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Preface


The history of deep learning is unusual in science. The perseverance of a small cabal of scientists, working over twenty-five years in a seemingly unpromising area, has revolutionized a field and dramatically impacted society. Usually, when researchers investigate an esoteric and apparently impractical corner of science or engineering, it remains just that — esoteric and impractical. However, this was a notable exception. Despite widespread skepticism, the systematic efforts of Yoshua Bengio, Geoffrey Hinton, Yann LeCun, and others eventually paid off.

The title of this book is “Understanding Deep Learning” to distinguish it from volumes that cover coding and other practical aspects. This text is primarily about the ideas that underlie deep learning. The first part of the book introduces deep learning models and discusses how to train them, measure their performance, and improve this performance. The next part considers architectures that are specialized to images, text, and graph data. These chapters require only introductory linear algebra, calculus, and probability and should be accessible to any second-year undergraduate in a quantitative discipline. Subsequent parts of the book tackle generative models and reinforcement learning. These chapters require more knowledge of probability and calculus and target more advanced students.

The title is also partly a joke — no-one really understands deep learning at the time of writing. Modern deep networks learn piecewise linear functions with more regions than there are atoms in the universe and can be trained with fewer data examples than model parameters. It is neither obvious that we should be able to fit these functions reliably nor that they should generalize well to new data. The penultimate chapter addresses these and other aspects that are not yet fully understood. Regardless, deep learning will change the world for better or worse. The final chapter discusses AI ethics and concludes with an appeal for practitioners to consider the moral implications of their work.

Your time is precious, and I have striven to curate and present the material so you can understand it as efficiently as possible. The main body of each chapter comprises a succinct description of only the most essential ideas, together with accompanying illustrations. The appendices review all mathematical prerequisites, and there should be no need to refer to external material. For readers wishing to delve deeper, each chapter has associated problems, Python notebooks, and extensive background notes.

Writing a book is a lonely, grinding, multiple-year process and is only worthwhile if the volume is widely adopted. If you enjoy reading this or have suggestions for improving it, please contact me via the accompanying website. I would love to hear your thoughts, which will inform and motivate subsequent editions.
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Chapter 1 
Introduction


Artificial intelligence, or AI, is concerned with building systems that simulate intelligent behavior. It encompasses a wide range of approaches, including those based on logic, search, and probabilistic reasoning. Machine learning is a subset of AI that learns to make decisions by fitting mathematical models to observed data. This area has seen explosive growth and is now (incorrectly) almost synonymous with the term AI.

A deep neural network is a type of machine learning model, and when it is fitted to data, this is referred to as deep learning. At the time of writing, deep networks are the most powerful and practical machine learning models and are often encountered in day-to-day life. It is commonplace to translate text from another language using a natural language processing algorithm, to search the internet for images of a particular object using a computer vision system, or to converse with a digital assistant via a speech recognition interface. All of these applications are powered by deep learning.

As the title suggests, this book aims to help a reader new to this field understand the principles behind deep learning. The book is neither terribly theoretical (there are no proofs) nor extremely practical (there is almost no code). The goal is to explain the underlying ideas; after consuming this volume, the reader will be able to apply deep learning to novel situations where there is no existing recipe for success.

Machine learning methods can coarsely be divided into three areas: supervised, unsupervised, and reinforcement learning. At the time of writing, the cutting-edge methods in all three areas rely on deep learning (figure 1.1). This introductory chapter describes these three areas at a high level, and this taxonomy is also loosely reflected in the book's organization. Whether we like it or not, deep learning is poised to change our world, and this change will not all be positive. Hence, this chapter also contains brief primer on AI ethics. We conclude with advice on how to make the most of this book.

[image: c1-fig-0001.jpg]
Figure 1.1 Machine learning is an area of artificial intelligence that fits mathematical models to observed data. It can coarsely be divided into supervised learning, unsupervised learning, and reinforcement learning. Deep neural networks contribute to each of these areas.


1.1 Supervised learning

Supervised learning models define a mapping from input data to an output prediction. In the following sections, we discuss the inputs, the outputs, the model itself, and what is meant by “learning” a model.


1.1.1 Regression and classification problems

Figure 1.2 depicts several regression and classification problems. In each case, there is a meaningful real-world input (a sentence, a sound file, an image, etc.), and this is encoded as a vector of numbers. This vector forms the model input. The model maps the input to an output vector which is then “translated” back to a meaningful real-world prediction. For now, we focus on the inputs and outputs and treat the model as a black box that ingests a vector of numbers and returns another vector of numbers.

[image: c1-fig-0002.jpg]
Figure 1.2 Regression and classification problems. a) This regression model takes a vector of numbers that characterize a property and predicts its price. b) This multivariate regression model takes the structure of a chemical molecule and predicts its melting and boiling points. c) This binary classification model takes a restaurant review and classifies it as either positive or negative. d) This multiclass classification problem assigns a snippet of audio to one of N genres. e) A second multiclass classification problem in which the model classifies an image according to which of N possible objects that it might contain.

The model in figure 1.2a predicts the price of a house based on input characteristics such as the square footage and the number of bedrooms. This is a regression problem because the model returns a continuous number (rather than a category assignment). In contrast, the model in 1.2b takes the chemical structure of a molecule as an input and predicts both the melting and boiling points. This is a multivariate regression problem since it predicts more than one number.

The model in figure 1.2c receives a text string containing a restaurant review as input and predicts whether the review is positive or negative. This is a binary classification problem because the model attempts to assign the input to one of two categories. The output vector contains the probabilities that the input belongs to each category. Figures 1.2d and 1.2e depict multiclass classification problems. Here, the model assigns the input to one of N > 2 categories. In the first case, the input is an audio file, and the model predicts which genre of music it contains. In the second case, the input is an image, and the model predicts which object it contains. In each case, the model returns a vector of size N that contains the probabilities of the N categories.



1.1.2 Inputs

The input data in figure 1.2 varies widely. In the house pricing example, the input is a fixed-length vector containing values that characterize the property. This is an example of tabular data because it has no internal structure; if we change the order of the inputs and build a new model, then we expect the model prediction to remain the same.

Conversely, the input in the restaurant review example is a body of text. This may be of variable length depending on the number of words in the review, and here input order is important; my wife ate the chicken is not the same as the chicken ate my wife. The text must be encoded into numerical form before passing it to the model. Here, we use a fixed vocabulary of size 10,000 and simply concatenate the word indices.

For the music classification example, the input vector might be of fixed size (perhaps a 10-second clip) but is very high-dimensional. Digital audio is usually sampled at 44.1 kHz and represented by 16-bit integers, so a ten-second clip consists of 441,000 integers. Clearly, supervised learning models will have to be able to process sizeable inputs. The input in the image classification example (which consists of the concatenated RGB values at every pixel) is also enormous. Moreover, its structure is naturally two-dimensional; two pixels above and below one another are closely related, even if they are not adjacent in the input vector.

