122

e 

33

5

428

323+-f

+

 

23

(63)4

23-×

+×

Exercise 1.15
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Fractions,decimalsandpercentages

3


Fractions

A single unit can be broken into equal parts called fractions, e.g. 12, 13, 16.If, for example, the unit is broken into ten equal parts and three parts are then taken, the fraction is written as 310. That is, three parts out of ten parts.

In the fraction 310:

The three is called the numerator.

The ten is called the denominator.

In a proper fraction, the numerator is less than the denominator,  e.g. 34.

In an improper fraction, the numerator is more than the denominator, e.g. 92. 

A mixednumber is made up of a natural number and a proper fraction, e.g. 415. 

A fraction of an amount

Worked examples

aFind 15of 35.

 This means ‘divide 35 into 5 equal parts’.

 

15 of 35 is 7.

bFind 35of 35.

Since 15 of 35 is 7, 35 of 35 is 3 ×7.

Thatis,21.








[image: background image]

A fraction of an amount

35

1Work out the following:

a

 

15of 40

b

 

35of 40

c 

19of 36

d

 

59of 36

e 

18of 72

f

 

78of 72

g

 

14of 60

h 

512of 60

i 

14of 8

j 3

4of 82Work out the following:

a

 

34of 12

b

 

45of 20

c

 

49of 45

d 

58of 64

e 

311of 66

f 

910of 80

g

 

57of 42

h 

89of 54

i

 

78of 240

j

 

45of 65

Exercise 1.16

Changing a mixed number to an improper fraction

Worked examples

aChange2

34 to an improper fraction.

1 = 44

2 = 84

23

4 = 84 + 34

     

= 114

bChange3

58 to an improper fraction.

358 = 248 + 58

=

 

2458+

=

 

29

8
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Change the following mixed numbers to improper fractions:

a423

e812

i5411

b335

f957

j 767

c578

g649

k4310

d256

h414

l11313

Exercise 1.17

Changing an improper fraction  to a mixed number

Worked example

Change 274 to a mixed number.

274 = 2434+

= 244+ 34

 

= 63

4

1 Change the following improper fractions to mixed numbers:

a29

 

4

f

 

1712

b

 

33

5

g66

 

7

c41

 

6

h 

3310

d

 

53

8

i19

 

2

e49

 

9

j

 

7312

Exercise 1.18

Decimals

HTU

110

1100

11000

327.

0038.

3.27 is 3 units, 2 tenths and 7 hundredths

3.27 = 3 + 210 + 7100

0.038 is 3 hundredthsand 8thousandths

0.038 = 3100 + 81000

24 is the largest multiple of 4 

below 27.

.
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Percentages
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Note that 2 tenths and 7 hundredths is equivalent to 27 hundredths 

210 + 7100 = 27100

and that 3 hundredths and 8 thousandths is equivalent to 38 thousandths

3100 + 81000

 = 381000

1 Make a table similar to the one above. List the digits in the following numbers in their correct position:a6.023b5.94c18.3

d0.071

e2.001

f3.56

2 Work out the following without using a calculator:a2.7+0.35 +16.09b1.44+ 0.072 

+82.3

c23.8-17.2

d16.9 - 5.74

e121.3 - 85.49

f6.03 +0.5 - 1.21

g72.5 - 9.08 +3.72

h100 - 32.74 - 61.2

i16.0 - 9.24 - 5.36

j1.1 - 0.92 - 0.005

Exercise 1.19

Percentages

A fraction whose denominator is 100 can be written as a percentage.29

 

100 can be written as 29%

 

45100 can be written as 45%

Changing a fraction to a percentage

By using equivalent fractions to change the denominator to 100, other fractions can be written as percentages.

Worked example

Change 35 to a percentage.

35 = 35 × 2020

 = 60100

60100 can be written as 60%



[image: background image]

3 fCIS, dCImlS d CgS

38

1 Write each of the following as a fraction with denominator 100, then write them as percentages:

a

 

2950

e 

2325

b  1725

f 

 

19

50

c 

 

1120

g  34

d 

 

310

h  25

2 Copy and complete the table of equivalents below.

FractionDecimalPercentage

110

0.2

30%

410

0.5

60%

0.7

45

0.9

14

75%

Exercise 1.20

Equivalent fractions

12

24

48

It should be apparent that 12, 24and 48 are equivalent fractions.

Similarly, 13, 26, 39and 412 are equivalent, as are 15, 1050and 20100.

Equivalent fractions are mathematically the same as each other. In the diagrams above 12 is mathematically the same as 48. However, 12 is a simplified form of 48. 



[image: background image]

Equivalent fractions
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When carrying out calculations involving fractions it is usual to give your answer in its simplest form.

Worked examples

aWrite 

422 in its simplest form.

 Divide both the numerator and the denominator by their highest common 

factor.

 The highest common factor of 4 and 22 is 2. 

 Dividing both 4 and 22 by 2 gives 

2.

11

Therefore 2

11 is 4

22 written in its simplest form.

bWrite 

12

40 in its simplest form.

 Divide both the numerator and the denominator by their highest common 

factor.

 The highest common factor of 12 and 40 is 4. 

 Dividing both 12 and 40 by 4 gives 

3

10.

Therefore 3

10 is 1240

 written in its simplest form.

1 Copy the following sets of equivalent fractions and fill in the blanks:

a 254=

2050

16

===

b 

38

6

24

15

72

====

c 7

814

12

56

36

====

d 

520====

27

3690

55

2 Write the following fractions in their simplest form: 

a

 

510

b 

721

c 

812

d 

16

36

e 

75100

f 

8190

Exercise 1.21
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Addition and subtraction of fractions

To add or subtract fractions, the denominators need to be the same.

Worked examples

a 

311 + 5

11 = 811

b 

78 + 58 = 128 = 112

c 

12 + 13 = 36

 + 26 = 56

 

d

45 - 13 = 1215

 - 515

 = 715

When dealing with calculations involving mixed numbers, it is sometimes easier to change them to improper fractions first.

Worked examples

a5

34 - 258

 

=

 

23

4

 

- 

21

8

 

=46

 

8 - 218

 

=

 

25

8 = 318

b1

47 + 334

 

=

 

11

7 + 154

 

=

 

4428 + 10528

 

= 14928 = 5928

Work out each of the following and write the answer as a fraction in its simplest form:

1 a

 

37 - 27

b

 

45

 - 25

- 710

c

 

89

 

- 13

d

 

712 - 12

e 

58

   + 711 - 12c 45- 310+ 720

f

 

34

- 25+ 710

2 a

 

34 + 15 - 23

b

 

38

 e 9

  – 15 - 14f 89- 13- 12

d 9

13 + 13 - 45

10

   b335+ 1710c612- 325

3 a212+ 314

 d858– 213

 e578- 434

 f314- 259

 

 

 

Exercise 1.22
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