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    Foreword


    We did not invent mathematics, we discovered it. It exists in every aspect of our lives, serious or light-hearted, momentous or trivial. The subject is often misunderstood and unreasonably feared, yet it is simpler and more logical than any language. When we gaze up into the skies at night, wondering at the beauty and inaccessibility of the stars, when we get into a bath displacing (in my case quite a lot of) water, when we read the football results or toss a coin, knowledge of mathematics and its related disciplines can help us enjoy and understand, even predict and prepare for the future.


    My three greatest enthusiasms as a child were for cricket, pop music and astronomy. All three, though I did not realise it at the time, came about because of statistics – the batting averages, the pop charts, the sizes and distances of the planets. That common strand of numbers to these apparently unconnected topics launched me into three lifelong passions, and there have been plenty of other occasions when figures have been the basis for a new interest, although my lack of success at roulette and with bookmakers over the years has occasionally made me wish this had not always been so.


    The most beautiful pieces of music can be broken down mathematically – all notes have a numerical relationship to each other, vibrating in harmony, unison or discord – the purer and more straightforward the mathematical connection, the sweeter the sound. I am not suggesting that Mozart or Bob Dylan should only be listened to with a calculator to hand, and I doubt whether either created his works of emotional genius with oscillations per minute in his mind, but if some higher being did not, I should be very surprised.


    Rob Eastaway and Jeremy Wyndham claim that this book is fun and they are dead right. From potato crisps to snooker balls, from card tricks to insurance, from code-breaking to buswaiting, everything herein reminds us how mathematics rules and enhances our existence.


    Tim Rice
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    Introduction


    Mathematics is fascinating, beautiful, sometimes even magical. It is relevant to just about everything that we do, and full of topics suitable for the most stimulating dinner party conversations. That may not be the popular view, but it is certainly ours and we hope it might be yours too. Maths has had a bad press for far too long, and it is time to put the case for the defence. This book is for anybody who is interested in reminding themselves – or discovering for the first time – that mathematics is an essential part of our lives.


    Have you ever asked yourself why it is that buses come in threes? As a child, did you share the frustration of not finding a four-leafed clover? When you bump into an old friend miles from home, do you smile to yourself in amazement that coincidences like this can happen? Occurrences like these interest everyone, and the explanations behind all of them are mathematical. But maths doesn’t just answer questions. It also provides new insights and it stimulates curiosity. Gambling, travelling, dating, eating, even deciding whether or not to run when it’s raining, all involve elements of maths.


    Books about popular and recreational mathematics can often seem abstract and inaccessible to those who have lost touch with the subject since their schooldays. We have tried to bring maths back into real, everyday life. That’s why every chapter begins with a question that might occur to anybody. The choice of material reflects our personal interests rather than any grand logical scheme. Some bits are easy reading, others require a little more thought, but whatever your mathematical ability there will be plenty here for you.


    Dotted through the book you will find practical uses for probability theory, as well as surprising applications of tangents, Fibonacci series, pi, matrices, Venn diagrams, prime numbers and more. We hope you find these subjects as thought-provoking and stimulating as we do. Above all, we want you to enjoy it.

  


  
    1


    
      WHY CAN’T I FIND A


      FOUR-LEAFED CLOVER?

    


    Links between nature and mathematics


    One of the magical adventures of childhood is searching for a four-leafed clover. It’s the next best thing to hunting for the pot of gold at the end of the rainbow. Unfortunately, both of these quests usually end in disappointment. It is easy to give up on the rainbow’s gold because the rainbow has usually disappeared before the child’s curiosity, but the hunt for the clover is much more frustrating. It seems perfectly reasonable that somewhere there should be one with four leaves. So why does nature so rarely deliver?


    Next time you are out in the garden or in the countryside, take a little time to study the flowers. You’ll find that the commonest number of petals on a flower is five. Buttercups, mallow, pansies, primroses, rhododendrons, tomato blossom, geraniums … this is just a sample from the large number of flower families that have picked the number five. Even a flower that appears to have ten petals, such as red campion, has five petals each subdivided into two.


    Fives also appear in the arrangement of seeds. The easiest way to find a pattern of five is to cut open an apple. If it is cut in half through its ‘equator’ (normally apples are cut from ‘pole to pole’ down the core) you will find the seeds arranged in a beautiful five-pointed star. It works with pears, too.