Finally, consider the input for the model that predicts the melting and boiling points of the molecule. A molecule may contain varying numbers of atoms that can be connected in different ways. In this case, the model must ingest both the geometric structure of the molecule and the constituent atoms to the model.



1.1.3 Machine learning models

Until now, we have treated the machine learning model as a black box that takes an input vector and returns an output vector. But what exactly is in this black box? Consider a model to predict the height of a child from their age (figure 1.3). The machine learning model is a mathematical equation that describes how the average height varies as a function of age (cyan curve in figure 1.3). When we run the age through this equation, it returns the height. For example, if the age is 10 years, then we predict that the height will be 139 cm.

[image: c1-fig-0003.jpg]
Figure 1.3 Machine learning model. The model represents a family of relationships that relate the input (age of child) to the output (height of child). The particular relationship is chosen using training data, which consists of input/output pairs (orange points). When we train the model, we search through the possible relationships for one that describes the data well. Here, the trained model is the cyan curve and can be used to compute the height for any age.

More precisely, the model represents a family of equations mapping the input to the output (i.e., a family of different cyan curves). The particular equation (curve) is chosen using training data (examples of input/output pairs). In figure 1.3, these pairs are represented by the orange points, and we can see that the model (cyan line) describes these data reasonably. When we talk about training or fitting a model, we mean that we search through the family of possible equations (possible cyan curves) relating input to output to find the one that describes the training data most accurately.

It follows that the models in figure 1.2 require labeled input/output pairs for training. For example, the music classification model would require a large number of audio clips where a human expert had identified the genre of each. These input/output pairs take the role of a teacher or supervisor for the training process, and this gives rise to the term supervised learning.



1.1.4 Deep neural networks

This book concerns deep neural networks, which are a particularly useful type of machine learning model. They are equations that can represent an extremely broad family of relationships between input and output, and where it is particularly easy to search through this family to find the relationship that describes the training data.

Deep neural networks can process inputs that are very large, of variable length, and contain various kinds of internal structures. They can output single real numbers (regression), multiple numbers (multivariate regression), or probabilities over two or more classes (binary and multiclass classification, respectively). As we shall see in the next section, their outputs may also be very large, of variable length, and contain internal structure. It is probably hard to imagine equations with these properties, and the reader should endeavor to suspend disbelief for now.



1.1.5 Structured outputs

Figure 1.4a depicts a multivariate binary classification model for semantic segmentation. Here, every pixel of an input image is assigned a binary label that indicates whether it belongs to a cow or the background. Figure 1.4b shows a multivariate regression model where the input is an image of a street scene and the output is the depth at each pixel. In both cases, the output is high-dimensional and structured. However, this structure is closely tied to the input, and this can be exploited; if a pixel is labeled as “cow,” then a neighbor with a similar RGB value probably has the same label.

[image: c1-fig-0004.jpg]
Figure 1.4 Supervised learning tasks with structured outputs. a) This semantic segmentation model maps an RGB image to a binary image indicating whether each pixel belongs to the background or a cow (adapted from Noh et al., 2015). b) This monocular depth estimation model maps an RGB image to an output image where each pixel represents the depth (adapted from Cordts et al., 2016). c) This audio transcription model maps an audio sample to a transcription of the spoken words in the audio. d) This translation model maps an English text string to its French translation. e) This image synthesis model maps a caption to an image (example from https://openai.com/dall-e-2/). In each case, the output has a complex internal structure or grammar. In some cases, many outputs are compatible with the input.

Figures 1.4c–e depict three models where the output has a complex structure that is not so closely tied to the input. Figure 1.4c shows a model where the input is an audio file and the output is the transcribed words from that file. Figure 1.4d is a translation model in which the input is a body of text in English, and the output contains the French translation. Figure 1.4e depicts a very challenging task in which the input is descriptive text, and the model must produce an image that matches this description.

In principle, the latter three tasks can be tackled in the standard supervised learning framework, but they are more difficult for two reasons. First, the output may genuinely be ambiguous; there are multiple valid translations from an English sentence to a French one and multiple images that are compatible with any caption. Second, the output contains considerable structure; not all strings of words make valid English and French sentences, and not all collections of RGB values make plausible images. In addition to learning the mapping, we also have to respect the “grammar” of the output.

Fortunately, this “grammar” can be learned without the need for output labels. For example, we can learn how to form valid English sentences by learning the statistics of a large corpus of text data. This provides a connection with the next section of the book, which considers unsupervised learning models.




1.2 Unsupervised learning

Constructing a model from input data without corresponding output labels is termed unsupervised learning; the absence of output labels means there can be no “supervision.” Rather than learning a mapping from input to output, the goal is to describe or understand the structure of the data. As was the case for supervised learning, the data may have very different characteristics; it may be discrete or continuous, low-dimensional or high-dimensional, and of constant or variable length.


1.2.1 Generative models

This book focuses on generative unsupervised models, which learn to synthesize new data examples that are statistically indistinguishable from the training data. Some generative models explicitly describe the probability distribution over the input domain, and here new examples are generated by sampling from this distribution. Others merely learn a mechanism that generates new examples.

State-of-the-art generative models can synthesize examples that are extremely plausible but distinct from the training examples. They have been particularly successful at generating images (figure 1.5) and text (figure 1.6). They can also synthesize data under the constraint that some outputs are predetermined (termed conditional generation). Examples include image inpainting (figure 1.7) and text completion (figure 1.8). Indeed, modern generative models for text are so powerful that they can appear intelligent. Given a body of text followed by a question, the model can often “fill in” the missing answer by generating the most likely completion of the document. However, in reality, the model only knows about the statistics of language and does not understand the significance of its answers.

[image: c1-fig-0005.jpg]
Figure 1.5 Generative models for images. Left: two images were generated from a model trained on pictures of cats. These are not real cats, but samples from a probability model. Right: two images generated from a model trained on images of buildings. Adapted from Karras et al. (2020b).

[image: c1-fig-0006.jpg]
Figure 1.6 Short story synthesized from a generative model of text data. The model describes a probability distribution that assigns a probability to every output string. Sampling from the model creates strings that follow the statistics of the training data (here, short stories) but have never been seen before.

[image: c1-fig-0007.jpg]
Figure 1.7 Inpainting. In the original image (left), the boy is obscured by metal cables. These undesirable regions (center) are removed and the generative model synthesizes a new image (right) under the constraint that the remaining pixels must stay the same. Adapted from Saharia et al. (2022a).

[image: c1-fig-0008.jpg]
Figure 1.8 Conditional text synthesis. Given an initial body of text (in black), generative models of text can continue the string plausibly by synthesizing the “missing” remaining part of the string. Generated by GPT3 (Brown et al., 2020).