    [image: image]


    A buttercup has five petals


    Why is there this odd number in plants, when in animals it is even numbers that are so common? (Legs usually come in twos, fours or sixes, for example.) Why choose five petals over the more symmetrical four or six?
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    In pineapples, 8 and 13 turn out to be significant numbers


    Further investigation leads to other numbers in plants that appear with curious frequency. Examine a pineapple or a pine cone and you will see that it has spiral rows of scales running from top to bottom. Two of these spirals are particularly easy to pick out: one runs clockwise, the other anticlockwise. The number of rows of spirals is usually 8 and 13 in a pineapple, while in a cone there might typically be 13 and 21 or 21 and 34. In a sunflower you will also find clockwise and anti-clockwise spirals, this time in the florets running from the centre of the flower outwards. The number of clockwise and anti-clockwise spirals will often be 34 and 55 or 55 and 89.


    Those who have carried out the painstaking job of counting petals on a wide variety of flowers claim that 8,13, 21, 34 and 55 are more common than their neighbouring numbers. A flower has eight petals more often than seven or nine.


    It is not a coincidence that some numbers appear more often than others. Indeed there is an intriguing connection between petals, leaves and pine cones, and an area of mathematics that has been a source of fascination for hundreds of years.


    Fibonacci’s Sequence


    An Italian called Leonardo Fibonacci (1170-1240) gave his name to a simple number sequence. This sequence starts with 1 and 1, and each subsequent number in the sequence is calculated by adding the previous two. Fibonacci’s sequence goes like this:


    1, 1, 2, 3, 5, 8, 13, 21, 34, 55 … and so on.


    Fibonacci originally produced the sequence when he was working out how many rabbits he would have if they bred at a particular rate. Yet the Fibonacci sequence has turned out to be one that has a link with nature that is far more profound than simple rabbit numbers. You may already have noticed that all of the petal and scale numbers mentioned earlier were Fibonacci numbers. Leaves, too, most often come in twos, threes and fives. Hence, clovers fit the pattern by usually coming with three leaves and not four.


    But why is it that Fibonacci numbers crop up so often in plants?


    It all comes down to the link between the Fibonacci sequence and a special number that ancient civilisations believed to have divine and mystical properties. That special number is the golden ratio.


    The golden ratio


    The golden ratio, or ϕ (phi) is (√5 +1)/2. This works out at about 1.618. As a number it may not have sent your pulse racing, yet its importance in nature is profound. This ratio belongs to a particular rectangle with a unique property.
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    Here is a special rectangle of dimensions A × B. If you cut off a square BxB (as shown) then the remaining rectangle has exactly the same proportions as the original. This property is unique to a golden rectangle. The ratio of A to B is 1.618…, otherwise known as phi or ϕ.


    ϕ doesn’t just appear in a rectangle. It features in every pentagon and five-pointed star, which means you find it in apples too.


    Take the star you found in the apple earlier on. You should find that the distance between the tips of the first and third points of the star is ϕ times the distance between adjacent tips. (At least, it would be with a perfect star and a precision ruler.)


    And that isn’t the end of ϕ’s curious properties.
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    Apple


    The ratio of any consecutive pair of numbers in the Fibonacci sequence is roughly ϕ, 3/2 = 1.5, 5/3 = 1.6 and so on. The further along the sequence, the closer the ratio of terms is to ϕ. By the time you get to 34/21, or 1.619, the ratio is already within 0.1 per cent of the precise value. Fibonacci and the golden ratio are intimately linked to each other.


    Now let’s return to plants. In many plants, you will notice that there are individual leaves which sprout from the stem. These leaves usually stick out from the stem at different angles, and as you move up the stem the leaves form a spiral. The angle by which each leaf is rotated from the previous one is usually between 137 and 139 degrees. A quick experiment in the garden confirmed this, by the way. The first weed plucked from a flowerbed had nine leaves separated by just over three revolutions. The average angle between each leaf worked out at roughly 139 degrees.
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    Leaves spiral up the stem of a garden weed


    What is the significance of this angle? As will emerge, it is connected to ϕ, but why? It all comes down to what happens to a plant in its infancy. Every leaf and petal first appears as a tiny bud. The buds appear one at a time down the stalk. Each bud tries to position itself as far away from the previous ones as possible, almost like a repelling magnet. The reason why this happens is probably that each bud wants as much space and light as it can get so that it can grow. To achieve this, the bud points itself at a different angle from its predecessors.


    It just so happens that an angle related to ϕ is particularly well suited to keeping the buds as far from all their predecessors as possible. 360 degrees divided by ϕ is about 222.5 degrees. 222.5 degrees clockwise represents the same amount of turn as 137.5 degrees anticlockwise, and this is the angle that appears time and again in plants.


    It also turns out that if each bud emerges 137.5 degrees rotated from the previous one, something interesting happens with the sixth bud, as the diagram shows.
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      Angles between buds of a flower


      Positions of the first six buds. Note that the fourth and fifth buds to appear are at least 52.5° clear of the buds above, but that the sixth is only 32.5° clear of the first.