1.2.2 Latent variables

Some (but not all) generative models exploit the observation that data can be lower dimensional than the raw number of observed variables suggests. For example, the number of valid and meaningful English sentences is considerably smaller than the number of strings created by drawing words at random. Similarly, real-world images are a tiny subset of the images that can be created by drawing random RGB values for every pixel. This is because images are generated by physical processes (see figure 1.9).

[image: c1-fig-0009.jpg]
Figure 1.9 Variation of the human face. The human face contains roughly 42 muscles, so it's possible to describe most of the variation in images of the same person in the same lighting with just 42 numbers. In general, datasets of images, music, and text can be described by a relatively small number of underlying variables although it is typically more difficult to tie these to particular physical mechanisms. Images from Dynamic FACES database (Holland et al., 2019).

This leads to the idea that we can describe each data example using a smaller number of underlying latent variables. Here, the role of deep learning is to describe the mapping between these latent variables and the data. The latent variables typically have a simple probability distribution by design. By sampling from this distribution and passing the result through the deep learning model, we can create new samples (figure 1.10).

[image: c1-fig-0010.jpg]
Figure 1.10 Latent variables. Many generative models use a deep learning model to describe the relationship between a low-dimensional “latent” variable and the observed high-dimensional data. The latent variables have a simple probability distribution by design. Hence, new examples can be generated by sampling from the simple distribution over the latent variables and then using the deep learning model to map the sample to the observed data space.

These models lead to new methods for manipulating real data. For example, consider finding the latent variables that underpin two real examples. We can interpolate between these examples by interpolating between their latent representations and mapping the intermediate positions back into the data space (figure 1.11).

[image: c1-fig-0011.jpg]
Figure 1.11 Image interpolation. In each row the left and right images are real and the three images in between represent a sequence of interpolations created by a generative model. The generative models that underpin these interpolations have learned that all images can be created by a set of underlying latent variables. By finding these variables for the two real images, interpolating their values, and then using these intermediate variables to create new images, we can generate intermediate results that are both visually plausible and mix the characteristics of the two original images. Top row adapted from Sauer et al. (2022). Bottom row adapted from Ramesh et al. (2022).



1.2.3 Connecting supervised and unsupervised learning

Generative models with latent variables can also benefit supervised learning models where the outputs have structure (figure 1.4). For example, consider learning to predict the images corresponding to a caption. Rather than directly map the text input to an image, we can learn a relation between latent variables that explain the text and the latent variables that explain the image.

This has three advantages. First, we may need fewer text/image pairs to learn this mapping now that the inputs and outputs are lower dimensional. Second, we are more likely to generate a plausible-looking image; any sensible values of the latent variables should produce something that looks like a plausible example. Third, if we introduce randomness to either the mapping between the two sets of latent variables or the mapping from the latent variables to the image, then we can generate multiple images that are all described well by the caption (figure 1.12).

[image: c1-fig-0012.jpg]
Figure 1.12 Multiple images generated from the caption “A teddy bear on a skateboard in Times Square.” Generated by DALL·E-2 (Ramesh et al., 2022).




1.3 Reinforcement learning

The final area of machine learning is reinforcement learning. This paradigm introduces the idea of an agent which lives in a world and can perform certain actions at each time step. The actions change the state of the system but not necessarily in a deterministic way. Taking an action can also produce rewards, and the goal of reinforcement learning is for the agent to learn to choose actions that lead to high rewards on average.

One complication is that the reward may occur some time after the action is taken, so associating a reward with an action is not straightforward. This is known as the temporal credit assignment problem. As the agent learns, it must trade off exploration and exploitation of what it already knows; perhaps the agent has already learned how to receive modest rewards; should it follow this strategy (exploit what it knows), or should it try different actions to see if it can improve (explore other opportunities)?


1.3.1 Two examples

Consider teaching a humanoid robot to locomote. The robot can perform a limited number of actions at a given time (moving various joints), and these change the state of the world (its pose). We might reward the robot for reaching checkpoints in an obstacle course. To reach each checkpoint, it must perform many actions, and it's unclear which ones contributed to the reward when it is received and which were irrelevant. This is an example of the temporal credit assignment problem.

A second example is learning to play chess. Again, the agent has a set of valid actions (chess moves) at any given time. However, these actions change the state of the system in a non-deterministic way; for any choice of action, the opposing player might respond with many different moves. Here, we might set up a reward structure based on capturing pieces or just have a single reward at the end of the game for winning. In the latter case, the temporal credit assignment problem is extreme; the system must learn which of the many moves it made were instrumental to success or failure.

The exploration-exploitation trade-off is also apparent in these two examples. The robot may have discovered that it can make progress by lying on its side and pushing with one leg. This strategy will move the robot and yields rewards, but much more slowly than the optimal solution: to balance on its legs and walk. So, it faces a choice between exploiting what it already knows (how to slide along the floor awkwardly) and exploring the space of actions (which might result in much faster locomotion). Similarly, in the chess example, the agent may learn a reasonable sequence of opening moves. Should it exploit this knowledge or explore different opening sequences?

It is perhaps not obvious how deep learning fits into the reinforcement learning framework. There are several possible approaches, but one technique is to use deep networks to build a mapping from the observed world state to an action. This is known as a policy network. In the robot example, the policy network would learn a mapping from its sensor measurements to joint movements. In the chess example, the network would learn a mapping from the current state of the board to the choice of move (figure 1.13).

[image: c1-fig-0013.jpg]
Figure 1.13 Policy networks for reinforcement learning. One way to incorporate deep neural networks into reinforcement learning is to use them to define a mapping from the state (here position on chessboard) to the actions (possible moves). This mapping is known as a policy. Adapted from Pablok (2017).




1.4 Ethics

It would be irresponsible to write this book without discussing the ethical implications of artificial intelligence. This potent technology will change the world to at least the same extent as electricity, the internal combustion engine, the transistor, or the internet. The potential benefits in healthcare, design, entertainment, transport, education, and almost every area of commerce are enormous. However, scientists and engineers are often unrealistically optimistic about the outcomes of their work, and the potential for harm is just as great. The following paragraphs highlight five concerns.

Bias and fairness: If we train a system to predict salary levels for individuals based on historical data, then this system will reproduce historical biases; for example, it will probably predict that women should be paid less than men. Several such cases have already become international news stories: an AI system for super-resolving face images made non-white people look more white; a system for generating images produced only pictures of men when asked to synthesize pictures of lawyers. Careless application of algorithmic decision-making using AI has the potential to entrench or aggravate existing biases. See Binns (2018) for further discussion.

Explainability: Deep learning systems make decisions, but we do not usually know exactly how or based on what information. They may contain billions of parameters, and there is no way we can understand how they work based on examination. This has led to the sub-field of explainable AI. One moderately successful area is producing local explanations; we cannot explain the entire system, but we can produce an interpretable description of why a particular decision was made. However, it remains unknown whether it is possible to build complex decision-making systems that are fully transparent to their users or even their creators. See Grennan et al. (2022) for further information.

Weaponizing AI: All significant technologies have been applied directly or indirectly toward war. Sadly, violent conflict seems to be an inevitable feature of human behavior. AI is arguably the most powerful technology ever built and will doubtless be deployed extensively in a military context. Indeed, this is already happening (Heikkilä, 2022).

Concentrating power: It is not from a benevolent interest in improving the lot of the human race that the world's most powerful companies are investing heavily in artificial intelligence. They know that these technologies will allow them to reap enormous profits. Like any advanced technology, deep learning is likely to concentrate power in the hands of the few organizations that control it. Automating jobs that are currently done by humans will change the economic environment and disproportionately affect the livelihoods of lower-paid workers with fewer skills. Optimists argue similar disruptions happened during the industrial revolution and resulted in shorter working hours. The truth is that we simply do not know what effects the large-scale adoption of AI will have on society (see David, 2015).

Existential risk: The major existential risks to the human race all result from technology. Climate change has been driven by industrialization. Nuclear weapons derive from the study of physics. Pandemics are more probable and spread faster because innovations in transport, agriculture, and construction have allowed a larger, denser, and more interconnected population. Artificial intelligence brings new existential risks. We should be very cautious about building systems that are more capable and extensible than human beings. In the most optimistic case, it will put vast power in the hands of the owners. In the most pessimistic case, we will be unable to control it or even understand its motives (see Tegmark, 2018).

This list is far from exhaustive. AI could also enable surveillance, disinformation, violations of privacy, fraud, and manipulation of financial markets, and the energy required to train AI systems contributes to climate change. Moreover, these concerns are not speculative; there are already many examples of ethically dubious applications of AI (consult Dao, 2021, for a partial list). In addition, the recent history of the internet has shown how new technology can cause harm in unexpected ways. The online community of the eighties and early nineties could hardly have predicted the proliferation of fake news, spam, online harassment, fraud, cyberbullying, incel culture, political manipulation, doxxing, online radicalization, and revenge porn.

Everyone studying or researching (or writing books about) AI should contemplate to what degree scientists are accountable for the uses of their technology. We should consider that capitalism primarily drives the development of AI and that legal advances and deployment for social good are likely to lag significantly behind. We should reflect on whether it's possible, as scientists and engineers, to control progress in this field and to reduce the potential for harm. We should consider what kind of organizations we are prepared to work for. How serious are they in their commitment to reducing the potential harms of AI? Are they simply “ethics-washing” to reduce reputational risk, or do they actually implement mechanisms to halt ethically suspect projects?

All readers are encouraged to investigate these issues further. The online course at https://ethics-of-ai.mooc.fi/ is a useful introductory resource. If you are a professor teaching from this book, you are encouraged to raise these issues with your students. If you are a student taking a course where this is not done, then lobby your professor to make this happen. If you are deploying or researching AI in a corporate environment, you are encouraged to scrutinize your employer's values and to help change them (or leave) if they are wanting.



1.5 Structure of book

The structure of the book follows the structure of this introduction. Chapters 2–9 walk through the supervised learning pipeline. We describe shallow and deep neural networks and discuss how to train them and measure and improve their performance. Chapters 10–13 describe common architectural variations of deep neural networks, including convolutional networks, residual connections, and transformers. These architectures are used across supervised, unsupervised, and reinforcement learning.

Chapters 14–18 tackle unsupervised learning using deep neural networks. We devote a chapter each to four modern deep generative models: generative adversarial networks, variational autoencoders, normalizing flows, and diffusion models. Chapter 19 is a brief introduction to deep reinforcement learning. This is a topic that easily justifies its own book, so the treatment is necessarily superficial. However, this treatment is intended to be a good starting point for readers unfamiliar with this area.

Despite the title of this book, some aspects of deep learning remain poorly understood. Chapter 20 poses some fundamental questions. Why are deep networks so easy to train? Why do they generalize so well? Why do they need so many parameters? Do they need to be deep? Along the way, we explore unexpected phenomena such as the structure of the loss function, double descent, grokking, and lottery tickets. The book concludes with chapter 21, which discusses ethics and deep learning.



1.6 Other books

This book is self-contained but is limited to coverage of deep learning. It is intended to be the spiritual successor to Deep Learning (Goodfellow et al., 2016) which is a fantastic resource but does not cover recent advances. For a broader look at machine learning, the most up-to-date and encyclopedic resource is Probabilistic Machine Learning (Murphy, 2022, 2023). However, Pattern Recognition and Machine Learning (Bishop, 2006) is still an excellent and relevant book.

If you enjoy this book, then my previous volume, Computer Vision: Models, Learning, and Inference (Prince, 2012), is still worth reading. Some parts have dated badly, but it contains a thorough introduction to probability, including Bayesian methods, and good introductory coverage of latent variable models, geometry for computer vision, Gaussian processes, and graphical models. It uses identical notation to this book and can be found online. A detailed treatment of graphical models can be found in Probabilistic Graphical Models: Principles and Techniques (Koller & Friedman, 2009), and Gaussian processes are covered by Gaussian Processes for Machine Learning (Williams & Rasmussen, 2006).

For background mathematics, consult Mathematics for Machine Learning (Deisenroth et al., 2020). For a more coding-oriented approach, consult Dive into Deep Learning (Zhang et al., 2023). The best overview for computer vision is Szeliski (2022), and there is also the impending book Foundations of Computer Vision (Torralba et al., 2024). A good starting point to learn about graph neural networks is Graph Representation Learning (Hamilton, 2020). The definitive work on reinforcement learning is Reinforcement Learning: An Introduction (Sutton & Barto, 2018). A good initial resource is Foundations of Deep Reinforcement Learning (Graesser & Keng, 2019).



1.7 How to read this book

Most remaining chapters in this book contain a main body of text, a notes section, and a set of problems. The main body of the text is intended to be self-contained and can be read without recourse to the other parts of the chapter. As much as possible, background mathematics is incorporated into the main body of the text. However, for larger topics that would be a distraction to the main thread of the argument, the background material is appendicized, and a reference is provided in the margin. Most notation in this book is standard. However, some conventions are less widely used, and the reader is encouraged to consult appendix A before proceeding.






Appendix A

Notation






The main body of text includes many novel illustrations and visualizations of deep learning models and results. I've worked hard to provide new explanations of existing ideas rather than merely curate the work of others. Deep learning is a new field, and sometimes phenomena are poorly understood. I try to make it clear where this is the case and when my explanations should be treated with caution.