    


    The fourth and fifth buds are both at least 50 degrees out of alignment with each of their predecessors. However, the sixth bud to appear is only 32.5 degrees out of alignment with the first bud. If you like, the sixth bud is slightly in the shade of the first bud. At least, it is more shaded than any of the other five buds. This means that the sixth bud has slightly less access to sunlight and nutrients than the other buds, and this might just tip the balance on whether it grows or not. Could this be the reason why so many plants stop at five? Do many plants have a cut-off point programmed into them that inhibits the sixth bud from forming? It is a theory which has a certain charm to it, although nobody seems to understand the full story.


    All of this has been merely an introduction to the intricate connections between Fibonacci, the golden ratio and the number five. What it shows, though, is that a plant’s design may have as much to do with numbers as with its genes.


    The link with plants is one reason why the golden ratio has been a source of fascination and reverence for so many centuries. Some reckon that the ancients deliberately incorporated the golden ratio into the dimensions of the Parthenon in Greece and the Pyramid of Giza in Egypt, though maths historians now regard this as merely a coincidence.


    There is, however, another shape which is even more closely linked with nature. It, too, contains a ratio with some mysterious qualities.


    

    Some odd facts about π…


    • A line down the middle of the number 113355 gives a ratio that is almost exactly 1/π. 113/355=1/3.1415929


    • A useful mnemonic for π is: ‘Can I find a trick recalling pi easily?’. The number of letters in each word gives the digit of π to seven decimal places: 3.1415926. And for 1/π: ‘Can I remember the reciprocal’ gives 0.318310, which is correct to six decimal places.


    • There are many elegant series that can be used to create π. One of the simplest is: (1- 1/3 + 1/5 – 1/7 + 1/9 – 1/11…) × 4 although you need to go a long way into the series before you begin to get close to the right value.


    • The ratio was first called π by William Jones in 1706. Jones was the son of a Welsh farmer from Anglesey.


    • π also crops up in lots of important formulae that have no connections to circles at all – see later.


    Pi and the circle


    Circles are everywhere, in the fields, forests, oceans and the sky. Seeds, flower heads, eyes, tree trunks, rainbows and water droplets all contain circles. The planets also appear circular, and for a long time it was believed that they even moved in circles. (In fact planets move in ellipses, the circle being a special member of the ellipse family.)


    The circle is commonplace because it is such an efficient shape, and because it is so easy to create. If a goat is tethered to a post in the middle of a field and the goat attempts to eat as much grass as possible, the shape of the grass it grazes will be a circle. If you have a fixed amount of fencing and want to enclose as large an area as possible, you will do quite well by creating a square, but you will enclose over 25 per cent more land if the fence makes a circle. Nature has a habit of finding optimal solutions – after all, it’s had plenty of time to practise – and so it has exploited the circle to the full.


    The ratio of the diameter of a circle to its circumference is known as pi (or π). Even in biblical times π was known to be about 3. According to the first Book of Kings, 7:23:


    ‘And he made a molten sea, ten cubits from one brim to the other, and it was round all about … and a line of thirty cubits did compass it round about’.


    In later times there were some who used this quote and the infallibility of the Bible to argue that π must be exactly 3. But, alas, neither dogma nor legislation can overcome the fact that π is a little less than 3[image: ]. In fact it is an irrational number, which means its value can never be expressed as a single fraction that uses whole numbers.


    Any natural phenomenon that involves circles will inevitably involve π as well. However, π can also crop up when the link with circles is less obvious. π occurs in time-keeping, for example. The time it takes for a gently swinging pendulum to go through one cycle is neatly summed up by this limerick:


    [image: image]


    If a pendulum’s swinging quite free Then it’s always a marvel to me That each tick plus each tock Of the grandfather clock Is 2 π root L over g


    L is the length of the pendulum in metres and g is the rate of acceleration under gravity, which is about 9.8 metres per second per second on earth. The formula works on any planet, and since π is constant throughout the universe, a pendulum is a simple way of working out how strong the gravity is on a planet. A pendulum that is one metre long has a tick or tock every second when on earth, but on the moon each tick lasts two and a half seconds.


    The 18th century biologist Georges Buffon made another intriguing discovery about π in the physical world. If a needle is dropped from a great height onto a flat surface on which parallel lines are drawn, the gap between each line being exactly one needle length, the chance that the needle will end up touching a line is exactly 2/π (that’s about 64 per cent). A hundred years later, the mathematician Augustus de Morgan had one of his students test out this result. The student dropped a needle 600 times and it ended up touching a line 382 times, giving a value of π as 3.14 – suspiciously accurate, it might be said. But if you are trapped on a desert island and need to be able to calculate π as accurately as possible, you now have an extremely
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