References are included in the main body of the chapter only where results are depicted. Instead, they can be found in the notes section at the end of the chapter. I do not generally respect historical precedent in the main text; if an ancestor of a current technique is no longer useful, then I will not mention it. However, the historical development of the field is described in the notes section, and hopefully, credit is fairly assigned. The notes are organized into paragraphs and provide pointers for further reading. They should help the reader orient themselves within the sub-area and understand how it relates to other parts of machine learning. The notes are less self-contained than the main text. Depending on your level of background knowledge and interest, you may find these sections more or less useful.

Each chapter has a number of associated problems. They are referenced in the margin of the main text at the point that they should be attempted. As George Pólya noted, “Mathematics, you see, is not a spectator sport.” He was correct, and I highly recommend that you attempt the problems as you go. In some cases, they provide insights that will help you understand the main text. Problems for which the answers are provided on the associated website are indicated with an asterisk. Additionally, Python notebooks that will help you understand the ideas in this book are also available via the website, and these are also referenced in the margins of the text. Indeed, if you are feeling rusty, it might be worth working through the notebook on background mathematics right now.
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Unfortunately, the pace of research in AI makes it inevitable that this book will be a constant work in progress. If there are parts you find hard to understand, notable omissions, or sections that seem extraneous, please get in touch via the associated website. Together, we can make the next edition better.






Chapter 2 
Supervised learning


A supervised learning model defines a mapping from one or more inputs to one or more outputs. For example, the input might be the age and mileage of a secondhand Toyota Prius, and the output might be the estimated value of the car in dollars.

The model is just a mathematical equation; when the inputs are passed through this equation, it computes the output, and this is termed inference. The model equation also contains parameters. Different parameter values change the outcome of the computation; the model equation describes a family of possible relationships between inputs and outputs, and the parameters specify the particular relationship.

When we train or learn a model, we find parameters that describe the true relationship between inputs and outputs. A learning algorithm takes a training set of input/output pairs and manipulates the parameters until the inputs predict their corresponding outputs as closely as possible. If the model works well for these training pairs, then we hope it will make good predictions for new inputs where the true output is unknown.

The goal of this chapter is to expand on these ideas. First, we describe this framework more formally and introduce some notation. Then we work through a simple example in which we use a straight line to describe the relationship between input and output. This linear model is both familiar and easy to visualize, but nevertheless illustrates all the main ideas of supervised learning.


2.1 Supervised learning overview

In supervised learning, we aim to build a model that takes an input x and outputs a prediction y. For simplicity, we assume that both the input x and output y are vectors of a predetermined and fixed size and that the elements of each vector are always ordered in the same way; in the Prius example above, the input x would always contain the age of the car and then the mileage, in that order. This is termed structured or tabular data.

To make the prediction, we need a model f[•] that takes input x and returns y, so:

y = f[x].

 (2.1)

When we compute the prediction y from the input x, we call this inference.

The model is just a mathematical equation with a fixed form. It represents a family of different relations between the input and the output. The model also contains parameters ϕ. The choice of parameters determines the particular relation between input and output, so we should really write:

y = f[x, ϕ].

 (2.2)

When we talk about learning or training a model, we mean that we attempt to find parameters ϕ that make sensible output predictions from the input. We learn these parameters using a training dataset of I pairs of input and output examples {xi, yi}. We aim to select parameters that map each training input to its associated output as closely as possible. We quantify the degree of mismatch in this mapping with the loss L. This is a scalar value that summarizes how poorly the model predicts the training outputs from their corresponding inputs for parameters ϕ.

We can treat the loss as a function L[ϕ] of these parameters. When we train the model, we are seeking parameters [image: c2-fig-5001.jpg] that minimize this loss function:1

[image: c2-fig-5002.jpg]

 (2.3)

If the loss is small after this minimization, we have found model parameters that accurately predict the training outputs yi from the training inputs xi.

After training a model, we must now assess its performance; we run the model on separate test data to see how well it generalizes to examples that it didn't observe during training. If the performance is adequate, then we are ready to deploy the model.



2.2 Linear regression example

Let's now make these ideas concrete with a simple example. We consider a model y = f[x, ϕ] that predicts a single output y from a single input x. Then we develop a loss function, and finally, we discuss model training.


2.2.1 1D linear regression model

A 1D linear regression model describes the relationship between input x and output y as a straight line:

[image: c2-fig-5005.jpg]

 (2.4)

This model has two parameters ϕ = [ϕ0, ϕ1]T, where ϕ0 is the y-intercept of the line and ϕ1 is the slope. Different choices for the y-intercept and slope result in different relations between input and output (figure 2.1). Hence, equation 2.4 defines a family of possible input-output relations (all possible lines), and the choice of parameters determines the member of this family (the particular line).

[image: c2-fig-0001.jpg]
Figure 2.1 Linear regression model. For a given choice of parameters ϕ = [ϕ0, ϕ1]T, the model makes a prediction for the output (y-axis) based on the input (x-axis). Different choices for the y-intercept ϕ0 and the slope ϕ1 change these predictions (cyan, orange, and gray lines). The linear regression model (equation 2.4) defines a family of input/output relations (lines) and the parameters determine the member of the family (the particular line).



2.2.2 Loss

For this model, the training dataset (figure 2.2a) consists of I input/output pairs {xi, yi}. Figures 2.2b–d show three lines defined by three sets of parameters. The green line in figure 2.2d describes the data more accurately than the other two since it is much closer to the data points. However, we need a principled approach for deciding which parameters ϕ are better than others. To this end, we assign a numerical value to each choice of parameters that quantifies the degree of mismatch between the model and the data. We term this value the loss; a lower loss means a better fit.

[image: c2-fig-0002.jpg]
Figure 2.2 Linear regression training data, model, and loss. a) The training data (orange points) consist of I = 12 input/output pairs {xi, yi}. b–d) Each panel shows the linear regression model with different parameters. Depending on the choice of y-intercept and slope parameters ϕ = [ϕ0, ϕ1]T, the model errors (orange dashed lines) may be larger or smaller. The loss L is the sum of the squares of these errors. The parameters that define the lines in panels (b) and (c) have large losses L = 7.07 and L = 10.28, respectively because the models fit badly. The loss L = 0.20 in panel (d) is smaller because the model fits well; in fact, this has the smallest loss of all possible lines, so these are the optimal parameters.

The mismatch is captured by the deviation between the model predictions f[xi, ϕ] (height of the line at xi) and the ground truth outputs yi. These deviations are depicted as orange dashed lines in figures 2.2b–d. We quantify the total mismatch, training error, or loss as the sum of the squares of these deviations for all I training pairs:

[image: c2-fig-5003.jpg]

 (2.5)

Since the best parameters minimize this expression, we call this a least-squares loss. The squaring operation means that the direction of the deviation (i.e., whether the line is above or below the data) is unimportant. There are also theoretical reasons for this choice which we return to in chapter 5.

The loss L is a function of the parameters ϕ; it will be larger when the model fit is poor (figure 2.2b,c) and smaller when it is good (figure 2.2d). Considered in this light, we term L[ϕ] the loss function or cost function. The goal is to find the parameters [image: c2-fig-5001.jpg] that minimize this quantity:

[image: c2-fig-5004.jpg]

 (2.6)
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There are only two parameters (the y-intercept ϕ0 and slope ϕ1), so we can calculate the loss for every combination of values and visualize the loss function as a surface (figure 2.3). The “best” parameters are at the minimum of this surface.






Problems 2.1–2.2





[image: c2-fig-0003.jpg]
Figure 2.3 Loss function for linear regression model with the dataset in figure 2.2a.

a) Each combination of parameters ϕ = [ϕ0, ϕ1] has an associated loss. The resulting loss function L[ϕ] can be visualized as a surface. The three circles represent the three lines from figure 2.2b–d. b) The loss can also be visualized as a heatmap, where brighter regions represent larger losses; here we are looking straight down at the surface in (a) from above and gray ellipses represent isocontours. The best fitting line (figure 2.2d) has the parameters with the smallest loss (green circle).





2.2.3 Training

The process of finding parameters that minimize the loss is termed model fitting, training, or learning. The basic method is to choose the initial parameters randomly and then improve them by “walking down” the loss function until we reach the bottom (figure 2.4). One way to do this is to measure the gradient of the surface at the current position and take a step in the direction that is most steeply downhill. Then we repeat this process until the gradient is flat and we can improve no further.2

[image: c2-fig-0004.jpg]
Figure 2.4 Linear regression training. The goal is to find the y-intercept and slope parameters that correspond to the smallest loss. a) Iterative training algorithms initialize the parameters randomly and then improve them by “walking downhill” until no further improvement can be made. Here, we start at position 0 and move a certain distance downhill (perpendicular to the contours) to position 1. Then we re-calculate the downhill direction and move to position 2. Eventually, we reach the minimum of the function (position 4). b) Each position 0–4 from panel (a) corresponds to a different y-intercept and slope and so represents a different line. As the loss decreases, the lines fit the data more closely.



2.2.4 Testing

Having trained the model, we want to know how it will perform in the real world. We do this by computing the loss on a separate set of test data. The degree to which the prediction accuracy generalizes to the test data depends in part on how representative and complete the training data is. However, it also depends on how expressive the model is. A simple model like a line might not be able to capture the true relationship between input and output. This is known as underfitting. Conversely, a very expressive model may describe statistical peculiarities of the training data that are atypical and lead to unusual predictions. This is known as overfitting.




2.3 Summary

A supervised learning model is a function y = f[x, ϕ] that relates inputs x to outputs y. The particular relationship is determined by parameters ϕ. To train the model, we define a loss function L[ϕ] over a training dataset {xi, yi}. This quantifies the mismatch between the model predictions f[xi, ϕ] and observed outputs yi as a function of the parameters ϕ. Then we search for the parameters that minimize the loss. We evaluate the model on a different set of test data to see how well it generalizes to new inputs.

Chapters 3–9 expand on these ideas. First, we tackle the model itself; linear regression has the obvious drawback that it can only describe the relationship between the input and output as a straight line. Shallow neural networks (chapter 3) are only slightly more complex than linear regression but describe a much larger family of input/output relationships. Deep neural networks (chapter 4) are just as expressive but can describe complex functions with fewer parameters and work better in practice.

Chapter 5 investigates loss functions for different tasks and reveals the theoretical underpinnings of the least-squares loss. Chapters 6 and 7 discuss the training process. Chapter 8 discusses how to measure model performance. Chapter 9 considers regularization techniques, which aim to improve that performance.



Notes

Loss functions vs. cost functions: In much of machine learning and in this book, the terms loss function and cost function are used interchangeably. However, more properly, a loss function is the individual term associated with a data point (i.e., each of the squared terms on the right-hand side of equation 2.5), and the cost function is the overall quantity that is minimized (i.e., the entire right-hand side of equation 2.5). A cost function can contain additional terms that are not associated with individual data points (see section 9.1). More generally, an objective function is any function that is to be maximized or minimized.

Generative vs. discriminative models: The models y = f[x, ϕ] in this chapter are discriminative models. These make an output prediction y from real-world measurements x. Another approach is to build a generative model x = g[y, ϕ], in which the real-world measurements x are computed as a function of the output y.






Problem 2.3






The generative approach has the disadvantage that it doesn't directly predict y. To perform inference, we must invert the generative equation as y = g−1[x, ϕ], and this may be difficult. However, generative models have the advantage that we can build in prior knowledge about how the data were created. For example, if we wanted to predict the 3D position and orientation y of a car in an image x, then we could build knowledge about car shape, 3D geometry, and light transport into the function x = g[y, ϕ].

This seems like a good idea, but in fact, discriminative models dominate modern machine learning; the advantage gained from exploiting prior knowledge in generative models is usually trumped by learning very flexible discriminative models with large amounts of training data.



Problems

Problem 2.1 To walk “downhill” on the loss function (equation 2.5), we measure its gradient with respect to the parameters ϕ0 and ϕ1. Calculate expressions for the slopes ∂L/∂ϕ0 and ∂L/∂ϕ1.

Problem 2.2 Show that we can find the minimum of the loss function in closed form by setting the expression for the derivatives from problem 2.1 to zero and solving for ϕ0 and ϕ1. Note that this works for linear regression but not for more complex models; this is why we use iterative model fitting methods like gradient descent (figure 2.4).

Problem 2.3* Consider reformulating linear regression as a generative model, so we have x = g[y, ϕ] = ϕ0 + ϕ1y. What is the new loss function? Find an expression for the inverse function y = g−1[x, ϕ] that we would use to perform inference. Will this model make the same predictions as the discriminative version for a given training dataset {xi, yi}? One way to establish this is to write code that fits a line to three data points using both methods and see if the result is the same.



 1 More properly, the loss function also depends on the training data {xi, yi}, so we should write L [{xi, yi}, ϕ], but this is rather cumbersome.
 2 This iterative approach is not actually necessary for the linear regression model. Here, it's possible to find closed-form expressions for the parameters. However, this gradient descent approach works for more complex models where there is no closed-form solution and where there are too many parameters to evaluate the loss for every combination of values.





Chapter 3 
Shallow neural networks


Chapter 2 introduced supervised learning using 1D linear regression. However, this model can only describe the input/output relationship as a line. This chapter introduces shallow neural networks. These describe piecewise linear functions and are expressive enough to approximate arbitrarily complex relationships between multi-dimensional inputs and outputs.


3.1 Neural network example

Shallow neural networks are functions y = f[x, ϕ] with parameters ϕ that map multivariate inputs x to multivariate outputs y. We defer a full definition until section 3.4 and introduce the main ideas using an example network f[x, ϕ] that maps a scalar input x to a scalar output y and has ten parameters ϕ = {ϕ0, ϕ1, ϕ2, ϕ3, θ10, θ11, θ20, θ21, θ30, θ31}:

[image: c3-fig-5001.jpg]

 (3.1)

We can break down this calculation into three parts: first, we compute three linear functions of the input data (θ10 + θ11x, θ20 + θ21x, and θ30 + θ31x). Second, we pass the three results through an activation function a[•]. Finally, we weight the three resulting activations with ϕ1, ϕ2, and ϕ3, sum them, and add an offset ϕ0.

To complete the description, we must define the activation function a[•]. There are many possibilities, but the most common choice is the rectified linear unit or ReLU:

[image: c3-fig-5002.jpg]

 (3.2)

This returns the input when it is positive and zero otherwise (figure 3.1).

[image: c3-fig-0001.jpg]
Figure 3.1 Rectified linear unit (ReLU). This activation function returns zero if the input is less than zero and returns the input unchanged otherwise. In other words, it clips negative values to zero. Note that there are many other possible choices for the activation function (see figure 3.13), but the ReLU is the most commonly used and the easiest to understand.

It is probably not obvious which family of input/output relations is represented by equation 3.1. Nonetheless, the ideas from the previous chapter are all applicable. Equation 3.1 represents a family of functions where the particular member of the family depends on the ten parameters in ϕ. If we know these parameters, we can perform inference (predict y) by evaluating the equation for a given input x. Given a training dataset [image: c3-fig-5003.jpg], we can define a least squares loss function L[ϕ] and use this to measure how effectively the model describes this dataset for any given parameter values ϕ. To train the model, we search for the values [image: c3-fig-5004.jpg] that minimize this loss.


3.1.1 Neural network intuition

In fact, equation 3.1 represents a family of continuous piecewise linear functions (figure 3.2) with up to four linear regions. We now break down equation 3.1 and show why it describes this family. To make this easier to understand, we split the function into two parts. First, we introduce the intermediate quantities:

[image: c3-fig-5005.jpg]

 (3.3)

[image: c3-fig-0002.jpg]
Figure 3.2 Family of functions defined by equation 3.1. a–c) Functions for three different choices of the ten parameters ϕ. In each case, the input/output relation is piecewise linear. However, the positions of the joints, the slopes of the linear regions between them, and the overall height vary.

where we refer to h1, h2, and h3 as hidden units. Second, we compute the output by combining these hidden units with a linear function:1

y = ϕ0 + ϕ1h1 + ϕ2h2 + ϕ3h3.

 (3.4)

Figure 3.3 shows the flow of computation that creates the function in figure 3.2a. Each hidden unit contains a linear function θ•0 + θ•1x of the input, and that line is clipped by the ReLU function a[•] below zero. The positions where the three lines cross zero become the three “joints” in the final output. The three clipped lines are then weighted by ϕ1, ϕ2, and ϕ3, respectively. Finally, the offset ϕ0 is added, which controls the overall height of the final function.







Problems 3.1–3.8






[image: c3-fig-0003.jpg]
Figure 3.3 Computation for function in figure 3.2a. a–c) The input x is passed through three linear functions, each with a different y-intercept θ•0 and slope θ•1. d–f) Each line is passed through the ReLU activation function, which clips negative values to zero. g–i) The three clipped lines are then weighted (scaled) by ϕ1, ϕ2, and ϕ3, respectively. j) Finally, the clipped and weighted functions are summed, and an offset ϕ0 that controls the height is added. Each of the four linear regions corresponds to a different activation pattern in the hidden units. In the shaded region, h2 is inactive (clipped), but h1 and h3 are both active.

Each linear region in figure 3.3j corresponds to a different activation pattern in the hidden units. When a unit is clipped, we refer to it as inactive, and when it is not clipped, we refer to it as active. For example, the shaded region receives contributions from h1 and h3 (which are active) but not from h2 (which is inactive). The slope of each linear region is determined by (i) the original slopes θ•1 of the active inputs for this region and (ii) the weights ϕ• that were subsequently applied. For example, the slope in the shaded region (see problem 3.3) is θ11ϕ1 + θ31ϕ3, where the first term is the slope in panel (g) and the second term is the slope in panel (i).

Each hidden unit contributes one “joint” to the function, so with three hidden units, there can be four linear regions. However, only three of the slopes of these regions are independent; the fourth is either zero (if all the hidden units are inactive in this region) or is a sum of slopes from the other regions.
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Problem 3.9







3.1.2 Depicting neural networks

We have been discussing a neural network with one input, one output, and three hidden units. We visualize this network in figure 3.4a. The input is on the left, the hidden units are in the middle, and the output is on the right. Each connection represents one of the ten parameters. To simplify this representation, we do not typically draw the intercept parameters, so this network is usually depicted as in figure 3.4b.

[image: c3-fig-0004.jpg]
Figure 3.4 Depicting neural networks. a) The input x is on the left, the hidden units h1, h2, and h3 in the center, and the output y on the right. Computation flows from left to right. The input is used to compute the hidden units, which are combined to create the output. Each of the ten arrows represents a parameter (intercepts in orange and slopes in black). Each parameter multiplies its source and adds the result to its target. For example, we multiply the parameter ϕ1 by source h1 and add it to y. We introduce additional nodes containing ones (orange circles) to incorporate the offsets into this scheme, so we multiply ϕ0 by one (with no effect) and add it to y. ReLU functions are applied at the hidden units. b) More typically, the intercepts, ReLU functions, and parameter names are omitted; this simpler depiction represents the same network.




3.2 Universal approximation theorem

In the previous section, we introduced an example neural network with one input, one output, ReLU activation functions, and three hidden units. Let's now generalize this slightly and consider the case with D hidden units where the dth hidden unit is:

hd = a[θd0 + θd1x],

 (3.5)

and these are combined linearly to create the output:

[image: c3-fig-5006.jpg]

 (3.6)

The number of hidden units in a shallow network is a measure of the network capacity. With ReLU activation functions, the output of a network with D hidden units has at most D joints and so is a piecewise linear function with at most D + 1 linear regions. As we add more hidden units, the model can approximate more complex functions.






Problem 3.10






Indeed, with enough capacity (hidden units), a shallow network can describe any continuous 1D function defined on a compact subset of the real line to arbitrary precision. To see this, consider that every time we add a hidden unit, we add another linear region to the function. As these regions become more numerous, they represent smaller sections of the function, which are increasingly well approximated by a line (figure 3.5). The universal approximation theorem proves that for any continuous function, there exists a shallow network that can approximate this function to any specified precision.

[image: c3-fig-0005.jpg]
Figure 3.5 Approximation of a 1D function (dashed line) by a piecewise linear model. a–c) As the number of regions increases, the model becomes closer and closer to the continuous function. A neural network with a scalar input creates one extra linear region per hidden unit. The universal approximation theorem proves that, with enough hidden units, there exists a shallow neural network that can describe any given continuous function defined on a compact subset of ℝD to arbitrary precision.



3.3 Multivariate inputs and outputs

In the above example, the network has a single scalar input x and a single scalar output y. However, the universal approximation theorem also holds for the more general case where the network maps multivariate inputs x = [x1, x2,…, [image: c3-fig-5007.jpg]]T to multivariate output predictions y = [y1, y2,…, [image: c3-fig-5008.jpg]]T. We first explore how to extend the model to predict multivariate outputs. Then we consider multivariate inputs. Finally, in section 3.4, we present a general definition of a shallow neural network.


3.3.1 Visualizing multivariate outputs

To extend the network to multivariate outputs y, we simply use a different linear function of the hidden units for each output. So, a network with a scalar input x, four hidden units h1, h2, h3, and h4, and a 2D multivariate output y = [y1, y2]T would be defined as:

[image: c3-fig-5009.jpg]

 (3.7)

[image: c3-fig-5010.jpg]

 (3.8)

The two outputs are two different linear functions of the hidden units.

As we saw in figure 3.3, the “joints” in the piecewise functions depend on where the initial linear functions θ•0 + θ•1x are clipped by the ReLU functions a[•] at the hidden units. Since both outputs y1 and y2 are different linear functions of the same four hidden units, the four “joints” in each must be in the same places. However, the slopes of the linear regions and the overall vertical offset can differ (figure 3.6).







Problem 3.11





[image: c3-fig-0006.jpg]
Figure 3.6 Network with one input, four hidden units, and two outputs. a) Visualization of network structure. b) This network produces two piecewise linear functions, y1[x] and y2[x]. The four “joints” of these functions (at vertical dotted lines) are constrained to be in the same places since they share the same hidden units, but the slopes and overall height may differ.



3.3.2 Visualizing multivariate inputs

To cope with multivariate inputs x, we extend the linear relations between the input and the hidden units. So a network with two inputs x = [x1, x2]T and a scalar output y (figure 3.7) might have three hidden units defined by:

[image: c3-fig-5011.jpg]

 (3.9)

[image: c3-fig-0007.jpg]
Figure 3.7 Visualization of neural network with 2D multivariate input x = [x1, x2]T and scalar output y.

where there is now one slope parameter for each input. The hidden units are combined to form the output in the usual way:

y = ϕ0 + ϕ1h1 + ϕ2h2 + ϕ3h3.

 (3.10)

Figure 3.8 illustrates the processing of this network. Each hidden unit receives a linear combination of the two inputs, which forms an oriented plane in the 3D input/output space. The activation function clips the negative values of these planes to zero. The clipped planes are then recombined in a second linear function (equation 3.10) to create a continuous piecewise linear surface consisting of convex polygonal regions (figure 3.8j). Each region corresponds to a different activation pattern. For example, in the central triangular region, the first and third hidden units are active, and the second is inactive.







Problems 3.12–3.13
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Convex region






[image: c3-fig-0008.jpg]
Figure 3.8 Processing in network with two inputs x = [x1, x2]T, three hidden units h1, h2, h3, and one output y. a–c) The input to each hidden unit is a linear function of the two inputs, which corresponds to an oriented plane. Brightness indicates function output. For example, in panel (a), the brightness represents θ10 + θ11x1 + θ12x2. Thin lines are contours. d–f) Each plane is clipped by the ReLU activation function (cyan lines are equivalent to “joints” in figures 3.3d–f). g–i) The clipped planes are then weighted, and j) summed together with an offset that determines the overall height of the surface. The result is a continuous surface made up of convex piecewise linear polygonal regions.

When there are more than two inputs to the model, it becomes difficult to visualize. However, the interpretation is similar. The output will be a continuous piecewise linear function of the input, where the linear regions are now convex polytopes in the multi-dimensional input space.

Note that as the input dimensions grow, the number of linear regions increases rapidly (figure 3.9). To get a feeling for how rapidly, consider that each hidden unit defines a hyperplane that delineates the part of space where this unit is active from the part where it is not (cyan lines in 3.8d–f). If we had the same number of hidden units as input dimensions Di, we could align each hyperplane with one of the coordinate axes (figure 3.10). For two input dimensions, this would divide the space into four quadrants. For three dimensions, this would create eight octants, and for Di dimensions, this would create [image: c3-fig-5012.jpg] orthants. Shallow neural networks usually have more hidden units than input dimensions, so they typically create more than [image: c3-fig-5012.jpg] linear regions.
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[image: c3-fig-0009.jpg]
Figure 3.9 Linear regions vs. hidden units. a) Maximum possible regions as a function of the number of hidden units for five different input dimensions Di = {1, 5, 10, 50, 100}. The number of regions increases rapidly in high dimensions; with D = 500 units and input size Di = 100, there can be greater than 10107 regions (solid circle). b) The same data are plotted as a function of the number of parameters. The solid circle represents the same model as in panel (a) with D = 500 hidden units. This network has 51,001 parameters and would be considered very small by modern standards.


[image: c3-fig-0010.jpg]
Figure 3.10 Number of linear regions vs. input dimensions. a) With a single input dimension, a model with one hidden unit creates one joint, which divides the axis into two linear regions. b) With two input dimensions, a model with two hidden units can divide the input space using two lines (here aligned with axes) to
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 1 For the purposes of this book, a linear function has the form z′ = ϕ0 + Σi ϕizi. Any other type of function is nonlinear. For instance, the ReLU function (equation 3.2) and the example neural network that contains it (equation 3.1) are both nonlinear. See notes at end of chapter for further clarification.
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The moon had risen by the time I reached the edge of the forest, and the light that filtered through the
trees was silver and cold. I shivered, though I was not cold, and quickened my pace. I had never been
so far from the village before, and I was not sure what to expect. I had been walking for hours, and T
was tired and hungry. I had left in such a hurry that I had not thought to pack any food, and I had
not thought to bring a weapon. I was unarmed and alone in a strange place, and I did not know what
I was doing.

I had been walking for so long that T had lost all sense of time, and I had no idea how far T had come.
I only knew that I had to keep going. I had to find her. I was getting close. I could feel it. She was
nearby, and she was in trouble. I had to find her and help her, before it was too late.
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I was a little nervous before my first lecture at the University of Bath. It seemed like there were
hundreds of students and they looked intimidating. I stepped up to the lectern and was about to speak
when something bizarre happencd.

Suddenly, the room was filled with a deafening noise, like a giant roar. It was so loud that I
couldn’t hear anything else and I had to cover my cars. I could sce the students looking around, con-
fused and frightencd. Then, as quickly as it had started, the noise stopped and the room was silent again.

I stood there for a few moments, trying to make sense of what had just happened. Then I realized that
the students were all staring at me, waiting for me to say something. I tried to think of something witty
or clever to say, but my mind was blank. So I just said, “Well, that was strange, and then I started my
lecture.
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